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Validity of the Theory of Double Stream Amplification 


D. I 


Swirt—Hoox* 


Research Laboratories, The General Electric Company Limited, Wembley, England 
Received May 18, 1959 


Misunderstandings have recently arisen concerning the validity of the original analysis of the interaction 
between interpenetrating ion streams to give double stream amplification. It is shown that none of the modes 
of propagation upon which criticism has been centered corresponds to that of double stream amplification. 
A direct theoretical proof of the validity of the theory 


1. INTRODUCTION 


HE object of this paper is to clarify some mis- 
understandings which have arisen recently 
(Piddington'*) concerning double stream amplification 
produced by the interaction between moving ion or 
electron streams. Only amplification is looked for 
(w real), not oscillation which is indicated when there 
is exponential growth with time (at a point) and w has a 
negative imaginary part; by convention 
(real) frequencies are disregarded. 

As originally conceived by Haeff* and Pierce* double 
stream amplification can occur, for instance, when two 
equally dense (neutralized) streams of drifting electrons 
having nearly equal velocities U+-0(/>>») are excited 
by means of a constant rf source (w real and positive). 

For amplification an exponential with 


negative 


increase 


distance is required and it will be shown that none of the, 


four modes considered previously? corresponds to this 
case (Sec. 3). One of the modes (A2) has w mainly real 
and provides a good approximation to this case, but 
the mode criticized by Piddington (B2) has w almost 
wholly imaginary. 

A mode can be found (Sec. 4) having exponential 
variation with distance for constant amplitude exci- 
tation (w real), and the dispersion curve for this mode 
is best shown on a three-dimensional graph (Fig. 2). 
It may indicate true growth, but Piddington' has 


* Now with Research and Development Department, Central 
Electricity Generating Board, London S.E.1., England 

1 J. H. Piddington, Phys. Rev. 101, 14 (1956). 

* J. H. Piddington, Phil. Mag. 3, 1241 (1958) 

3A. V. Haeff, Proc. Inst. Radio Engrs. 37, 4 (1949) 

‘J. R. Pierce, Proc. Inst. Radio Engrs. 37, 980 (1949 


Copyright © 1°60 by t 


1 


is given 


pointed out the need to distinguish carefully between 
a wave growing in one direction and one decaying in 
the reverse direction. In Sec. 5 a direct theoretical 
proof will be given that this mode does represent 
amplification and not decay, and reference will also be 
made to the experimental evidence for closely related 
types of interaction. 

The coupling problem is important since, if this wave 
is to be observable, it must be extracted from the 
streams (by some coupling mechanism). In Sec. 6 it is 
briefly pointed out that, while suitable coupling 
mechanisms have been used in the laboratory, the 
position regarding possible astrophysical occurrences 
is still not clear. 


2. THE DISPERSION EQUATION 


If steady-state solutions are expressed as sums of 
terms of the form exp(iw!—ikz), then it is agreed 
generally that the dispersion equation connecting w 
and k is: 


2 2 


Wo wo 


a an) (1) 
Cw-(U+)kP [w—(U—v)kP 


where 


wo= [ne*/meo |', plasma frequency. 


(2) 


Here, the real part of w is the true frequency seen by an 
observer at any point. The imaginary part of w repre- 
sents exponential increase or decrease with time 
(instability). The real part of k represents sinusoidal 
variation with distance. The imaginary part of k 
corresponds to exponential growth or decay with 
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f the dispersion equation for real and imaginary 
1) real values of &. (b) real values of w, 


distance at iny instant. It has been pointed out by 
Piddington' that care is needed to distinguish between 
a spatially growing wave and one decaying in the 
opposite direction 

It is convenient for purposes of analysis to follow 


‘ 


the original workers** and to express the dispersion 


equation in terms of the new variable: 
(3) 


Now this can be approximately (1.e., nonrelativi 


inte rprete d'a 


ti ally) 
to a frame moving with 
the mean velocity l’ of the two streams, so that the 


i change of axe 


ions appear to move in opposite directions with veloci- 
ties +v. However, if thi 
be taken 


meaning of any results, 


interpretation is used, great 


care must when considering the physical 


since the original observer is 
not in thi In the moving frame, the 
frequency a; is approxi- 

, while the propagation constant 
remains approximately the 


moving frame 

Be 7 
apparent (Doppler shifted 
mately given by Eq 
Same 
Alternatively, one can merely take this** as a 
(strictly accurate) change of variable without attach- 
ing any physical 


significance to it. The dispersion 


equation then takes the simple form'™ 
(4) 


3. THE MODES CONSIDERED BY PIDDINGTON 
3.1 Solutions of the Dispersion Equation 


Haeff and Pierce used this change of variable mainly 
so that an analytical solution of the dispersion equation 
can be obtained readily, thus 


Wj 


real 
imaginary values 
These curves are 


real values of k>V2wo/v are all 
B1) but for k<v2w0 
are possible (curve A2). 
plotted in Fig. 1(a) 

For real 
values of k ( 


Solutions for 
{curves Al, 
of W/W 
values of w;/wo>V2 there are only real 


irves Al, B1 once more), and for w;/ay 


HOOK 
<v2 imaginary values of & (curve B2) are possible. 
These curves are plotted in Fig. 1(b). The curves are 


labelled according to Piddington 


3.2 Curves Al, Bl 


B1 are both for w, real, & real and hence, 


} 


real: there is no juestion of exponential 


Curves Al 
from Eq. (3), « 


growth or instab \ f these two waves. It 


IS aS well to note ha 


to excite 


lact 


yhenomenon between them, 


either of the waves se] There may in 


normally be an inte rfe rence | 


as originally suggested by Haeff, and just as on a singie 
stream of ions 


If a single beam of ior s excited by means of a 


cavity, as for example in a klystron amplifier, the two 


possible space charge waves are ex ted equally. There 


is then a beat wavel tt total standing wave 


and klystron type possible depending 


on the coupling. I rece! that more sophisti- 


cated devices have been made, in which it is possible 


for only one of the space to be excited 


| charge waves 


3.3 Curve A2 


This curve | hence w 
complex (although ma nl point of 


maximum interaction 


k V 3w 21 


curve, 
2—tw/2. The true 
frequency is therefore (/ 2, the frequency near 
Haeff* Pierce* also find 


There is no exponential variation 


lw/ 2, 


so that w 


maximum gain. 
with distance and 
» rate of increase of the 
U’ db per rf cycle. This 


which and 
the imaginary part of w gives 
rf wave with time, namely 31 
is not very large for / 

This type ol 
rather artificial way 


teraction d be set up (albeit in a 
1e excitation level 
same rate as the 
31.50/U' db 


level 


of the input (w complex) at just the 


gain mechanism dowr eam, namely 


per w ivelength (or per cycle), so that the at any 


instant is constant there is an 


stream, but 
overall growth with tim he w } 
th it fc ] y 1 f ind 
mechanism Is 


velength is about the 


same as Pierce. The gain 
d by Haeff and Pierce, but 
the excitation is obviously slightly different, since they 


take w 


imaginary. Nonetheless, 


real, ind find k complex, not 
{2 does give an 
approximation to the e of d le stream amplifi- 
cation and it is in fa ich « to that case than 
of the other curs , Bil, and 


It must be noted, ho 


any especially B2 
does not correspond 


exac tly to that ca 


3.4 An Alternative Way of Exciting the A2 Mode 


An alternative 
been suggested, 
excitation along 


up the A2 mode has 
uniform sinusoidal 


of the stream. The 


es ED5, 264 


1958 





THEORY OF DOUBLE § 
level should then grow at the same rate as before. 
Although it may appear rather artificial to consider 
applying an external rf signal in this way, components 
of noise excitation within the streams may be of the 
form required for growth. Unfortunately, it is not 
obvious what boundary conditions are required at 
either end of streams excited in this way, and whether 
such conditions can be met. 

Buneman® has suggested a mechanism which appears 
to be somewhat similar to this, in which he has taken 
'’=v and streams of different plasma frequencies 
corresponding to electrons and hydrogen ions. He has 
shown that the growth of such noise fluctuations will 
be very rapid (94.2 db per rf cycle when the growth 
rate is maximum) and he discusses the implications of 
this in the plasma field. 


3.5 Curve B2 


Piddington,? in discussing the B2 waves, claims to 
have “shown (Piddington') that 
strations of growth of these waves were not valid 
However, there have not in fact been any demon- 
strations of growth of the B2 waves in connection with 


previous demon- 


” 


the electron-wave tube, or double stream amplification, 
and these waves do nol correspond, even approximately, lo 
those considered by Haeff and Pierce. 

For the B2 waves, w, is real and k is purely imaginary 
(so that there is no wave motion), while w is complex 
but substantially imaginary. Taking maximum ap- 
parent interaction increase with 
w= V3w0/2, R= iwo/2v so that w= V3w0/2+i(U /0)wo/2. 
Thus the frequency is very low [real part of w<V2wo, 
while Haeff and Pierce take U>>» and find maximum 
interaction around w~(l’/v)wo, a much higher fre- 


(i.e., distance) 


quency | and the rate of growth with distance is very 
rapid. Even for 
20% it is 


a quite large velocity difference of 
than 300 db in the mean distance 
travelled by an electron per rf cycle. However, this 
very rapid increase with distance is obtained only by 
having an equally rapid decay with time. 

It therefore seems quite likely that this type of 
interaction does not represent a true gain mechanism 
and that, as Piddington' has suggested, the fact that 
there is no wavelength (& has no real part) may indicate 
attenuation rather than growth. In any case it does not 
correspond, even approximately, to the case of double 
stream amplification. 


more 


3.6 Summary 


To sum up, it can be seen that none of the four curves 
considered by Piddington,? A1, A2, B1, B2, (which all 
have w, either purely real or purely imaginary) corre- 
sponds to the case of double stream amplification, since 
that case has w real, k compiex and hence w; complex 
rhe closest approximation is given by A2, not by B2 
as suggested by Piddington. 


*Q. Buneman, Ph 


Rev. Letters 1, 8 (1958) 
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Fic. 2. The imaginary part of solutions of the dispersion 
equation for complex values of &. 


4. DOUBLE STREAM AMPLIFICATION CURVE 


The reason that the previous curves were introduced 
by Haeff and Pierce was a purely mathematical one. 
They used curve A2 merely as a useful normalized 
approximation from which to derive the actual values 
of the parameters of the double stream amplifier in 
any particular case 

It is useful to see the relationships between these 
various curves in the complex & plane. Since the 
parameter of interest is that showing the exponential 
increase with distance, it is useful to plot the imaginary 
part of w—Uk (that is, obtained from Eq. (5) 
against complex values of &, to obtain a three-dimen- 
sional graph as shown in Fig. 2. The x and y axes are 
the real and imaginary parts of vk/wo (which is, of 
course, proportional to &) and the z axis is the imaginary 
part of w;/wy (which is, of course, proportional to w; 
Uk). 

Since the equation is biquadratic, there are four 
sheets in the complex plane. These are merely reflections 
of each other in the Oxy and Oyz planes however, and, 
for simplicity, only the sheet of interest has been shown. 
(Curve B1 lies along the x axis on a reflected sheet.) 


of Ww 


or @ 


For curves Al and A2, 2 is real and hence these curves 
(of which, it must be remembered, only the imaginary 
parts of w/w» are plotted) lie in the real & plane, Oxz. 
For curve B2, k is imaginary and so this curve lies 
along the imaginary & axis, Oy. 
For double stream amplification (D.S.A.), w is real; 
thus, of course, the imaginary part of w is zero. 
O=] (w 

I (wy+ Uk) by (3) 

I (3) + (U/v)T (vk) 

woL_ 2+ (U/v)y ], 





D SWIFT 


remembering that t axes are the 
parts of vk/wo and w,/wo, resy vely. 


Che curve tl 


imaginary 


.erefore lies in the plane 

2 (L/v)y (6) 
through the x axis of slope (— U 
Fig. 2 that, a 
approximately to the 


v). It can be seen from 
already stated, 
double stream amplification 
(D.S.A.) curve, particularly for large values of U 
while B2 does 


A2 provides a good 


not correspond even approximately. 


5. VERIFICATION OF THE VALIDITY 
OF THE THEORY 
5.1 True Amplification 


Although the 
are involved h 


misunderstanding as to which curve 
been up, Piddington’ 
original point, that care is required to distinguish 
spatially growing wave and one decaying 
opposite still 
solution of the w—k dispersion equation does not 
gnily 


verified in 


now cleared 


between a 


in the direction, remains. 


A complex 


necessarily amplification. True amplif 


cation can be two ways: experimentally 


and theoretically. 
5.2_ Experimental Verification 
be en 


very little controlled experiment il 


ream amplification itself beyond the 


f Haeff and Pierce.’ However, the theory 


between an electron 


ive interaction 

rly synchronous rf wave (as in the 
o similar in most fundamental 
respects to tl I Ory of interaction 


electron stream 


travelling wave tubs 
between two 
it any basic criticism of either should 
apply equall » other. Conversely, if the 


| ie theory 
of either can be st! to agree closely with 


experi 
mental data, 
Now there 


mental 


cism becomes suspe 
a wealth of controlle 


evidence ot to 


experi 
tubes 
been available for 


mention working 


throughout the vorld), which has 


some time, and which shows in very great detail that 
the waves grow a predicted by the theory, in the case 
of travelling wave amplification. An extensive bibliog- 
raphy covering most aspects of the early experimental 
and theoretical work was given by Kompfner,® and 
this was supplemented in a review article by Hutter.’ 
An excellent and concise statement of the position at 
that time was given in a letter by Cutler.” Recent work 
y verified deta 


experimenta | of travelling 


bac kw ird 


led aspects 


eory ich as noise, 7 


wave 


HOOK 


amplification,” and various particular applications.'~"’ 
Other related types of intera 
mented.'*- It can therefore be 


tion are also well docu- 

d that the principles 
fundamental to both types of interaction have already 
been established on a firm experimental basis. 


5.3 Theoretical Verification 
It is, nevertheless, more satisfying if 


on a rigorous form 


it can be shown 
i that th is true amplifi 
must be confe 


ilt. Howev 


Piddington’s original cr ticl 


cation, and it this has proved 


surprisingly diffi Buneman,” following 
s recently derived a 


condition for true amplification. He points out 


that a 
criterion for genuine amplification is the 


ab lity of the 


I held to balance a positive conduct- 


e Ti 


electrons and 1 
ance in a mat 1 prob ] ( to deliver power 
to an external | while propagating a wave growing 
towards such he derives the required 
condition. tion obtained by 
rf field and the 

wr true amplifi- 
s that 0 f(w,k)/dk 
must have a negatin s real and 
positive, and & has a positive imaginary part. A detailed 
discussion i nted in neman’s report” but for 


comple teness a 


matching admit etween the 


electrons is /{(w,k condition 
cation of an apparent 


hen w 


1 in the \ppend x 
Buneman himself vel both O and M type 
travelling wave amplifica . ind > double stream 
amplifier « in be check: { 
The disper 
by matching adr 

rf field 


ase of interes 
as follows 1 the form obtained 


1e electrons and the 


(8) 


Electron 


1957 


Electron 
s PGED-4, 15 
vices ED3, 62 
10, 688 


» Engrs 


Devices ED3, 32 





THEORY OF DOUBLI 
The solution for optimum gain given by Pierce* and 
Haeff? is: 

w= (U/v)V3c0/2; kR~V3w0/20; w—URY— iwo/2 
It can be shown that both the approximations are very 
second order in (v/U), in fact. Then 
[lw (Uav)k P= iwe® and so, from Eq. (3), 


L@& { 


good—to 


8 f (wk) /OR™ — 3 € cay (U/2)*2. 9 


This has a negative imaginary part and the solution 
therefore represents true amplification. 

It has thus been demonstrated quite formally that 
the apparent growth with distance does represent true 
gain, and that double stream amplification is possible. 


6. THE COUPLING PROBLEM 


This demonstration does, however, emphasize the 
importance of a matched coupling (Buneman’s probe”). 
If the amplified rf waves are to be observable, they 
must be extracted from the streams. In the laboratory, 
this presents no great difficulty at normal frequencies 
(a helix surrounding the streams has been used), 
although the necessity of having a slow wave structure 
limits the otherwise almost unbounded frequency range 
of the double stream amplifier to that of conventional 
travelling wave amplifiers. Indeed, it has been found 
that, since a physical structure must be used for 
coupling at the ends of the device in any case, it is 
more efficient to have it between as well, and have 
travelling wave tube interaction along the whole length. 

However, in the ion streams with which astrophysics 
deals there are certainly no conveniently placed helices, 
and there is still room for argument as to whether any 
match to free space is possible. A gradual transition at 
the edge of the streams as the ions become more 
tenuous, or even a sharp discontinuity, may suffice, but 
the question is by no means settled. 


APPENDIX. THE CONDITION FOR 
TRUE AMPLIFICATION 


The rf and currents be Fo 


analyzed along the beam. If 


voltages may 


V(z [ V (Rk) exp(—ikz)dk, 


REAM AMPLIFICATION 

and Y,;(%) and Y,(k&) are the Fourier admittances of 
the rf wave and the streams, respectively, then by 
Fourier currents V(k)V,_ and V(R)Y, the 
1 y»btained in the form 


Vert+Y,=0 


matching 


dispersion equation 
(2A) 

If a smali probe is now introduced at the point s=0 
say, to couple power out of (or into) the system, the 
probe current J, at the point z=0 is a delta function 
whose transform is simply /,/27. In this case matching 
the currents (Kirchoff’s Law) gives 


I ,/ 2+ V (k) (Vert Y,)=9, 


Vk (I,/2x)/f, 
which by Fourier synthesis, Eq. (1A), gives 


DP 


(1 ,/2x) [ dk exp(—ikz)/f. 


(3A) 


2 


For z<0, i.e., upstream of the probe, the path of 
integration can be closed by a large semicircle around 
the top half-plane according to Jordan’s lemma, and 
the integral is then equal to 2xi times the sum of the 
residues of the enclosed poles. Now the poles of 1/f are 
the zeros of f, that is to say they occur at the values 
k,, which are solutions of the dispersion equation f=0 
in the absence of the probe; the residues are therefore 


1/(0f/dk). Hence letting z tend to zero 
V ly -> l (0 f/dk). 


an 


(4A) 


Now if a wave which increases exponentially with 
0 (k, in top half-plane, <0) is a 
truly amplifying wave, it must be able to deliver real 
power to the probe, whereas if it is decaying in the 
reverse direction it merely represents a reactive transfer 
of power from the probe. Hence the condition for true 
amplification is that the streams and the rf wave must 
be able to balance a positive resistance in the probe 
circuit propagating a wave which increases 
towards the probe, and from Eq. (4A) it can be seen 
that only growing waves k, for which 0f/dk has a 
negative imaginary part contribute towards balancing 
a positive resistance in the probe cir¢ uit. This is the 
condition for true amplification. 


distance towards z 


Ww hile 
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A{n alternative approach to the quantum statistics of interacting 


articles is proposed. It consists of calculating the equilibrium 
| ] ' ’ 

thermodynamical quantities of the many-body system via the pair 
distribution that 


y through pair central forces. The pro 


function with the assumption the particles 


interact with each other or 


posed approach has some advantage over the usual treatment via 
the partition function in that the pair distribution function is 


easier to deal with than the partition function in certain circum 
stances particularly when the collective motion description of the 


} 


] | This is because only 


system is desirable the pair distribution 


function can be expressed directly in terms of the collective inter 
with 


excitation, such as a plasmon in the electron gas 


action which is closely connected collective elementary 


and a phonon in 
the hard-sphere Boson gas. The equation of state as well as the 
obtained in the form of integrals of the 
distribution function. The close 


internal energy are pair 
analogy between the pair distri 
and the 


the quantum field theory, 


bution functior two-body propagator, which appears ir 
makes it possible to analyze the former 
by the use of Feynman diagrams identical with those usually 
introduced for the atter The 


collective interaction, which is 


1. INTRODUCTION 


previous investigation by one of the authors 


inalogy 


| ee 
(S. I 


is established between the 
reduced density matrices in the grand canonical 


a ¢ lo t 
l-body 


ensemble and the /-body propagators in the quantum 


field theory. In particular the pair distribution function 
was shown to be expressed in terms of a two-body 
propagator defined in the position rec iprot al tempera- 
ture space. The analogy is a natural extension of that 
between the grand partition function and the vacuum 
fluctuation. If the vacuum fluctuation and the two- 
body propagator are to be examined in the spirit of 


Feynman’s diagrammatic method, it can be said that 


the latter is easier to handle than the former. This is 
particularly so when one counts the number of those 


} 


diagrams which contribute to the quantity in question. 
Furthermore if one wishes to investigate the behavior of 
the collective motion of a certain many-body system, it 

much simpler to deal with the two-body propagator. 
This is because only the two body propagator may be 
expre 


sed directly in terms of the collective interaction 


which is clo ely related to the transfer of a collective 


This 


eads us to reconsider the importance 


elementary excitation 
] 


argument with the afore- 


mentioned analogy 


of the pair distribution function as a possible tool for an 


Stigation I 


o the thermodynamic properties. Of 


course the pair distribution function n®(r) has its own 


f Nava ch and National 


Resea 


1959 
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Northwestern Universit 


ver 5, 1959 


is 
perturbation series 
rewriting the pair 
iteraction 

nation to the 
ble for the 


transfer of ition to the ollective 
, 
} 


pseudo-interaction in the rd-sphere boson syste 1as a relation 
similar to that of tr 
temperaturt I t it the 


functions 


th cases occuring at low 
pair distribution 
zero temperature 1s 
carried 0 ip to thet t or t ( tive interaction simple 
chain Approxims I These re ts are . o calculate the 
ground-sté nerg ul elect ras tl energy thus ob 
tame I the correia 
tion er j 

ices the result of Lee lang, al g. The extension of 
ilation >t I te t 4 ‘ aiso il cated. In 


varticular the classical De | tate for the 


reprod 
the caler 
| 
electror y 


phy sical meaning e probability of 
nce r. However 
that the 
ternal energy and 
the pressure of a many-body) can be 
from integrals of 
that 


pair forces only 318 a true tor the 


finding two part 
it is also known, at least rt ssical case, 
equilibrium properti: 
obtained 
function provided 
the systen nteracting with 
quantum- 
mechanical cas« the internal energy 
was shown to be given in terms of tl iir distribution 
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introduced in his theory are essentially the same as our 
propagators. Our formalism is different from his in that 
while he investigated the vacuum field fluctuation dia- 
grams representing contributions to the grand partition 
function we are primarily concerned with the two-body 
scattering diagrams in order to treat the pair distribu- 
tion function. 

We give in Sec. 4 a short account of the graphical 
representation of the perturbation series for the propa- 
gator a la Feynman.’ Since the actual computation of 
diagrams is simplified by working in momentum-energy 
space, we introduced the momentum-energy repre- 
sentation together with the position-reciprocal tempera 
ture representation of propagators. For later reference 
we give at the end of Sec. 4 two tables, one for the 
correspondence between diagram elements and propa 
gator kernel elements in position-reciprocal temperature 
space, and one for the same in momentum-energy space. 

In dealing with the many-body system it is sometimes 
of essential importance to find a certain appropriate 
descriptive method for its collective motion. Liquid 
helium and the electron gas at low temperatures are 
notable examples of such systems. In this connection L 
Landau® pointed out that the behavior of such a system 
can be most conveniently described in terms of ele- 
mentary excitations, e.g., phonons in liquid helium and 
plasmons in the electron gas. Here the elementary 
excitation is a physical quasi-particle which has a 
definite momentum-energy relation and which plays a 
role similar to that of a light quantum (photon) as 
carrier of an energy-momentum in the scattering process 
of particles. In other words it acts as if it produced a new 
interaction between particles. To study this situation 
Feynman’s diagrammatic analysis is very useful, since 
it tells us clearly what type of subdiagrams out of the 
whole perturbation series for the propagator contributes 
to the new interaction—a relevant type is the one with 
two outer quantum lines plus closed particle loops with 
or without inner quantum lines. The collective (or 
modified) interaction is defined as a collection of these 
contributions. Fortunately this collective interaction is 
discussed in detail by J. Hubbard’ for the case of the 
quantum-mechanical many-body problem. The extension 
to the quantum-statistical case is straightforward. Sum 
ming up subseries corresponding to the collective inter 
action, we obtain the two-body propagator expressed in 
terms of the collective interaction without any approxi 
mation. As expected we see from the explicit calculation 
that the simple chain approximation to the collective 
interaction for the electron gas is closely related to the 
transfer of a plasmon. 

Because of the singular nature of the interaction we 
cannot develop the perturbation theory for the hard 
sphere Bose gas which can be regarded as a simplified 


+R. P. Feynman, Phys. Rev. 76, 749; 769 (1949 

* L. Landau, J. Phys. U.S. S. R. 5, 71 (1941 

7J. Hubbard, Proc. Roy. Soc A240, 539 (1957); 
A243, 336 (1958 
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model of liquid helium. However, it was shown by T. D. 
Lee, K. Huang, and C. N. Yang*® that the low- 
temperature and low-density behavior of the hard-sphere 
system can be conveniently analyzed by introducing the 
so-called pseudo-interaction (pseudo-potential). Adopt- 
ing this interaction we examined the momentum-energy 
transfer between particles and found that the simple 
chain approximat ion to the collective pseudo-interaction 
is closely connected with the transfer of a phonon. 

The next two sections 6 and 7 are devoted to the 
application of the present theory te the electron gas and 
the hard-sphere Bose gas. In Sec. 6 we calculate the 
zeroth- and first-order terms in the collective interaction 
(simple chain approximation) of the pair distribution 
function of the electron gas at the absolute zero temper- 
ature, This is used to calculate the ground-state energy 
from the formula for the internal energy discussed in 
Sec. 2. The result is compared with Gell-Mann- 
Bruckner’s®"' calculation of the correlation energy. 
Using the same procedure we evaluate in Sec. 7 the pair 
distribution function and the internal energy of the 
hard-sphere Bose gas at the absolute zero temperature. 
Che result agrees with that of Lee, Huang, and Yang.*-* 

Final remarks are given in Sec. 8, together with a 
short discussion of the Debye-Huckel equation for the 
electron gas at high temperatures. Throughout the text 
the following units are chosen: twice the mass M of a 
particle and the Planck’s constant é divided by (2x) are 
set to unity: 


2M =h=1. 


2. PAIR DISTRIBUTION FUNCTION AND 
EQUATION OF STATE 


Let us consider a system of identical particles inter 
acting with pair central forces only. The Hamiltonian of 
the system will be given by 


H=Ho+ gH; 


fo P'(r)VY(r)-4 ie f f rary’ ¥(1) 


xy Wir ¥(r), 


(2.1 


(r )olir (2:3) 
where g and v(r) are the coupling strength and pair 
potential, respectively, and the integration extends over 
the volume of normalization. The field operators ¥(r)’s 
and their Hermitean conjugates ¥'(r)’s satisfy the 
following communication relations: 


(0) (0) =e) (0) FY (y(n) = 8"(r— 1’) 
. 
L 


(¥(r)v(r’) }s 


¥'(r) ¥'(r') x=, (2.3) 

*Kerson Huang and C. N. Yang, Phys. Rev. 105, 767, 776 
1957); T. D. Lee, Kerson Huang, and C. N. Yang, Phys. Rev. 
106, 1135 (1957). 

*T. D. Lee and C. N. Yang, Phys. Rev. 105, 1119 (1957); 113, 
1165 (1959) 

M. Gell-Mann and K. A. Bruckner, Phys. Rev. 106, 364 
1957); P. Nozieres and D. Pines, Phys. Rev. 111, 442 (1958) 

“ The identity between this and the usual definition was estab 
lished in reference 1 
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where upper sign is for Bosons, the lower sign for 
Fermions, and 6®(r) is the three-dimensional delta 
function. From a fundamental theorem of statistical 
mechanics, a grand canonical average of an arbitrary 
physical quantity G is given by 

G) 


Tr{Ge bHt+aN} Tr{e eaten) | (2.4) 


where £ is the reciprocal temperature (k7)~', k being 
Boltzmann’s constant, and e* is the fugacity of the 
system. NV is the number operator defined by 


N fervcow 


In particular, the internal energy of the system is given 
by the grand canonical average of the Hamiltonian: 


E= (H) m= Tr{ He P#+2%) /Tr{eP#teXy (2.6) 


r). (2.5) 


Substitution of (2.1) gives 


E=(Ho)w4 (2.7) 


The average of the potential part of the Hamiltonian is 
readily expressed in terms of the pair distribution 
function defined by 


gH 1) ww. 


Ir{y rv re BH+aN Ih (p’)y! r)} 
" 


Substituting the explicit expression for H; from (2.2) 
into (2.4) one obtains 


1 , 
Him ff era r—r 
a . 


(2.8) 
Pr{ e644 


(2.9) 


LV fe r)n 
. 


On the other hand a direct substitution of the kinetic 
energy part of the Hamiltonian into (2.4) leads to 


(Ho) me fa limV?*.Tr{y(r)eF4toN yt (2’)} / 
r’'-r 


Tre BH+aN } ] 


. 


— | d*z limV?o"? (r; r’), 
r *r 


where p"(r; r’) defined above may be called the (r,r’) 
element of the one-body reduced density matrix. Al- 
though the diagonal elements of the reduced density 
matrix p™ 
off-diagonal elements are not familiar quantities. 

lo avoid the use of off-diagonal elements one makes 
ise of the following relation between the internal energy 


(2.10) 


give precisely the density of the system, the 
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and the pair 


where Eo(8) is the ki ic energy of 


system with the same statistics as that 


he free particle 
the system in 


‘ of 

’) is to be calculated with the 
Chis relation was obtained from 
(2.6) by differentiating it with respect to g and rear- 
ranging the re 
Comparing 


question and n®(r; 8,¢ 
coupling strength 


sult properly and integrating back again.! 
(2.7) and (2.11), one finds 


(H EK g H Ay 


where the last step is obtained by substituting (H7), from 
(2.9). Now the average of the kinetic energy part of the 
Hamiltonian is expressed in terms of the pair distribu- 
tion function explicitly. T! pplication of 
this will be found in the following derivation of the 
equation of state. 

In deriving the equation of 
virial theorem in both classical 


state it is simplest to use a 
and quantum theories. 
This virial theorem states that for a system in equi- 
librium the average value of the virial of the external 
and internal forces exerted on the system is equal to 
minus twice the average value of the kinetic energy of 
the system. If the theorem is applied to a gas enclosed 
in a vessel of volume V under an external pressure p, the 
virial of the external forces is —3pV and the virial of the 
pair central forces is equal to 

> rF,; aT 


She. 


x 


In short the virial theorem states that 


~2(Ho) m= —3pV +(Z) nm 


pV 2H ww 4(Z) mw 


The average of the virial of the internal force is 


* 


= he - bev | d rr, lv(r lr 


Substituting (Ho)» and (Z)» fron 
(2.13 


form: 


pV aE Ve | a 2e(r)+r 


(2.14) 


2.12) and (2.14) into 
, one obtains the equation of state in the following 





QUANTUM STATISTICS OF 

This form is a desirable one. The product of the pres- 
sure and the volume can now be obtained from the 
knowledge of the pair distribution function provided one 
knows the kinetic energy of the corresponding free- 
particle system. The latter may be given by 


2.16 


Fo(8) = (29) vfep pf(p), 


where f{(p) is the Bose or Fermi distribution function 
depending upon the statistics obeyed by the system. So 
far we have succeeded in deriving the formulas for the 
internal energy and pressure in terms of the pair 
distribution function in the quantum-statistical case 
However it is well known in classical statistical me- 
chanics that various thermodynamical quantities can be 
expressed by integrals of the pair distribution function. 
Among these quantities one finds the chemical potential, 
thermal compressibility, surface energy, and surface 
tension of the system, besides the two quantities so far 
treated. 

Although we do not attempt to derive the corre- 
ponding formulas for these quantities for the case of 
quantum theory, we believe that the quantum-sta- 
tistical formulas can be derived. with 
following the similar method by which the pressure is 
calculated in this section. Namely, in deriving these 
formulas it is that start with a 
Hamiltonian in second quantization and use a definition 
(2.8) of the pair distribution function as well as 
propriate techniques for the problems. 


relative ¢ ase, 


recommended one 


ap- 


3. PAIR DISTRIBUTION FUNCTION AND 
TWO-BODY PROPAGATOR 


It was shown in the previous investigation’ that the 
pair distribution function for the grand canonical 
ensemble can be calculated in a similar manner as the 
two-body propagator is done in quantum field theory 
This fact follows from the definition (2.8) of the pair 
distribution function in second quantization. This is 
briefly summarized in the following. If one introduces an 
operator S(8) such that 


eb = ¢ BH0S (8) 3.1) 


it is well-known from operator algebra that 
expressed formally by an infinite series: 


fe \ 4 , : y 
ie oe -++ | dBy-+-dB, 
nO ni @ ( 


< PLA1(B1)---H1(8, 
where H,(§’) is the transformed interaction Hamiltonian 
defined by 
ef’ Hof] eH 


Hy ) 


The symbol P is an‘analog of Dyson’s cl 
operator which has the property that, ope rating on a 


product of reciprocal temperature labeled operators, it 


ronological 


INTERACTING PARTICLES 9 
rearranges them in the order as the reciprocal tempera- 
ture sequence (8-sequence) of their label, the largest one 
in 8 occuring first in the product: 

PCH (By H (8) |= H1(8)H1(B;)--+H1(Bx) 


if 8,>8,>-+-->B,. (3.4) 


It is noted that S(8) is an analog of the scattering 
matrix operators S in the quantum field theory where S 
is defined by 


{ ig n +o 
> i: fan. dt, PCH 1 (t:)*++Hy(t,)) 
n=O n' . “ * 


Hy(t') 


with 


MOH] 1 


If one substitutes (3.1) into (2.8), one has 


Pry (rep (ride Pete’ S(B)Y' (ri )y" (ts) 
(3.6) 
Tr{e-P4eteN §(8)) 


where the property is used that the total Hamiltonian 
H as well as the free-particle Hamiltonian H» commute 
with the number operator JN. 

Defining the interaction picture field by a similarity 
transformation” 


eh 1) (rje 


eFHolt(r)e BHo 


BHo 


one can rewrite 
nn (1,%2 


Ir{e fAote ¥( 82,8 )0(11,8)S(B )W*( 1 ,0)W*(12,0)} 
we, - 


3.8 
Trfe PHotaN $(8)} 


If one introduces a quantity defined by 
K 2) (rex, » +142 
pH ot aN TT W( x4 (xs) S(B)¥*(x1)¥*(x2) ]) 


Ir{e-* 


Trle 
: (3.9 


where 7 is an analog of Wick’s chronological operator 
T=6pP, dp being the sign plus or minus according to 
whether the permutation of Fermion factors is even or 
odd, and x r.,8; (r,r2) will be written as 


(3.10) 


, tnen n 


rr eK (18,128; 10,1). 


This shows an analogy between the pair distribution 
function and the two body propagator. 

Fortunately the property of the propagator has been 
studied in great detail in the case of quantum field 
theory, where the two-body propagator in position-time 


\s a result of this definition y* 


Ps r,8) is not the Hermitean con 
jugate of ¥(r,8). However, ¥*(r, —8)=e Hay (yeh H mx (y(y8))". 
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space is defined by 


T (Wh (xg)W (23) SV* (01) * (x2) 4 


(ho|.S\@ 


3.11 


Here |#») stands for the vacuum state, S is the S matrix 


defined in (3.5), and, in this case, the fourth component 


’ 
of the 4-vectors x, is time instead of reciprocal tempera 
If one ibstitutes 
above propagator, each term may be re pres¢ nted by a 
3.9 


ture a series expansion of S into the 


well-known Feynman diagram. Since the definition 
has the same operators which are to be averaged as the 
definition (3.11 

of the same type 
ity (3.10 


it is apparent that Feynman diagrams 
emerge for the both cases. The equal- 
forms a basis of later calculations 


4. PERTURBATION THEORY FOR PAIR 
DISTRIBUTION FUNCTION 


We have 


evaluation of the pair distribution function could be 


indicated in the preceding section that the 


reduced to that of a two-body propagator in position 

reciprocal temperature space. ‘The propagator intro- 
duced in the form (3.9) has already been discussed by T. 
Matsubara 
picture has also been treated by P. Martin and J. 
and A. Klein and R. Prange.'* The latter 


form seems espec ially suited for disc ussions of gene ral 


Its equivalent form in the Heisenberg 


Schwinger 
properties of l-body reduced de nsity matrices. We shall 
explore this problem in a separate publication 

In the paper quoted in the foregoing Matsubara de 
veloped a general perturbation theory for the quantum- 
how to 


statistical system and showed in great detail 


calculate the grand partition functions for various 
systems using Feynman diagrams in a manner similar to 
that used to calculate the vacuum expectation value of 
the S matrix in the quantum field theory. While it is 
certainly possible to formulate our problem of the pair 
distribution function in a field-theoretical 
manner as Matsubara did, we would instead directly 
he graphical representation of two-body 
This is partly 
Matsubara’s formulation can be extended to our case 


standard 


proceed witl 


propagator a /a Feynman. because 
without serious modification and partly because the 
equivalence of the standard field theoretic method and 
Feynman’s method is well-established in the usual 
quantum field theory. 


We wish to calculate a propagator 
K® (£8,128; r,0,1r,0 
Pre P4 ote TTY ro8)W(18)S(8)Y*(1,0)y*( 1-0) }} 
4.1 
Tr{e Seta S(g)) 
3 P. Martin and Schwinger, Bull. Am. Phys. S 
Phys. Rev. 115, 1342 (1959 
‘A. Klein and R. Prange, Phy 


3, 202 (1958 


112, 994 
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tion of a quantum. 


K,@ (3.4; 1.2) is 


K,@ (3,4; 1,2) 
r0(4; 6){ —v(rs6)} 


(5; 1)Ko(6; 2 dr yl rp" 
+ (exchange term), 4.4 


where it is understood that the 8 variables of space 
points 5 and 6 are the same, due to the instantaneous 
nature of the interaction, i.e., 8s=8.= 8’. One can write 
this as an integral over both §5 and §¢ if a delta function 
6(8;—8¢) is included to insure contribution only when 
8,=8.5. Hence the first-order effect of interaction is 


K,® (3,4; 1,2 


gf faratn K (3; 5)Ko(4; 6){—V(5,6)} 


X Ko(5; 1)Ko(6; 2)+ (exchange term) (4.5 
with 


"(5,6) v(|rs—r¢ )5(Bs—Bs), (4.6 


where dx’=d*r'd8’. The delta function 6(8’— 8") is 
defined in the finite internal (—8, 8) such that 


~ 


f dp’ F(p’)6(8’ —p”’) = F(8"’) 17 


for an arbitrary function F(8’) defined in (0,8). It is 
noted that the expression (4.5) is obtained by merely 
looking at the diagram of Fig. 2(a) and vice versa. Ac- 
cording to Feynman, Fig. 2(a) is interpreted as a first- 
order process in which the two particles exchange a 
quantum between them before they scatter each other 
to their final state 3, 4. More precisely, a particle goes 


The corresponding propagator 
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(e) ) 


Fic. 2. (a) The first-order scattering in position-reciprocal tem 
perature space—Eq. (4.4). (b The two-quanta process of two 
particle scattering—Fq. (4.8 


to 5 [amplitude Ko(5; 1) ], emits a quantum, and then 
proceeds to 3 [ Ko(3; 5) ]; meanwhile the other particle 
goes to 6 | Ky(6; 2) ], absorbs the quantum, and pro- 
ceeds to 4 [Ko(4;6)]. The quantum meanwhile pro- 
ceeds from 5 to 6, which it does with amplitude — V (6,5). 
The intermediate position and 8 variables of emission 5 
and absorption 6 are to be integrated at the end. It is 
also noted that the negative of the four-dimensional 
interaction function —V is assigned to an interaction 
line. 

Having seen this simple example we may be able to 
write down the corresponding quantities involving the 
exchange of two or more quanta between two particles. 
We give some examples of the two quanta process in 
Fig. 2(e,f) for illustration. The expressions correspond- 
ing to the three diagrams of Fig. 2(b)-(d) are given in 
the following: 


Keo, (3,4; 1,2) Of ff [aeedraerdes Ko(3;7)K (4;8){—V(7;8)} Ko(7;5 


X Ko(8; 6){ —V(5,6)} Ko(5,1)Ko(6; 2 


+ (exchange term) 


of ff feratratrsar Ko(3; 5)Ko(4; 6){—V(5; 7)} Ko(7,8 


XK 


S34 


(—V(8;6)}Ko(5 


1)K 2)+- (exchange term) 


eff fs Axydxedx7dx-5 Kg! ae Ky 4:8)Ko(7; 5)K (8; 6) 


x {—V(7,6)}{—V(5;8)} Ko(5; 1) Ko(6 


More examples will be found in the following sections. 
The one-body free-particle propagator defined in (4.3) can be expressed in terms of either the Bose or the Fermi 


2)+ (exchange term). (4.8c) 
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distribution function by calculating the indicated trace. The result 


1+ f(p)) expLip- (1. 


p) expLip- (r2—1r1)—p’(S; 


where f(p the Bose or Fermi distribution function defined by 
exp(a—pp) 

/(p) , 410) 
1+ exp(a Sp 


As was noted by Feynman, the evaluation of (4.5), as well as all the other more complicated expressions, can be 
very much simplified by working in the momentum and energy variables, rather than in the position and reciprocal 
temperature variables. For this we shall introduce the momentum-energy representation of Ko by 


S(p,s) =([is+ p?— (a/8) } (4.11) 


in terms of which (4.9) can be written in a simple form as" 


\ Vp 


d expl- 


s 


BY 
P 


The summation s runs over a set of discrete values 

{mr B} where m is the set of even or odd integers ac- 

cording to whether the particles obey Bose or Fermi and expresses tl 
statistics. The equivalence of (4.12) and (4.11) to (4.9) 

and (4.10) may be seen by simply carrying out the 

summation over s indicated in (4.12). This is done in 


Appendix A(I) using Poisson’s sum formula. wl 


ere ¢/ runs ove 
It is seen from the imaginary exponential function in _ being all po 


(4.12) that the variable s is conjugate to the reciprocal Phat the expres 


temperature p just as the momentum q is conjugate to property 1.7 
the position r function 
As an example we shall rewrite the expression (4.5) in _ interval 
the momentum-energy representation. For this purpose Using 


one defines the Fourier transform of the potential v(r) by of (4.5 


e(VB)*> > & YS expl—alG:+A, 


8:—B2)/B | exp(tss83+ i548, 
Piel pore pares pasa Qt 


Xexp (ips: f+ 1pa- f4— tpi 81 — ipo F2)d(ss—s,—1)5 (p,— py 


> expl a(B3+B4- 
it 


<expli(pi+q):r3+i(po—q)-ry— ips: ry 


Now Eq. (4.16) can be understood in the following —1s,-82) | and proceed 
way (Fig. 3). Two particles with momenta-energies and (po,s2)| (V8 
(pi,51) and (po,s2) are created at (1,81) and (12,82), re- 2 emits a quant 
spectively, | exp(a8,/8—ipi- r1—1s18 ), exp(a8. 8—1pe- fe 
ae : 4s 
16 Expressions similar to (4.9) were introduced and discussed in 
their treatment by Klein and Prange" and Matsubara.? The minor 
discrepancy is due to the difference in the definitions 
16 Note added in proof.—We are very grateful to Dr. K. Aizu for 
pointing out to us that the momentum-energy representation of 
the free-particle propagator has also been reported by E. S 
Fradkin; J. Exptl. Theoret. Phys. U.S.S.R. 36, 1286 (1959 
[English translation: Soviet Phys. JETP 4, 912 (1959)]. 
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and makes its way now with momentum energy 
(p2—q, 52—1)[ (V8)"S(p2—q, 52—1) ] and annihilates it- 
self at (14,84){expl —aB4/8+i(po—q) + t44+1(52—1)3, }}. 
The other particle absorbs the quantum, which travels 
with the amplitude [—gv(q) ], and then proceeds with 
momentum energy (pi+q, 5:+4)[ (V8)"S (pita, s:+2) } 
and annihilates itself at (13,83) {exp —aS;/8+i(pi+q)- rs 
+ t(si+1)83}}. One integrates over-all momentum vari- 
ables to get the final result. 

It is apparent that one can extend this sort of inter 
pretation to all the other complicated expressions such as 
(4.84), (4.8b), and (4.8c). It is as easy to write them in 
the momentum-energy representation as to write them 
in the position-reciprocal temperature representation. 
Therefore instead of writing them explicitly we shall 
tabulate the correspondence between the varicus dia- 
gram elements and the kernel elements. This will be 
found at the end of this section. 

It is noted that in the above description the mo- 
mentum and energy are conserved in each evert, i.e., 
absorption or emission of a quantum, which is exhibited 
explicitly by the appearance of the delta function 
in (4.15). 

In closing this section we shall give two tables 
(Tables I and IT), one for the correspondence between 
the diagram elements and the propagator kernel ele- 
ments in position-reciprocal temperature space, and one 
for the same in momentum-energy space. It is noted 
that the lines rather than vertices are labeled in the 
momentum-energy representation. In our diagram rep- 
resentation each particle line must be directed since the 
reversal of the sense of direction usually gives a different 
contribution. On the other hand quantum lines are not 
necessarily directed since the sense of the direction does 
not affect the result. However, they may be directed 
sometimes for illustration. 


5. COLLECTIVE INTERACTION 


We saw in the preceding section how the two-body 
propagator is expanded in powers of the coupling con- 
stant and how the various terms of its expansion can be 
conveniently represented by Feynman diagrams. As 
pointed out in the Introduction, one of the reasons for 
introducing the diagrammatic analysis in the present 


TaBcie I. The correspondence between the diagram elements and 
the kernel elements in position-reciproca! temperature space. 





Factor in the kernel element 


Quantum propagation function 


Component of diagram 


Quantum line 
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gV (rif; r282) 
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(OS#:, 8238) 
Particle line 


(directed) Particle propagation function 


—_———— 
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Taste II. The correspondence between the diagram elements and 
the kernel elements in momentum-energy space. 





Diagram element Factor in kernel element 


Quantum line Quantum propagation function 


LO 


4 (VB)"*ge(q) 
Particle line (directed) Particle propagation function 


ps (VB) +S (p,s) 
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Annihilation point of a quantum 
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qt Med) 
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exp (iq: ti +it8;) 
Creation point of a particle 

s = exp (a/B)B, —ip-11—isB, ) 
Annihilation point of a particle 


expl - 


(a/B)Bi+ip- rit+isp, ] 





theory is to facilitate the finding of those partial sums 
of the perturbation series which are appropriate for the 
system studied. We shall consider here the so-called 
collective interaction as an example of such sums. 

Through many theoretical and experimental investi- 
gations on the many-body systems, it has been clarified 
that some systems exhibit the characteristic collective 
motion behaviors in certain conditions. Liquid helium 
and the electron gas at low temperatures are notable 
examples of such cases. In this connection L. Landau‘ 
pointed out that the behavior of such systems can be 
most conveniently described in terms of elementary 
excitations, e.g., phonons in liquid helium and plasmons 
in the electron gas. 

Here the elementary excitation is the name given to 
the physical quasi-particle which has a specific energy- 
momentum relation and in terms of which the behavior 
of the system is conveniently described ; for instance, by 
saying that a particle having momentum p and energy 
e changes its state to the one with momentum p+q and 
energy e+-« after virtual absorption of a quasi-particle 
with momentum q and energy x. It is noted that this 
description makes it possible to find the characteristic 
energy-momentum relation directly and in a much 
simpler way than when one calculates first the total 
energy and identifies the elementary excitation, for all 
one has to do is to examine the process of energy- 
momentum transfer. 

As emphasized by Feynman, the virtual process is 
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Fic. 4. Example of an in 
direct interaction 


most favorably handled in the Feynman formalism 
where energy-momentum conservation is visualized by 
means of Feynman diagrams (momentum representa- 
tion). In this section we shall pick out special partial 
so-called collective (or 


diagrams to construct the 


effective or modified) interaction and examine its rela- 
tion to the energy-momentum transfer by a quasi- 
particle. To do this we must look at the two-body 
scattering with a different point of view from that of the 
perturbation theory developed in the section. As a result 
we shall see that plasmons are closely connected with 
the simple chain approximation to the collective inter- 
action in the electron gas 

Consider, as before, two particles in a homogeneous 
medium with no external field. In describing the scat- 
tering of these partic les in the spirit of Feynman theory, 
we may say that the initial state specified by momenta 
and energies of the two particles has changed into the 
final state after an indefinite number of energy-mo- 
mentum through direct interactions or 
through media between the two. 

Let us begin with the simplest situation. Consider a 


exe hanges 


case where the scattering occurs in such a way that the 
particle “1” emits a quantum with a definite energy 
momentum which is absorbed by the particle “2” after a 
complicated process which, however, returns all the 
particles involved to their original states. In a Feynman 
diagram, this process will be pictured in Fig. 4 

In the diagram the box stands for some set of closed 
particle loops and interaction lines and is to be con- 
nected to the lines of particle “1” and “2” by only the 


U (¢.t) [ae r)d(s’—B) U 


Here W (x’,x; I’) is related to W(x’,x;T) by 


a y’ x pM I’) [ f avae, V 


Che sum appearing in (5.5) means that the semmation 
over proper polarization structure I’ and the possibility 
of putting U (x,x’)=U(x—2’) is due to the homogeneity 
of the field (no external force). Here the adjective 
“proper” means the following. Let l be any polarization 
structure. Then it may or may not be that I consists of 
two or more parts which are connected only by single 
interaction lines. In the first case we shall say that T is 
an improper polarization structure; in the latter case 


AND R 
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two interaction ines shown. This type of dia- 
gram represents the 


medium and adds up together with the direct interaction 


wavy 
indirect interaction through the 
to form the collective interaction. In other words, let T 
be the structure of the box 


torn 


action U(r'B’ 8 wi 


en the collective inter- 


defined by the infinite sum 


over T: 


5.1 
where W(r,'8’,r'’8"; I’) is the integral of the diagram 
specified by I over all r and 8 coordinates except the end 
points (r’8’) and (r’’3’’). We shall refer to such summa- 
tion process as reduction of the direct and the indirect 
interaction to the collective interaction. Unfortunately 
the task of summing over T is truely hopeless, since the 
number of terms increases rapidly as the order of I, i.e., 
the number of interaction lines involved in I’, increases. 
At this point Hubbard’ proposed another summation 
gt hni treat- 


formula. Following Dyson’s'? techniques in the 
oton self-ene rgy, he could 


ment of the elimination of pl 
derive an integral equation for U and solved it with the 
The result 
is obtained 


assumption that there be no external fields 


is the following. The collecti 
by the Fourier inverse of t 


ve interaction [ 


he expression : 


where U(q,t) is the Fourier component of the following 
quantity : 


v) Cxpi r’ 


| or ¢ xample, 


that it is a proper polariz 
the polarization structure shown i 
structure, while that shown ir 1 is improper. 


IS a proper 
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a) 


I xampie olat}t 
of an im] 


Ph 
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The first few terms of the series (5.5) 


represented as 


me O- DOs 


+ (Diogroms with more interaction lines) 


is graphically 


where the mark X denotes the place from which an 
interaction line should run. 

For example, if only the first term of (5.7) is retained 
and then substituted into (5.2), this is equivalent to 
taking all orders of chain diagrams shown in Fig. 6 in the 
original summation (5.1), which is known as the simple 
chain approximation. So far we have discussed the case 
where the over-all interactions between the particles “1"’ 
and ‘‘2” are reducible to a single collective interaction 
L’. This is not the only possible case, however. Let us 
suppose a case diagrammed in Fig. 7(a), where the 
particle “1” emits two quanta which are absorbed by a 
third particle which returns to its original state after 
transfering a quantum to the particle “2.” This type of 
interaction cannot be reduced to a single interaction 

However, it is apparent that the scattering diagrams 
appearing in Fig. 7(b) are indeed reducible to Fig. 7(a 
in the same sense that the interaction shown in Fig. 5 


Om OKOm 


was reducible to the interaction U. Thus it will be a 
sensible approach to the scattering problem if we 
enumerate irreducible diagrams and replace every 
interaction line V by a collective interaction L’. Em 


Fic. 6. Examples of simple 
chain diagrams. 


ploying this approach the calculation of the pair dis 
tribution function will be made in the later sections 
(6 and 7). 

Returning to the discussion of the collective inter 
i) it is possible from 
’ dire ct 

direct 
indirect 


action, we notice from (5.3) that 
its definition to separate it into two parts, i. 
original) and indirect interactions, and (ii) the 
interaction is energy-independent whiie th 
interactions are not always so. In fact, the property (ii) 
can be restated by saying that the direct interaction is 
instantaneous (i.e., acting only at the same 8) while the 
indirect interactions are not. 

Now it will be interesting to ask the particle interpre- 
tation of the indirect interaction. First, we notice that at 
each corner upon integration over r and 8 coordinates 
there appears a 4-dimensional delta function which is 
interpreted as energy-momentum conservation. Since 
the free particle has a definite energy momentum (p,s 
attached to itself, we tentatively define the energy mo- 
mentum of a quasi-particle as that (q,/) appearing in the 
argument of the delta function. Next, we ask the energy- 
momentum relation thus defined. One notices that, in 
the case of the free-particle propagator, it was found by 
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i). Example of a proper many-body interaction. (b) Ex 
ample of an improper many-body interaction. 


identifying the pole with respect to the energy variable 
s of Ko(p,s) except for the imaginary unit 7. It may be 
inferred from the analogy that the energy of the quasi- 
particle corresponding to the ¢ ollective interaction may 
be obtained from the pole of the momentum repre 
sentation l/(q,t) of the interactions. We shall examine 
this in the following two examples. 


(A) Electron Gas 


From the work by E. Montroll and J. Ward,’ it is 
known that the simple ring diagrams [ Fig. 8(c) ] give 
the important contributions to the grand partition func- 
tion of the electron gas at both high and low tempera- 
tures. Specifically, they yield the Debye-Hueckel theory 
in the classical limit while at low temperatures they lead 
to the Gell-Mann-Bruckner equation for the correlation 
energy. As is readily seen, the simple ring is closely re- 
lated to the simple chain. For instance, the former can 
be constructed using the latter in the following way. 
Take a simple self-energy diagram [Fig. 8(a) ]. Replace 
its interaction line by a simpie chain [ Fig. 8(b) ]. Then 
closing both ends of the particle line, one gets a simple 
ring [ Fig. 8(c) ]. Thus it would be reasonable to examine 
simple chain diagrams at least as an initial step. 

As was noted in the passage following the expression 
(5.7), the momentum representation of the simple chain 
approximation to the collective interaction is given by 


q) v*(q)A(q,t) 
v(qg)— (5.9) 


1+A(q,t)0(q) 1 +A(g,t)0(q)’ 


where v(g) is the Fourier transform of the Coulomb 


potential 
q far et e/1r= 4n/P 


(e being the electronic charge) and \(q,t) is 


(5.10) 


A(q,t)= (VB) DD [is+p’—a/B] 
Pp a 


(5.11) 


) 
-a/B y*. 


(b) 


8. Construction of a simple ring. 
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The last quantity A(q,t) is the momentum representa- 
tion of the first term of (5.7) and is written down directly 
with the help of Table IT of the last section. The summa- 
tion over s is taken on a set of discrete values 
{ (2m+-1)x/8}, m being an integer. This may be evalu- 
first into a sum of 
partial fractions and then applying Poisson’s sum 


formula. Thus one ¢ 


ated by resolving the summand in 


V-" > L(p+q)?-p 
uv 


A(q,t) tl 


<(fe(p)—fr(pt+q)], (5.12) 


where fr(p) is the 
If one takes 


agrees with t 


Fermi distribution function. 

a limit as V—» © of A(q,t) in (5.11), it 
\ introduced by Montroll and Ward 

within a factor (27 


Following their calculation one 


obtains for ) 


po/4m*)R(u) (5.13 
(5.14 
as g >Oand 8 
at the absolut 


» ©, where po?=e, is the Fermi energy 

zero temperature of the ideal gas with 
the same mass and density as the parallel spin electron 
gas . 

So far we have not considered the effect of the elec- 
tronic spin. However, since we do not include spin 
dependent terms in our Hamiltonian (2.1), the spin 
correction for the electron gas is very simple. One allows 
two electrons at single- 
particle states specified by the momentum eigenvalues. 
This leads to the multiplication of each factor \(q,t) 
appearing in the theory by 2. Thus, we have for the 
simple chain approximation t 


most to occupy each of the 


» the collective interaction, 
v(q) 15 


5.16) 


Substitution from 


interaction 


5.10) and (5.13) gives for the indirect 


8ép \R(u) 


9 


g'+-2n- eg? p.R(u) 


L(idnaA 2 Q 
3\“4E . I 


Substituting 7) one finds as the pole with 


respect 


(5.19) 
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8e2p,3/3m)! 


getting the 


hence energy-momentum relation f 


quasi-partic] 
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This is the 1 
electron gas 


f a plasmon'® in the 
Thus we could show that the simple chain 
approximation to the co ive interactior 
for the transfer of 
mentary < 


is responsible 
are principal ele- 
xcitation 


gas at the very low 
temperatures 


B) Hard Sphere Bosons 


Since the Fourier ry it of the 


ird sphe re po- 
tential does not exist, we cal prot eed in the previ- 
ywn by Lee and 
g of two particles 
‘ the special kind of diagrams 
This is the 


ously described way ywever, it was sl 
VYany® that the disc of s 


an be made by 


tterir 


without using a 
So-( alled binar\ 

Suppose w msid cattering 
the will be 
described through an in ite number of exchanges of 


f two particles in 
absence of other p rticles I scattering 


ring 


quanta between t Diagrammatically this process 


will be described by the n of the ladder diagrams: 
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‘present 


where the particle 


Boltzmann propa- 
gators (see Set 8 se that appeared in 
Tables I and IT. The rix element (r,‘re’ | exp(—8H2) 
—exp[ —8H, ]| rr ro’|U(8;1,2)| rire) of this 
process can be calculated by means of a partial wave 
method. In H. and H ire the 
parti le Hamiltonians « 


the fore two 


H 


H,© re ? (5.23) 
Furthermore it was found convenient by them to intro- 


duce the so-called binary kernel B(8; 1.2) defined by 


(5.24 


-xp(—8H 


B(8; 1,2) 
and graphically 


ne aA 

















It is important to noti uantities U/ 


> two 
he explicit form of 


lale Physics, edited by F. Seitz 
Inc., New York, 1955), Vol. 1, 
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B(8;1,2) can be evaluated even if »=« for some 
spatial configuration of r,; and rz as in the case of hard 
sphere interaction. The matrix elements of U’ and B in 
both the coordinate and momentum representation were 
calculated by Lee and Yang in the S-wave approxima- 
tion. At the lowest temperatures the S-wave contribu- 
tion will be most important. Furthermore, in the limit 
of low density the expansion in the hard-sphere parame 
ter “a” of the binary collision kernel will be permissible 
For these cases, the first-order term in a of B is 


By(8; 1,2) = —8xa5 (r,— 42) exp(8V2+8V2 


In this form, it is ¢ losely related to the pse udo pote ntial 
discussed by Huang, Yang, and Lee.* The momentum 
representation of B, has a very simple form: 
(Pi'p2' | Bs| pip2) = —ax-*6 (pit p2— pi’ — po’) 
Xexp(—Spr—Bp2). (5.28 


It is both important and interesting to notice that these 
matrix elements (5.27) and (5.28) would be obtained if 
the state of the two particles undergoes a change 
through a channel associated with a single pseudo 
potential 87aé6“(r;—r2) except the last exponential! 
factor, which may be taken as the propagator of the two 
particles. 

Returning to the discussion of the many-body system 
the transfer of quanta between two particles will be 
caused not only by the direct interaction (ladder dia- 
gram), but also by other channels associated with the 
other particles. One of the simplest and calculable type 
of those channels will be a (modified) simple chain 
shown in Fig. 5 with the replacement of interaction lines 
by the ones associated with a pseudo-pote ntial defined 
in the foregoing. This modified simple chain configura 
tion was found to give the most important contribution 
to the ground State energy of the hard-sphe re Bose gas. 
With this in mind we proceed to calculate the mo- 
mentum representation of the collective pseudo-inter- 
action given by (5.9) with the replacement of hard 
sphere potentials by the pseudo-potentials. 

Recalling the definition of the Fourier transform 
(5.10) of the potential, the momentum representation of 
the pseudo-potential is simply 


v’ (q)=8na; v' (r)= 8x05 (r). 5.29) 
The quantity A(q,¢) is still given by (5.11). However, the 
summation over s should be calculated in accordance 
with the rule stated immediately following (4.12), i-e., 
with the rule for a Boson system. The result can be 
written in a form identical with (5.12), which was 
derived for a Fermion system, except that the Bose 
distribution function takes the place of the Fermi 
distribution function: 


MQ=VE Ciptat—wt it} 
P 
<Lfa(p) — jp (p 4 q (5.30 


where {p(p) is the Bose distribution function. 
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In the limit of low temperature the Bose distribution 
function /p(p) will become a Kroneckev’s delta function 
centered around zero-momentum with the multiplicative 
factor N.'* Using this property A(q,!) is given by 
n2q’/(q*+F), (5.31) 
where m is the number density defined by n=N/V. 
Substituting v(g) and A(qg,/) from (5.29) and (5.31) 
into (5.9), one obtains 


@ 
l (q,t) - 


1+A(q,t)v’(q) 


Sra 
1+ (16nrang*)/(q'+F) 
rhis has a pole at 


t= +ig(q’°+16nan)! 


giving the energy-momentum relation 
particle 


e=q(¢+16ran)!. 


This agrees with the phonon spec trum obtained by the 
previous investigators.” 


6. THE EXPANSION OF THE PAIR DISTRIBUTION 
FUNCTION IN TERMS OF THE COLLECTIVE 
INTERACTION. THE ELECTRON GAS 
AT LOW TEMPERATURES 


ection that in calculating the 
perturbation series for the pair distribution function it 


It was shown in the last 


is sometimes more advantageous to rearrange it in such 
a way as to eliminate the polarization parts of the 
representative diagrams by introducing collective inter- 
actions. This seems to be the case when one wishes to 
tigate the many-body system from a collective 


motion point of view. Taking this viewpoint, we shall 


inve 
examine in this section the pair distribution function 
and the internal energy at low temperatures by choosing 
the electron gas as a particular example. The corre 
sponding treatment for the hard-sphere Bosons will be 
found in the n¢ 
We found also in the last section that the simple chain 
interaction for the 
electron gas is responsible for the transfer of a plasmon 


be an 


xt sec tion 


approximation to the collective 


whi h is known to collec tive ext itation 


at the 


important 
very low temperatures. Hence, it would be of 
great interest if we consider an expansion of the pair 
distribution function in terms of the collective inter 
action U rather than in terms of the original (Coulomb) 
interaction V. Here we shall calculate the zeroth- and 

19 This property of the distribution function is also charac 
teristic of the Boltzmann system but not of the Fermi system. The 
following argument holds also for the Boltzmann system. 

* (Cf references 8 and 9. Also see N. Bogolyubov, J. Phys. 
U.S.S.R. 11, 23 (1947); N. Bogolyubov and N. Zubarev, J. Exptl. 
Theoret. Phys. 28, 129 (1955): K. A. Brueckner and K. Sawada, 
Phys. Rev. 106, 1117, 1128 (1957); R. Abe, Progr. Theoret. Phys 
Kyoto) 19, 699 (1958) 
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fa- $s lic. 9. The first-order diagram 
in U of the pair distribution func 
tion. The thick dotted line repre 
teraction U. 


sents a collective ir 


the first-order term in U of the pair distribution func- 
tion. Although a further refinement of the theory as well 
as the calculation may be made by employing usual 
procedures for simplifying the problem such as treat- 
ment ol sell-ene rg part and vertex part and renormal 
ization, we shall postpone this to the later publications. 

The zeroth-order term mo” (r,r2) of the pair distribu- 
tion function is, of course, the one for the ideal gas 
(Fig. 1). It is given from (3.10) and (4.2) 


°K» 
ek 


ny” (r\8o) (r,8,r28; r,0,r0 
rif; 7r,0)Ko(r28; r0 


+ eK o(ro8:.7,0)Ko(r,8;7r0). (6.1) 


Computing the trace in (4.3), one has for the one-body 


free part le propagator 


r.$,ro8; r,0,r,0 


> dX Dd expli(sit-)B+i(s2- 
as 


Pi* P2ez 
Xx S(pitq, 1+) S(po—q, 


AND 


HIROT 
where f(p) is the Boss bution func- 
tion. Substitution int 


- L 


no (mire) =[V— > 


which lon-P| k’s™ formula for the ideal gas. 


In the present appr ilation the first 


Hence 


term may be taken és re of 1 density ” 


one } as, al 


6.5 


Next first-order 


I term 
CCK OO (r 8 ; t lective int 


eraction. It 
vr ted by a graph shown in Fig. 9, where 
i lion l ° 


written down im- 


may be rej 
a thick dotted lit enotes t! ective interac 
Its mathematical exy 
mediately from Table ywever, noting that the only 
difference from Fig. 2(a) is th placement of the 


original ( lomt nteract I \ the collective 


interact from (4.16); 


where the second term (exchange term) is, except for the sign, equal 


by ext hanging the pair ot position vectors (1 ,fe) of the final Stale 


exp(is,p T 1Sep) 


exp i(2m+-1)4+-i 


) 


2n+1)4r 


the summations over s; and s, can be carried out in the same way 


new quantity A(q,t; r) defined by 


> 


n,° 


It is noted that 
in (5.11 


with A(q,t) defined 


6.11) 


Adding contributions from (6.5) and (6.10), one obtains 
for the pair distribution function up to the first order 


in 


21 F, London, hys. 11, 203 (1943); G. Placzek, Second 
Berkeley Sym postum the uthematical Statistics and Probability, 
p. 581 (1950 


rife). (6.12) 


The discussions 
Bose or Fermi gas« 


cable to spink ss 
re ourselves in the 
electron gas problem r t mainder of 


Since the electron has spin of magnitude 


his section. 
certain 
How- 


| assume the 


modifications are 1 ssiltated ir formalism 
ever, they are very 


spin-independent Har nly effects of 





QUANTUM STATISTICS OF 


the electronic spin on our formalism are: i) to allow 
two electrons in each state spec ified by the electronic 
momentum; and (ii) to throw out the exchange terms 
‘for the antiparallel spin electron encounter. The con 
sideration of these two leads to the doubling of every 
value \ which appears in the theory, and the reduction 
by a factor 4 of all the exchange terms in formula (6.12 
Hence, we have for the electron gas 


) (rire)—4nr (6.13) 
with the change of \ into 2d implicitly contained in 
Na? (ff) and m7,’ (r,r2). We shall evaluate this at the 
absolute zero temperature. 

The second term is the correlation due to the exchange 
effect of the noninteracting Fermi particles. It was 
evaluated by London.” 


On LJ; (a 
n 

2 r 
with 

2rpor. 6.15 
This is also known as the Wigner-Seitz formula.” 

The third term was given in (6.9). In the calculation, 
we shall adopt the simple chain approximation for the 
collective interaction discussed in the last section. Thus 
substituting / 5.15) one gets 


from 


VB)" SZ e'9-*4X2(g,0)0(q 


«1 +- 21 q A(q,! 6.16 


with r ri— fe and » r|,.AsV—o andsB— «= , one 
may approximate the above sums by the corresponding 


integrals: 


Hence one has 


Na 2 (r)= (29) +f aa e‘4 4)?(g,t)0(q 


X[1+20(g)A(g,)}". (618 
If the distance r is sufficiently large, the important con- 
tribution to the integral over q will come only from the 
small q domain of integration due to the oscillating 
function e**-', Substituting A(qg,f) and »(g) from (5.15) 
and (5.10), one has 


2 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933). 
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€ po R?(u))/ (x4q°) 
(6.19) 


1+[2epoR(u) | (eg?) 


lo simplify the complicated expression, we shall use the 
conventional units for the electron gas. First, the inverse 
density is set equal to 


n $/3)ar,’ (6.20) 


The dimensionless parameter r, is defined by 

To To/T Rr, 
where rx is the Bohr radius 

fp=2/¢ (6.22) 


Now in these units the expression (6.19) after angular 


given by 


integratior is 


9 , sind por 
7 dO O 
dor Oper 


+e 4ar,R? (1) 
x du " 
r(¥ + 4ar,R(1) 


© 


(6.23) 


where a@ is a numerical factor defined by 
4/9)? (6.24) 


integral will be made in the 
originally due to A. 


A rough estimate of the 
following way. The 
Glick.” Consider an integral 


vias tar ,R’ u) 
1(Q f du , 
r(?+4ar,R(u) 


w@ 


method is 


(6 25 


For 4ar,/(rV*)<<1 this will be approximately given by 


f du R*(u) 


oa 


ler, 
] O)=> 
x(?* 


(8/3)ar,O-*(1—I1n2). (6.26) 


On the other hand for 4ar,/(#Q*)>>1, 1(Q) will become 


+e , 
rox f du R(u)=- 
9 


As an approximation, we shall take in place of 7(Q) 
a function /’(Q) which have the same limiting values as 
(0 


(6.27) 


The simplest one 1 


l'(O w/2){1+-39(¥([1bar,(1—1n2) }*}-". (6.28) 


Substituting this into (6.23), one can read the integral 


* A. Glick 


private communication ). 
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from a standard mathemat 
Nia r) 


n° 


Che formula 29) is valid only for a large value of r as 
The fourth ht-hand side of (6.13) is giver 


VB) > e'4-*4y 
qt 


lhe quantity A(qg,t; r) was given in (6.8). Due to the 


oO cillating function e'?* in its ¢ xpression, it approaches 


zero rapidly as? » ©, Hence the function nip’ (7) ap- 
proac hes zero mort rapidly than the function Nia” (r). 
We do not attempt here to calculate n;,®(r) in any 
detail. More accurate calculation of 2;,’(r) as well as he gr ( gy of the « ponding 
ny,*’(r) is in contemplation and will be published al gas he derivatio1 the latter m the former 
elsewhere pie wht ey rK i i isemble. 
We shall hereafter evaluate the ground-state energy h tron § ronic charge 
f the electron gas | ing the gel al theory developed Ui { t I ) y strength. For 
n Sec. Z ( el , we i I iramet uch that 
u as the temperature approaches 6.33) 
zero every thermodynamical average becomes a pure 
quantum-mechanical average, 1.e., an average using the 
ground-state wave fu 1. As a particular example, 
the relation (2.11) between the internal energy and the 
pair distribution function becomes the well-known rela- 
tion betweet | y ind-State energy / and the ground 


Before going h ilculation, we mu mment cally to t fo tuati ippose, we have an 

the Coulomb energy ¢ } r( ga in | lectron ga ith a uniforml, ribut ickground of 

pair distribut incti r) approaches n’ at large _ positive charge ju to keep tl hole system 
distances rf 1 irst integral on the rig t side of (6.34) 
diverges quadraticall » avoid this, we subtract from 

(0 34 aqu 

gnitude and 

of the whol 

troduction of a positively 

iired from the practical 


I 
and consider only the t of the groun 


means of the 
The quantity appeared i 25) is usuall 


Coulomb energ 
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comprising an electron gas with a uniformly charged 
background. 

Returning to (6.34), we shall consider term by term 
separately. The first term is the kinetic energy of the 
free Fermions with the correction due to the electroni: 
spin. 

E(0)= tN e;. 
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In the conventional! units used for the electron gas, this 
is expressed as 


(6.37) 


The second term (Coulomb energy) is discarded by 
the reason stated above. The third is usually called the 
exchange energy. Substitution from (6.4) yields: 


Eo,= — EV (24) ‘far f [ eney fe(p)fe(p’) expli(p—p’)-r 


-weV (29) f fepey fe(p) fr(p’)(p—p' 


(6.38) 


At the zero temperature the Fermi distribution function fy(p) takes the value one inside the Fermi sphere and zero 
outside so that one has only to carry out the above integration over the interception of the two Fermi spheres. The 


integration is tedious but elementary and gives 


E b 'N 


—3(xar,) 


€ pot V ( 47°) 


(6.39) 
(6.40) 


Now consider the fourth term of (6.34). Substitution from (6.9) and integration over the coupling strength give 


rise to 


E;qa=—4Ve(2r) ‘far tf eat e*4-F{2(g,t)—v(g) In[1+20(q)A(q,t) }} 


—4V(2r) +f eat {2v(q)X(a,! 


(6.41) 


Substituting A(qg,) from (5.13) into this and employing the conventional units, one obtains, 


E1./N 


£ 


This is exactly the formula (M-W, 6-12) obtained by 
Montroll and Ward? for the change in the ground state 
energy due to the electron interactions up to the ring 
integral approximation. It also appears in the Gell 
Mann-Bruckner theory of the correlation energy and 
was evaluated there to be given by 


* 
Tr rT 


2 dar, 
E;,/N=—(1- in2)(in—*—0551 - ) 


+ (vanishing terms asr,—>0). (6.43 


What is noteworthy in the foregoing is the logarithmi« 
dependency of the energy with the respect to r,. It is 
known from the dimensional analysis’ that in the low- 
temperature limit the perturbation expansion becomes 
equivalent to the high-density expansion, the appro- 
priate parameter being the dimensionless quantity r, 
inversely proportional to the cube root of the density 
However, a straightforward perturbation expansion wa 
found to yield a divergence due to the long-range 
Coulomb force. To relieve this situation Gell-Mann and 
Bruckner have proposed the following high-dens:ty 


3 1 . ian | dar, 4ar, | 
f ao f du ; R(u nf + Riu | 
4r o’r? J, 73 (FP (FP 


expansion formula: 
E/N=Ar,?+Br,'+D Ins, 


+C+Fr,\lnr,4+Gr,+--: (6.44) 


and calculated the coefficients C and D exactly. The 
value of the coefficient D is exactly the same as the one 
appearing in (6.43). On the other hand, our formula 
(6.34) is essentially the expansion in terms of the 
collective interaction, which is closely related to the 
collective excitation (plasmon) as remarked in the last 
section. It has no divergence whatsoever but is not by 
itself the high-density expansion of Gell-Mann-Bruckner. 
However, it is very interesting to notice that the terms 
appearing in (6.34) give successively the first three of 
the expansion (6.45). In other words, we can read the 
coefficients A, B, and D from (6.37), (6.40), and (6.43): 


2.21 B=—3/(2xa)=—0.916 


2) /x? = 0.0622. 


—In2)/x 


(6.45) 
This is one of the main advantages of the present theory 
and gives a support to the expansion method in powers 
of the collective interaction. 
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In order to calculate the constant C, it is necessary to 
evaluate more accurately that part of the integral 
(6.41), which contributes to the energy of the zeroth 
order in r, and add another contribution from the last 
term of (6.34). These will be easily identified as 


4 \ d°qdt Af 2 q)r qt 


(6.47 


l-Mann and 


due to the exact evaluation of ¢€,” 


Bruckner the correction 
and the 


Acc ording to (se 
numerical 


integration of e€; are the following: 


lor 


s 


f du R*(u 


L 


6.48 
0.0508 
a) 419 


0.046 


Adding the e to the 


as follows: 


constant term in (6.43), one obtains 


the value ¢ 


0.096 6.50) 


HARD SPHERE BOSE SYSTEM AT THE 
ABSOLUTE ZERO TEMPERATURE 


7. A 


In this section we shall investigate the ground-state 


behavior of a hard-sphere Bose system following the 
same procedure employed for the electron gas. 


We have 


proximatio! 


seen in Sec. 5 that the simple chain ap- 
to the collective pseudo-interaction for a 
hard sphere Bose 


transfer of a phonon just as the same approximation to 


system is closely related to the 
the collective interaction for the electron gas is related 
to the transfer of a plasmon. As we did for the electron 
gas in the last section, we start by calculating the first 
two terms of the collective ps udo-interaction expansion 
of the pair distribution function for a hard-sphere Bose 
system. The graphs re presentative of these two terms 
are the 


same as for the electron gas, i.e., Fig. 1 and 


Fig. 9 except that thick dotted line in the second 
figure should represent the collective pseudo-interaction 
given by 5.32) instead of the collective interaction. Let 
us compute these one by one 

The zeroth-order term of 
+} 


r) represented in Fig. 1 


is nothing but the free-Boson pair distribution function 


V8) ¥ ¢'4:*32ran 


—~ 


qt 


AND 
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7.1 


where ; l ribu ) l LO! 
At the ; olul xeTO peratu fap 

Kronecker’s delta tunctiol Viln U 
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irrespectiy f the spatical configuration of 
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factor .\ 


, 
ulliple 


for no (r) 


gel 2n 
from (7.1 
the two part } ntradiction 


familiar notion that every p ition function, a 
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nature of tl e distribution function. 
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that 


we | normal scattering 


tentative 1) 
such 
79 


/ ) 


since can correctness of 


probabilistic phy $ ls equiva- 
to discarding t} hange term (or the normal 


term) in the calculation o it 1 absolute 


lent 

ZeTO 

temperature, a different si tio! | arise at finite 

temperatures. in actuality b int of the Bose 
j ‘ 


conde ition tf kchnange te li j aor not 


fraction of 


vanish 
but approach¢ 7] \ : \V b if r 
the zero-mome! separation be- 
cause of 


state. Therefor: 


und single-particle 


} 


notin r) vecomes 


necessary at finit for a free-Boson system 
and therefore, must b juired in intera 
system 


‘ ? 
ing Boson 


Since we Lemperature Case In 


the following we hall calculate nly the normal scat- 


tering terms were the only 
contributior 
] the pair dis- 


For the 
distributior 


ny 


A(Q, 


approximation t 


The quantity and the 


simpie chair » the collective pseudo- 


interaction U'(g,t) is also given in (5.32) 


Substituting 


these expressions in tne I going, one gets 


n(gi+f+169ra9 
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Approximating the 
one obtains 
8 an 


with 


If one introduces a dimensionless variabie by 


8 an’ 
n;"{ 
T ar’ . 


For small distances such that 


one can rewrite (7.6) as 


(16xan)=r,, 


2  siny 1 
f dy ( 
0 y 


the expression (7.9 reduces to 


8 an’ 


rar 


sums by the corresponding integrals [cf (6.17 
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and then integrating over angular coordinates, 


(7.10) 


) 


2n*(a/r) for r<r,. 


In the other limiting case, i.e., 


-— f 
T ar 
n’(4rfaini)—9— = for 


where the integral was evaluated by inserting an integrating factor e 7” i th 


the limit y — 0. 


Adding contributions from (7.3), (7.11), and (7.12) one obtains for the pair d 


order in L”’ 


2 
n™ (r) 


n*[1—(4r'ain§)"y “| for r>r,. 


n*[1—2(a/r) ] 


for large separations the expression (7.9) becomes 


r 
Te 
dy y siny(1 y) 
» 


(7.12 


1¢ integrand and subsequently taking 


istribution function up to the first 


for a<r<r 


(7.13a) 
(7.13b) 


This result is consistent with the calculation of Lee, Huang, and Yang* employing the pseudo-potential method. 


They obtained 


n (9) 


n?+O(r-“) for 


Our formula (7.13a) agrees with (7.14a) up to the order 
r while (7.13b) coincides with (7.14b) completely. The 
formula (7.14a) can be understood in the following way 
For small separation the direct interaction, which i 
singular near r=, acts comparatively stronger than the 
indirect interaction through a medium. The S-wave 
solution of the Schrédinger equation for two hard 
spheres in a large box has the form 
v(r)=cr'sink(r—a) for r>a, 7.15 
where r is the distance between the two particles and k 
a relative momentum eigenvalue subject 
boundary condition and ¢ a constant. 


to a certain 
If the direct 


interaction is predominant as mentioned above, the pair 


n*[1—(a/r) P+O(a/r.) for a<r<&r, 


(7.14a) 
(7.14b) 


r>>r. 
distribution function at small separations will have the 
form 


n” x ly(r)\*a[1—(a/r)P for ra. (7.16) 


This agrees with (7.14a). Thus it seems to ve necessary 
to take into account more precise behavior of the two- 
body pseudo-interaction at least for the direct inter- 
action contribution to n®(r). 

The quantity 7, defined in (7.10) has the dimension of 
length and could be called the correlation length. It 
measures the extension of the correlation between 
particles introduced by the hard-sphere interaction. 

Now again using the formula (6.32), we shall calculate 
the ground-state energy from the pair distribution func- 
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tion. As we shall treat the pseudo-interaction 82a6® (r) 
as if it were a real interaction, the hard-sphere diameter 
a could be taken as the coupling strength g in the 
formula (6.32). Introducing a parameter x such that 


g=ax and substituting nm?’ from (7.3) and (7.4) into 


one has 


1 
E(0) t wf dx f dr’ r) 


VB) > ef4-*2(9,t)U 
qt 


(6.32), 


X {n* 
The ground-state energy for the free Bose system can be 
taken as zero 


E(0)=0. (7.18) 


Replacing the summation over ¢ by the corresponding 
integral and subst r), \(q,t), and U’(q,t) from 


ituting v’ 
(5.29), (5.31), and (5.32), re spec tively, one obtains 


4ranN 


(7.19) 


with a define Integration over ¢ gives rise to 


/ bran.\ {gq ' q(¢?+2¢07)'} (7.20) 
with 


qo? = 8ran. 7.21) 


The foregoing summation is divergent. However, a 
remedy for the situation is well known. In fact, the 
formula (7.20) is identical with Eq. (19) of reference 8, 
where Lee, Huang, and Yang derived it using the same 
pseudo-interaction (pseudo-potential) as ours. Reason- 
ing that they should have used the correct pseudo- 
potential (r)(0/dr)r=v'(r)}, they then sub- 
tracted the term go'/(2¢*) in the summand, 
thus removing the above divergence, and finally ob- 


| Sad 


spurious 


tained the following result: 


E=4nanN —} ¥ [ge+¢—o(g¢+2qe)'—qu' 


franN [1+ (128/154/2) (a*n)*]. 


According to their analysis this subtraction corresponds 
to dropping the term proportional to a? in the formula 
(7.20) after its expansion in powers of a. This can be 
understood in the following way. The contribution of 
the order a? in our theory can be identified by its 
graphical represent Fig. 10(a), where 


ise denotes a pseudo-interaction. 


ution shown in 
each wavy line in thi 
The thin dotted line means that the ends of particle 
lines should be connected, indicating the extra integra- 
tion performed over the position variables of the ends 


If we recall that the ps 


interaction originates from a 


set of ladder diagrams, we should have included the con- 
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is of the order a | hove 
It is interesting to note that tl <pressi 7.22) 
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8. FINAL REMARKS. DEBYE-HUCKEL 
EQUATION OF STATE 
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sphe re Bose gy ZeTo 
temperature. T} 
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To do this, we 
(0.3) 


must the quantity A(g,t) in 
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temperature behav 
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r Fermi distribution 
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London” and A. S 
In order to calcu il energy from the pair 
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vendent fe place of (6.32). The 
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Using this propagator one can calculate th 
interaction and the pair distribution function for the . (4xAne 
he st order in the screened Coulomb inter- 


high-te mpe rature dilute electron gas in the same manner 
the pair distribution function was shown to be 


as we did for the low-temperature case in Secs. 5 and 6 
The same calculation was previously carried out by § n®(r)=n?(1—Béer'e*") for large r. (8.4) 
Fujita, A. Isihara, and E. Montroll** using the r As an application of the formula (2.15), we shall 
method. By adopting the simple chain approximation to’ derive the equation of state from this pair distribution 
they obtained the Debye function. The kinetic energy 2» of the free-particle 


the collective interaction U, 
system is $.\47T. The square of the electronic charge « 


screened Coulomb potential , : 
may be regarded as the coupling parameter. Then we 


U(r)=ér'e 


1V 1 é 
pper———e far-w(1 B—e~*’ 
6N 


i r 
kT (1—42'nis!)+ (the term which cancels with the contribution from the background 
This is the classical Debye-Huckel equation of stat: 
APPENDIX A. MOMENTUM REPRESENTATION OF THE ONE-BODY FREE-PARTICLE PROPAGATOR 


The equivalence between the two expressions (4.9) and (4.12) for the one-body free-particle propagator will be 


shown by carrying out the summation over s indicated in the latter. Comparison of these two expressions requires 


showing that 
Bo > exp[ —a(82—B,)8-'+i(2n+-e)(82—8)9/B [i(2n+-6)x8+ p’—a/B yo 
anaes 
[1+ exp(a—p’) }" exp[—p*(s. 
(i 
t exp(a—Sp*)[1Fexp(a— Sp’) ] exp[—p’(8.—8:)] B2<Ai, on 


where € is to be taken as 0 for a Boson and 1 for a Fermion. The summation on the left-hand side can be calculated 


in a straightforward manner by employing Poisson’s sum formula.” The formula states that 


F (Bm 


(A.3) 


er inverse of a function 


ter/f \*. {A.4) 


In order to apply this formula to the summation in 


f(y) exp[ —a(82- 51)8 '+ 1er(B2 
luated by using Cauchy’s integral theorem. Noting that t the integrand is located 
ex/8 and choosing the appropriate contour of integrat finds aside from the constant factor 


31-23 2x exp{ o— By | 8)+t16r/B 8,—x>0 


exp ty(82—8; 
dy 


ty p a/p 


(A.5 


and E. Montr su Asse Si icad x. 44, 1080 
VU ethods of wetical Physic v-Hill B 


Feshbach, 4 





26 Ss. A AND R. HIROT 


when 
Pr 


If p—a/p-< 


Q, them the integration (A.5) is repla ed by 
exp[iy(B.—B; 


tier/5 


1y+ p’— (a/B) 
(B2—| v)[p 


2 l L 


ar exp{ 


However, it turns out that both cases lead to the identical result (A.1 
the proof of (A.1) when Pp 
From (A.4) and (A.5) one sees that 


(2mr)*« xp| 


QO Be—Bp, 


(Bm) al Ps | 1€(Bo py 


Bm <0 


1/8 \exp{- 


since B,; and » are restricted to the interval (0,8), |B2—6;! SB. 
of (A.2) 


Summing / 


| exp 


exp| exp 1éemm) ext 


Noting that 


one finally obtains 


F (8m) = exp — (8.—8))p |L1Fexp(a—sp 


texp| 8,)p’ | exp(a—fp 
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A model 


of liquid helium is analyzed, in which the liquid is regarded as a collection of excitations | 


COHEN 


yber 26, 1959 


“rotons” 


only with energy 2A) with an arbitrary pairwise number-conserving interaction. The entropy and normal 


fluid density of the liquid, and the energy distribution 
rhe first terms containing effects of the interactions are studied 


the density of excitations exp(—A/kT 


f scattered neutrons are computed as power series in 


When the interactions are weak, the entropy [through order exp(—24/kT) ] is simply related to the neutron 
scattering, the connection being correctly given by the formula of Bendt, Cowan, and Yarnell. For strong 
interactions there appears to be no simple connection. Even when interactions are weak, the first correction 


to the normal fluid density involves information which is not contained 


1 in the neutron scattering 


A method due to Bloch and de Dominicis is used in the analysis, and leads to a new form for the second 


virial coefficient. This is closely related to a curious new form for the level shift of a particle in a large spheri 


cal box, under the influence of a central potential 


I. INTRODUCTION 


XPERIMENTS'* with cold neutrons have pro- 
vided striking evidence of the existence of ele- 
mentary excitations in liquid helium, with an energy 
versus momentum relation of the type envisioned by 
Landau.‘ The Los Alamos determination of the function 
E(p) was sufficiently accurate to permit a serious calcu- 
lation® of the thermodynamic properties of the liquid. In 
making such a calculation one has to reckon with the 
fact that the measured E(p) curve varies with the 
helium temperature. According to Yarnell, Arnold, 
Bendt, and Kerr, the minimum roton energy A (meas- 
ured in temperature units) decreases from 8.65°K at a 
helium temperature of 1.1°K to 8.15°K at a helium 
temperature of 1.8°K. Since thermodynamic functions 
depend on A in the combination exp(—A/kT), neglect 
of the variation in A could cause errors of 30°7, or more 
in the thermodynamic functions. 

The temperature dependence of the excitation curve 
seems to indicate that the excitations interact with each 
other, with the result that the energy needed to produce 
one more depends on the number already present. For 
weak interactions, line shifts are proportional to the 
interaction, and line widths are proportional to the 
square of the interaction. Yarnell! et al. report line 
widths (full width at half maximum) of 1°K and 2°K, 
for production of minimum energy rotons at tempera- 
tures of 1.6°K and 1.8°K, respectively. Since these 
widths are several times as large as the line shifts at the 
same temperature, it would seem superficially that the 
interactions are not weak. 

K. Otnes, and K. E. Larsson, Phys. Rev. 112, 11 
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*P. J. Bendt, R. D. Cowan, and J. L. Yarnell, Phys. Rev. 113, 
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Kerr. Phys 


Bendt, Cowan, and Yarnell give a formula for the 
entropy of a “gas’’ of interacting excitations 


S=k Dj BE,(T)[eP#h —1 9 —In[1—e KM), (1) 


where k= Boltzmann’s constant, 8=1/kT, and 7 is an 
index which runs over allowed momentum values in the 
container ; in a box of volume 2 the sum may be replaced 
by Q&* fd*p. The important question, of course, is the 
meaning of £;(7); in the absence of a method for com- 
puting or measuring £,(7), Eq. (1) is so general as 
to be vacuous. BCY identify £;(7) with the energy loss 
of neutrons scattered with momentum transfer j at 
helium temperature 7. 

Using Eq. (1), BCY fit the observed entropy within 
+3% in the range 0.2°<7<1.8°. Numerical differ- 
entiation of the entropy curve yields specific heat values 
within +4% of observed data in the range 0.2°<T 
<1.7°. Despite this nice agreement, we still regard it as 
worthwhile to inquire into the validity* and limitations of 
Eq. (1). The equation is not really meaningful until one 
decides exactly what is meant by £,(T). For a given 
momentum transfer j there is a distribution of energy 
losses, and it seems doubtful that all the thermodynami« 
information in the distribution is summarized by picking 
out one point (e.g., the maximum). One might con- 
jecture that (1) is correct when the “density of excita- 
tions” is low, regardless of the strength of their inter- 
with £,(T) defined as the most probable 
energy loss for momentum transfer 7. This proves not to 


actions, 


be the case. 

The problem of ‘“‘temperature-dependent energy 
levels” arises quite frequently in other contexts, and is 
still in need of clarification. Accordingly it seems worth- 
while to construct a model for which neutron scattering 
and thermodynamic functions can be computed, and to 
examine the relation between them. The analysis also 
relates neutron line shapes to the primitive interactions 


®* When we speak 
assume that £; 


of the “validity of Eq. (1),” we henceforth 
I) is defined by neutron scattering 
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of the excitations. With little additional! labor one can 
compute the ‘normal fluid density” for the model. The 
present paper is concerned with the general method of 
analysis. Numerical] 


pape I 


results will be given in a second 


Il. THE MODEL 


The system we shall study is defined by the Hamil- 
tonian 


H=> a,*apE(k)+> (kl vi 7)a,*a,*a,a; 
Aot V. (2) 


The indices i, 7, k, / run over the allowed momentum 
states in the quantization box. Occasionally we repre- 
sent the momenta explicitly by writing k,; or k,;. The 
interaction is assumed to conserve momentum, i.e., 
(kl\v|ij7)=0 unless k,+k,=k,+k;. The operators obey 
the usual Bose commutation relations [a,,a;* ]=6,; and 
[a,;,a;|=0. The should be visualized as 

rotons) rather than particles. 
is not necessarily quadratic and 
is not necessarily the Fourier transform of 


operators 


ions (e { 


5") 


creating excita 
Accordingly, E(k 
kl\t 
a potential. Nevertheless, the momentum-conserving 
matrix elements (kl! 1/77) will be proportional to Q-". In 

distinct transition is included ex- 
is the same as (/k; j7) but distinct 
Although the Hamiltonian conserves the 


17 


the interaction each 
actly once; (kl; 7) 
from (lk; ij 
total number of excitations, we assume that excitations 
can be created and destroyed at the walls, so that in 
thermodynamic equilibrium the number of excitations 
is uncertain. 

The form of the interacti 


yn term is based on the idea 
that 


itation should be an eigenstate of the 
system. In earlier work by Feynman’ and Feynman and 
Cohen,* fairly successful computations of the E(p) 


curve were based 


i single ex 


on the idea of minimizing the energy 
for a given momentum. Exact minimization would lead 
to an eigenstate for each possible momentum, and we 
believe that the energy versus momentum curve thus 
obtained would coincide with that measured by neutron 
scattering at zero temperature. Other possibilities can be 
the thermodynamics might be 
dominated not by any small set of stationary states, but 


1* 
| 
| 


ived “compound” states; such is 


visualized. For example 
rathe r by some long 
the case for atoms in weak interaction with the radiation 
field. It is also conceivable that neutrons couple with 
finite probability to these compound states, and only 
infinitesimal | ibility (proportional to Q-') to 

true stationary st: In this case the compound 
states, rather tl ny set of stationary states, would 
excitations. One test of 

iple to stationary or compound 


iths at zero temperature, 


play the role 
whether neu 
+} 


states is the 


the line widt 
remaining fini 


o in the former case and 
periments suggest that 


"Eh. ere 
SR. P. Fey 
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1 the finite 
of this 
at neutrons 


line widths vanish a tem 
resolution of 


perature, thoug 


instrument its the ac 


racy 


statement. Finally, i entioning t} 
couple with finite pr ’ to the approximate roton 
wave function of Feynr yhen, though it is not 
is feature 1en the exact lowest 


We shall require, tl that a 
is the 
be 
tion term in H must 
two annihilation operators, and, for 
Hermiticity, at least two creation operators. The inter- 


action in (2) is the 


obvious that tl persists wl 


wave function is used en, 
of H. If |0 
state, the requirement that a,*|0 
eigenstate implies that the 


contain at least 


single excitation be an eigenstate 


vacuum an 


interac 


simplest iving these 


properties. 

The function /(k) is not temperature-dependent. The 
energy loss of neutrons scattered by the system will 
iture-dependent, and at zero temper- 
ature directly measures E(k). It is assume 
E(k)>A f ill R, i.e., that 


tor 
needed to produce i 


prove to be temper 


useful to 
This is known to be 

k~2A-) but is 
ons dominate the 


tation 
true for excitations in roton region 
not true for phonons (/ nce rot 
thermodynami temperatures greater than 
1°K, no concept i s done if we neglect the 
phonons. Then the quantity exp 


: 
the densit 


3A), which roughly 
measures is a natural ex- 
tions are not weak. 


final formulas, though 


tir ns, 
pansion parameter ev interac 
Phonons are easil\ 
identification of the expansion parameter becomes more 
difficult. It is import he roton dis- 
_ of the rm l '3/h.. 


imply that 


persion ¢ 2u, does 
temperatures all 


erefore small 


nol 


rotons have smal! relative 


momenta 


Il THERMODYNAMIC FUNCTIONS 
A. Method of Bloch and de Dominicis 


The entropy is given by 


where 


Bloch and de Domini 
expansion for F whic! I larly 


problem. Since we 


a diagrammati 


given 


uppropriate to this 


n obtaining 
diagrammatic representations of other fun 


shall briefl 


tions, we 


y re view t -es the familiar 
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expansion 


€ bH = ¢-b M0 5 (—)* 


where 


V (u) = e*#oVe-“Hom 5 (ki v| i j)a,*a,*a,a; explu(E.t+E, 


The traces which must be done are of the form 
Tr{e-*4°A}, where A is a product of creation and 
annihilation operators. If the symbol ( ) is defined by 


(A) = Tr{eP#0A}/Tr{e #49} 
it follows that 


(a,a;)=(a,;*a;* 


)=0, 
(a;*a;)=5,; exp(—BE,)[1—exp(—BE,) }", 
(a,a;*)=6;, 1—exp(—BE,) P’. 
One readily sees that (A)=0 unless a,* and a; have the 
same number of occurrences in A (for every 1). Follow- 
ing the method of Wick, Bloch and de Dominicis as- 
sociate various “factor pairings” with the operator A. 
A factor pairing is an association of all the operators in 
A into pairs, each creation operator being associated 
with an annihilation operator referring to the same 
state. For each pair of operators one then computes 


Tele) = TefePmey S ( -)* fof V (a) V (ad: --diy). 


The term n=0 contributes (1)=1. Figure 2(a) and the 
exchange diagram 2(b) represent the factor pairings 
arising from the term n= 1. All arrows in both diagrams 
point downward, because in V the annihilation opera- 
tors occur to the right of creation operators. The 
diagrams shown in Fig. 3 are some of those which come 
from the term n= 2. The “time” & increases toward the 
top of the page. When the unlinked diagram 3(c) is 
combined with the diagram obtained by exchanging the 
time ordering of the two vertices, the total time- 


eb. 


A,=]][ (matrix elements) J]; ———— I: 
1—cPB te 


where 
AE,= (energy of arrows going away from rth vertex) 
— (energy of arrows going into vth vertex). 
A diagram with m vertices has n—1 intermediate 
ates J, with which we can associate energies 
2;= (energy of arrows going upward during / 
— (energy of arrows going downward during /). 


Bloch and de Dominicis show that if all E; are distinct 
and not equal to zero, the time integral may be replaced 


CTIONS 


OF LIQUID He 


ff V (t6,) ++ + V (04; )duy- + -dty, 
B>ue>+++>ui>0 


>\7 
os 223) |. 


(5a) 
a;*a,) or (a,a,;*), according as a,* stands to the left or 
right of a, in A. The product of the numbers thus ob- 
tained is the number associated with the factor pairing. 
The theorem of Bloch and de Dominicis asserts that (A) 
is equal to the sum of the numbers associated with all 
the distinct factor pairings of A. 

Factor pairings can be represented by diagrams; 
a,a,;*) is represented by an arrow (labelled 1) directed 
toward the top of the page, and (a,*a,;) by an arrow 
directed toward the bottom of the page. The fundamental 
interaction (kl|v|ij)a,*a,*a,a; is represented by the 
vertex shown in Fig. 1. Although the arrows have 
definite directions in the figure, their directions are not 
really determined until the full factor pairing, of which 
the vertex is a part, is represented. At this stage we 
know only that i and j point into the vertex, k and / 
away from the vertex. 


From the definition of ( ) we have 


>ui >0 


integrated contribution is just the product of the contri 
butions of the two linked parts separately. One readily 
sees that the total contribution of a!l diagrams can be 
written as the exponential of the contribution of the 


follow 3 that 


~-BF o T :d At, 


Tr{e~*#°} and A, is the contribution of 
the linked diagram L; explicitly 


| of exp >, u AE duy:+-dtt,, 


>in > 


linked diagrams. It 


(6) 


a 


where ¢~?¥ 


at (7) 
Ei 
6 


>ur >O 


by 
sTL(/Ez, 


They do not claim that the time integral for a particular 
diagram is equal to (8), but they show that when a 
diagram is considered in conjunction with other dia- 
grams cyclically related to it, the errors due to using (8) 
exactly cancel out. Equation (8) does not apply to 
Fig. 3(b), which has an intermediate state with zero 
energy. The time integral associated with this diagram 
has the value 6*/2. Equation (8) is applicable to the 
diagrams with which we shall be concerned. 


(8) 
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IG 2 First order 
diagrams in thermody- 
namics 


B. Low-Temperature Expansion 


We are interested in expanding F in 
exp(—BA 
stroyed at each vertex, the time integral in (7) con- 
tributes no powers of exp(— 8A). Therefore, the depend- 
ence on exp(— 8A) comes from the statistical factors 
BE,) and exp( -BE;)[1 - exp —BE;)} ‘ 
and it is evident that a diagram with n downward 
arrows contributes to the coefficient of exp(— 8A) for 
all » 


powers of 
Since two rotons are created and two de- 


1 exp( 


>n. Every diagram involves at least two downward 
arrows, and the first corrections to F are thus pro- 
portional to exp(—28A). In this order the statistical 
factors for upward and downward arrows may be taken 
as 1 and exp(—SE£,), respectively. 

Diagrams with two downward lines are all of the 
“ladder” type shown in Fig. 4, and can be formally 
summed by an integral equation. It is instructive to 
exhibit the integral equation in order to compare it with 
the equation which arises in the line shape calculation. 
Let us momentarily ignore the fact that (8) fails if any 
of the FE; are equal or zero, and that denominators can 
vanish. Then, through order exp(— 284), the contribu- 
tion to (6) of the ladder diagrams 4(a) and 4(b) would 
be given, r¢ spec tively, by 


<= 7h 
‘BS ie 


and 


BE 
é 


where the matrix T(E 


kl T(1 


In (9) we let both 7 and j vary over the full range 


insert the factor 3 to correct the redundancy 


(t ( 


second 


order diagrams in thermodynamics 


COHEN 


If poles are treated by adding a small positive imagi- 
nary part ie to the energy E, then Eq. (10) defines the 
It is convenient to 
ists the two- 
If the 


nergy versus 


two-body scattering matrix 7*(/ 
which 


replac e (17 
partic le (or two-excitatio1 eigenstates of Ho 


by a single index a, 
objects being scattered ad a quadrati 
, and if »v were a central 
i ild be taken to have 
definite total momentur elative 


momentum relation 
potential, then the 
ingular momentum 
l (with projet tion m), an itive Wave number k In 
this case, 7* liagonal in P, /, and m, with 
diagon il elements r ne scatte ring pl ase shift 3 
by 


(11 


6) k 
a sphere of radius Ro. If the 


where 6, and the relative motion is normalized in 


poles are tre ated in the 


principal Vaiue sense, then 10) defines the reaction 


matrix G(F) with diagonal elements 


given by 


2kh?/uRo) tand,. 12) 
‘ Actually, ith nor is the recipe 
for doing thermodynamics. An obvious trouble with (11) 
is that the diagonal elements of 7* 


correct 


ire complex num- 


numbers. 
temperature- 


tering are pro- 


We shall shortly see, 

dependent line sl ifts in 
portional to the real part of the diagonal ele ments of 7*. 
Accordingly, one is tempted to try to prove that the real 
part of T7* correctly 
it would 


ums the diagrams of Fig. 4, since 


follow that and neutron 


thermodynamics 


scattering are [his conjecture is also 


The correct 
E=h*k?/2y interacting thr la 
most easily 


wrong he case of particles with 


entral pote ntial) is 


obtained by noting that the diagrams of 
summed to 
The 


rie grand parti- 


Fig. 4 are exactly tl W h must be 
obtain § the Bloch-de 
Dominicis 


tion fun f a systen i articl at fixed 


density. In atistical factors (a, ‘ a,;*a,), one 


must replace exp 3] , where z is the 


fugacity. A power series in 21 ntially the same as a 


power series in exp(—@A). If Q is the grand partition 


i The total momentu P 
and can be 
Hamiltonian involves 1 ingle betw and the relative mo 
mentum k. Hence a part elative motion is 


impossibie 


with our Hamiltonian (2 
taken as a stant vector he resulting one-bod 





THERMODYNAMIC I 


function and we write 
ea 
InO= > bz P 
l=] 


then 52 is just the sum of the diagrams in Fig. 4, plus 
terms arising from Fo. From the equation of state 


p \ (~) - \ 
kT Q bu 


we obtain the second virial coefficient 
B= — (2xBh?/y)*(b2/2). (13 


The part of the second virial coefficient due to inter- 
actions has a well-known”™ representation in terms of 
scattering phase shifts, namely 


Bh?y§ _ 
B imp -16()}( ) > (21+1) 
bu n 


leve 


x f exp(—Bh?k/y)éi(k)kdk. (14 


Equations (13) and (14) are consistent with (9), pro- 
vided that T is replaced by a matrix R, the diagonal 
elements of which are 


a| R| a)= — (2kh?/pRo)da. (15) 
The Bloch-de Dominicis method does, in fact, imply an 
unambiguous recipe for treating poles; we shall sketch 
briefly how this recipe leads to (15), rather than (11) 
or (12). 

For simplicity, let us consider the three cyclically 
related diagrams of Fig. 5. All involve the same matrix 
elements, but the time integrals and statistical factors 
are different for the three diagrams. The contribution of 
these diagrams is given by (6), (7), and (8) as 


eB Ee ec BR 


(E.—Ee)(E-—Es) (Es—E.)(Es—E,) 


where \t) , ki . 


5. Cyclically related diagrams. 
2D). ter Haar, Elements of Statistical Mechanics 
Company, New York, 1954), p. 196. 


Rinehart and 
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and |c), respectively, and the uninteresting common 
factor —B(c|v| bb) 1 is omitted. In Eq. (16) 
and henceforth, unless otherwise indicated, statistical 
factors are accurate only through order exp(—28A). In 
writing (16), we assumed £,, Ey», and E, to be distinct. 
There are no singularities in (16), however, as any two 
or all three of the energies approach each other (this 
follows immediately from the fact that (7) is a well- 
behaved E,). Consequently, there is no 
ambiguity in (16) when the sums over a, b, and ¢ are 
replaced by integrals, provided that all three terms are 
kept together. Difficulties arise only when we separate 
the terms 


GANG\V ¢ 


function of 


as we do when we try to sum ladder dia- 
grams by an integral equation. 

One way of defining the individual terms of (16) is to 
add small distinct imaginary parts t€,, 7€, and te, to £4, 
Ey, and E,. The value of (16) is unaltered, since (16) 
is a continuous function of F,, EH», and E,. The same 
epsilons must be used in all three terms; if we choose 
¢. both denominators in the first term of (16) 
will have positive imaginary parts, but in the second 
term one of the denominators will have a negative im 


€a ~ €b * 


aginary part. The expansion of 7* associates a positive 
imaginary part with every term in (16) and is therefore 
not what we want. The reaction matrix G, defined by 
the principal value recipe in (10), fails for a slightly 
subtler reason. Since (16) is well-behaved, nothing is 
changed if we replace the sums over a, b, and ¢ by 
principal value integrals. But it is important that the 
integrals be done in the same order in all three terms, 
since” 


dE, dE, 
f Sf. 
E,—E, E.—-E 
dE, 
# p fax ef 
(E.—E.)(E.— E.) 


Equation (10), with the principal value recipe, implies 
that in all three diagrams the integral over the state 
represented by downward lines should be done last; i.e., 
that in Fig. 5(a) the last integral is over F,, in 5(b) the 
last integral is over /y, and in 5(c) the last integral is 
over E,. This is clearly inconsistent with the require- 
ment that the integrals be done in the same order in all 
three terms. 

If the ladder diagrams are to be summed by an 
integral equation, we need a rule which, upon summa- 
tion over a, 6, and c, associates the same number with 
all three terms in (16). Then it will be possible to sum 
diagrams “vertically” “horizontally.” A 
rule which obviously has the required symmetry is 
simply to omit from the summation any choice of 
indices for which E,=E, or E,=E, or E,=E,. The 
terms omitted from (16) are all finite and, when the 


rather than 


4N. 1. Muskhelishvili, Singular Integral Equations (P. Noord 
hoff, Groningen, 1953), p. 57. 
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volume (2 is large, form a negligible set. More generally, 
for a ladder diagram of arbitrary length, we shall omit 
all choices of indices which give coincidences of energies. 
Che problem is to incorporate this rule, which is es- 
sentially non-Markoffian, into an integral equation. 

Let us return to the case where an angular momentum 
decomposition is possible. Riesenfeld and Watson" have 
shown that the phase shift 6, is given by (15), with the 
matrix R defined by the nonlinear integral equation 


Hy+(a|R\a 


where A, is a projection operator onto |a), and 1—A, 
all intermediate sums.'® 
are led to conjecture that the diagonal 
matrix element (a| R| a) defined by (17) is the sum of all 
the terms of the form 


| l 1 
Cr 1 
E.—H, E.—H 


merely eliminates |a) from 


Therefore we 


subject to the restriction that |a@) does not occur as an 
and no intermediate state is repeated. 


We have been unable to give a direct proof of this 


intermediate state, 
theorem, though the preceding arguments may be re- 
garded as an indirect proof. In Appendix A the theorem 
is verified in the first five orders of perturbation theory. 
Verification is not entirely trivial in the fourth and fifth 
orders. The theorem is useful only in the sense that it 
relates the present method of computing the second 
virial coefficient to other “standard” methods. 

The angular momentum representation reduces the 
two-body scattering to a one-dimensional problem, with 
the immediate consequence that all the information 
about the scattering can be summarized in a set of phase 
shifts. In the absence of an angular momentum de- 
compositic n, pl ase shifts « still be defined if the 

of Ho are properly chosen. For an arbi- 
(ki\v\ij) one can find the proper 
eigenstates | a) only after solving the scattering problem. 
Accordingly, we 


an 
eigenstates | a 
trary interaction 
shall not analyze the scattering in 
terms of phase shifts, although the phase shift language 
is useful in distinguishing among the operators 7*, G, 
and R. If the states are arbitrarily chosen (e.g., as plane 
states), I q (17 
grams. For this case, we can still state the low-tempera- 
ture thermodynamics in t 


Bl BI 8 


wave no longer sums the desired dia- 


he form 
2)>" 

R a ), 
M(k 


{,a.*+ B_ya_.4 ~ Cxin2n *dx2*+ 


where the st: ilete orthonormal set 
of two-parti or two-excitat eigenstates of Ho, 
and P|a) is the a) by exchanging 
a b| R| a) is defined 
to all orders of perturba eory as tl 
of the form 


the partic les (ex 


e sum of terms 


19 


with the restricti ermediate state have the 


same energy ; 1), and no tw t 


' more) intermediate 


IV. LINE SHAPE 


A. General Formulation 


energy distribution of the 
the 
is just the sum of the 
itror h of the 
irately represented by the 


r), wnere @ 


In order to cor t tne 
scattered neutrons, one 1 to know 
of 


short range interactio! f the ne 


interaction 
i neutron with t 


tt 


WILN Cac 


nuclei in the liquid, and is 


pseudopotential a> ar 


— 


is a scattering 


length, ris the neutron coordinate, 


and the sum extends 


over all the atoms lreating the pseudo- 


and integrating out 
neutron coordinate. one obtains the 


potential in Born approximation" 


the matrix element 
for a transition in which the liquid goes from state 1 to 


tron gives up momentum k 


° -dty. 


We want to write this matrix element in the | 


language 


of creation and tors for the excita- 


tion system can be treated 
potential energy is 


sily finds (omitting 


where a,* ymentum k and a_, 
tum h More 


U (k 


destroys | gene rally, 


for arbitrar an be « xp inded as a 


ki +k: =k k, + 


“4 W. B. Riesenfeld and K. M 
Equati 17) is merely a stater 

the interactior To show that this energ 
result by explicitly constructing the solution of 
16 EF. Fermi, Ricerca sci. 7, 13 (1936 


Rev 
Brillouin-Wigner 
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Watson, Phys 
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104, 492 (1956 


perturbat 


1 the state due to 
(28*k /ph 


Watson derived this 


from the reaction mat 
; G. Breit, Phys. Rev. 71, 215 
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where the capital letters are numerical coefficients and 
the operators a,* and ay are the ones introduced in 
Eq. (2). We shal! retain only the term A ,a,*, that is, we 
shal! say that a neutron creates a single “bare” excita- 
tion. Time-reversal considerations imply that the term 
B_,a_, also occurs, but this term annihilates an exci- 
tation and gives rise to an energy gain in the scattered 
neutrons. It does not affect the energy distribution of 
neutrons which have lost energy by creating an excita- 
tion, and will therefore be omitted. The next three 
terms on the right side of (20) also do not contribute to 
the part of the energy distribution in which we are 
interested. A term like @y;*a@y2*ay; (where k,+k.—k;, 
=k) does contribute to the interesting part of the energy 
loss curve, but the contribution is down by a 
exp(— 8A) relative to the leading term, because the 
annihilation operator must find something to annihilate. 
Furthermore, if we study the distribution of energy 
losses for fixed momentum transfer (or fixed scattering 
angle) any term involving one or more free momenta 


factor 


contributes to the continuous background; only the 
leading term contributes a sharp peak which approaches 
a delta-function at low temperatures. In the present 
analysis we shall study only the low-temperature be- 
havior (shift and width) of this peak, and therefore 
shall omit all terms in (20) except a,*. The omissions 
are justified provided we do not try to compute in high 
ly 
; *) compared with the sum of the 
squares of the other coefficients in (20). We remarked 
earlier that the work of Feynman and Cohen’ supports 


orders of exp(— A), and provided 2 is not negli- 


gible (e.g., of order 2 


the latter assumpticn. At any rate, it seems possible to 
conceive of an object whose interaction with the liquid 
is simply a,*, and we shall imagine that £;(7) in Eq. (1) 
is measured by scattering these objects 

If the incident neutrons have momentum /ixy and the 
liquid is initially in state 7, then the probability that the 
liquid is left in one of a group of final states F and the 
neutron emerges with a momentum in some region G of 


Fic. 6. General structure of dia- 
grams contributing to line shape. 


g 
The circles contain v interactions. 


NC 


rIONS OO! He 


x-space is (with trivial factors omitted) 


fax M (xo—%)| 1 o( 


where the sum and integral extend over the regions / 


he hx 


. E, ‘ 


2m 2m 


and G, respectively, and m is the neutron mass. The 
eigenstates of the liquid may be taken to have definite 
momenta. The matrix element (f| M(xo— «)|i) vanishes 
unless xo+k,;= «+k If the number of neutrons per 
second emerging in solid angle d2 with an energy loss in 
the range (E, E+dE) is n(FE)dFEdQ, the Fourier trans 


form of (FE) is given by 


1 f | ) BR igi t( Bs Ey (?1 
uf u4 . LZ 
2m 


The st > é ‘)-" is the probability 
that the li particular initial state i. It is 
also understood that the vector « in the matrix element 
nagnitude «x and the direction of the cone dQ. For 
fixed 1 and f, we can perform the « integration. Since the 
energy needed to produce a roton is small compared 
with the of the incident neutrons, the term 
(E,—E,) in the argument of the delta function may be 
ignored with little error, and x»—« may be replaced by a 
constant vector k, where |k| =2«o sin(@/2). Omitting 
trivial factors and replacing M(k) by ay*, we obtain 


factor é€ BE 


atistica 


juid was in a 


has 


energy 


f(t dy i) 2etth se (B+ it) Rg 


(Trfe Hy] 'Trle AH Hgye*Hay* |. 


(22) 


B. Graphical Representation 
A diagrammatic representation of f(t) is now possible 
Employing the symbol 
we write 


which was introduced earlier, 


f(t)= (exp (8H, exp( 
Ke xp\ 


8H))-exp (BH 9) 


BH) exp(—tH )ay exp(ttH )a,*). (23) 


Che exponential operators have expansions similar to 
Eq. (5). Figure 6 represents the type of diagram which 
» in (23). The lower 
terminal, from which an arrow issues, represents a,*. At 
the other terminal, 


occurs in evaluating the second ( 


representing a, the arrow points 
the horizontal! direction of the arrow 
t it may point up or down, depending on 
completed. The circles contain the V 
ir in the expansion of the indi- 
cated exponentials. Each V interaction has two arrows 
entering and two leaving, the only free ends being those 


into the terminal: 
indicates tha 
how the diagr 


am 15S 


interactions which oc: 
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at the terminals. It follows that the two terminals must contents of the three ci it using the terminals. 
be attached to the same linked part of the diagram;a The contribution of all these diagrams is just the 
diagram may consist of several disjoint parts not linked expansion of (exp(8Ho) exp(—@H) exp(—itH) exp(itH) 
to each other, but both terminals must be attached to and simply cancels the first factor on the right of (23). 
the same part. This linked part can occur in conjunction Introducing the expansions of the exponential operators, 


with all possible diagrams which can be formed fromthe we obtain 


*( r ff V (wa) ++ V (wy dw, + «du 


. 
X aye"#o4 > (i) f--- | V"' (tt, Vi" (y)du lu, a,*) > 
> Me ui >0 


Hoe ¢- iH 17 7)a,*a,*a,a,je*r Pet! 


V"'(u y— Hou eiHou —S "(kil v\i7)a,*a,*a,aje™ Ft! 24a) 


and the subscript / indicates that only linked diagrams downward arrows tin ntegrals associated with 


attached to the terminals are to be summed. Figs. 9(a) and 9(b), which are the simplest cases of 8(a) 

rhe simplest diagram (Fig. 7) uses none of the V, a. and &(b 5 producs f tor ¢ 5 ore generallv, as will 
V”’ interactions, and contributes the term shortly be verified, | ni )) give contributions 
proportional to / tor I t Lu the ladder can be 
attached anywhere along tl urrow, which runs from 
to f(t). This is just the Fourier transform of a delta u=0 to u=t. Su t ou transform of any 


function located at /,. At the lowest tempe ratures n(/) reasonable fur ym tends t ro tor lar i, our ex- 


(25) 


approaches 6(//— £,), since all other diagrams contain pansion seems incorrect trouble lies in the neglect 

it least one factor of exp BA). of diagrams lik f \ ire | | onal to 
Diagrams with a single downward arrow [ Fig. 8(a exp for the two downward lines) but also are 

and the ex« hange diagram &(b) ] contribute terms to proportior il to ) ius I Lcllor an occur 

proportional to exp(— A). In this order only the anywher Tu rrow rder to calculate n(/ 

\”’ interactions (those contained in the lowest circle in correctly, w ist calculat t) for all t; the neglect of 

lig. 6) contribute, since any use of the contents of the 10(a) is incorrect 

upper circles would give a diagram with at least two To obtain an expansion valid ill ¢, we expand 


1 


rather th: { il | vel of -BA). If we 


«rhe coef 

portional t 

1./Ao is ex 

contribution of 

term coming from ») 1 nce by half 1 juare 


of &(a ns pl ri tolfst remain, since 10(b 
] 


contal rms i! W f? (the two ladders may 





] > ‘ 
overlap and are t efore t completely independen 
It is not hard t every coefficient in (26) is 
linear in ¢ for large / ynsequently higher terms can be 


neglected with negligible fractional error. The terms 
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proportional to / will turn out to have a negative real 
part, thus assuring that f(t) tends to zero for large / 


C. Calculation at Low Temperatures 


To obtain the first deviations of the line shape froma 
delta-function, we need compute only the first two 
terms of (26). Only Fig. 7 contributes to Ao, and by (25 
we have 


InAo=iE (Kye. 
The contribution of Fig. 7 to A, 
and does not affect the line shape; it merely represents 


the change in total intensity due to “induced emission” 


1 is independent of ¢ 


and will be neglected 

None of the V or V’ interactions of (24) 
&8(b). The operator exp(—1Hof) acts on the vacuum, 
producing a factor of unity; the operator exp(iH of) acts 
just below the upper terminal of 8(a) or 8(b), producing 
a factor expli/(k)t] which is cancelled in (26) upon 
division by Ao. To perform the time integrals we use the 
formula 


acts in 8(a) or 


diagrams contributing 


‘dl, h xpt > a,l 


which is easily proved'* by introducing the Fourier 
transform of a function which orders the time variables 
The €,; are small positive real numbers, all distinct. From 
(24a) we see that a; is the sum of the energies of the 
arrows entering the ith vertex minus the sum of the 
energies of the arrows leaving. For Figs. 8(a) and &(b) it 


Our entire analysis is for positive ft. Since n(/ Sa rea 


we have f(—t)=/f(t 
‘8 The proof in reference 9 contains a sign error, and Eq. (17 
that paper is wrong by a factor (—)*. Judicious subsequent sign 
errors lead to the correct Eqs. (19’) and (20’ 


NCTIONS OI 


LIQUID He 


+ 
9. Simplest versions of Fig. 8 
follows that 


arrows entering ith vertex) 


~E(k)— E(k’), 


The e; can be chosen to ap- 


1, (energy of 


{,;=0 
proach zero in any order, provided we are consistent. 
We choose € é res Ce, 

7) produces a term proportional 


and, in partic ular, 


The term i in (2 


tol 


, (28) 


rT 
jae F 


k)+EF(k,)+ile, 


E(k) — E(k’) 


where the intermediate momenta k, and k/’ are defined 
in Fig. 8(a). Taking note of the factor i* in (24) and 
introducing the matrix elements for the interactions, 
we see that for fixed k and k’ the terms (28) are 
summed by if(kk’| 7-(£,+ Ey)| kk’) for Fig. 8(a), and 
itk’k| T~ (Ey + Ey-)| kk’) for Fig. 8(b), where T-(£) is 
the scattering matrix defined by (10) with a small 
negative imaginary part added to E. The contribution 
of these terms to {26) is 


it © cP ®n'[(kk’ | T-( Ey + Ey) | kk’) 


—~ 
k’ 


+-(k'k | T(E y+ Ey) | tk’) J=iAt— Bt. (29) 
It is readily shown, using the Hermitian property of H/, 
that B is positive, as was previously stated. The imagi- 
nary part of the 7~- matrix elements represents the 
probability of nonforward scattering of roton k by 
roton k’, the density of the latter being given by 


+ t 


yuting terms | 


Fic. 10. Diagrams contril proportional to # to Fourier 
transiorm of line shape. 
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exp[ —BE(k’) ]. It follows that B=h/2to, where fo is the 
lifetime of a roton of momentum k. 

The contribution of the remaining terms in (27) is 
quite complicated, and is evaluated in Appendix B. It 
is shown there that, within the accuracy of this calcula- 
tion, these terms do not affect the location or width of 
the central maximum in n(E). Neglecting these terms 
and all terms beyond the second in (26), we find (making 
use of footnote 17) 


(zt) 


exp[ 1(/2(k LAy—Bit (30) 


and 


(31) 
rk 


The line shift A and width B (full width at half maxi- 


mum = 28) are both proportional to exp(— 8A). 


V. RELATION BETWEEN LINE SHAPE AND 
THERMODYNAMIC FUNCTIONS 


To evaluate the Helmholtz free energy (18), one needs 
to know the sum of the diagonal matrix elements 
(a|R|a), weighted by the factor exp(—8£,). Neutron 
scattering measures the quantity A, which is a weighted 
average of the real part of (a| 7—| a). A simple connection 
between neutron scattering and thermodynamics exists 
only when R is almost identical with the real part of 
7— (in the language of phase shifts, when d-~siné cosé). 
We shall now show this for the case of weak interactions, 
when both R and 7~ may be replaced by ». 

Expansion of (18) through terms of order exp(— 284) 
yields 

BF 


BE(k)]+4 2 exp[—26F(k) ] 


i 
18 2. exp{ —BLE(k)+ E(k’) }} 
ck’ 


< (kk ’ | 0) kk’) +-(k’k | 2 


d exp! 
k 


kk’) (32) 


where the double sum now extends over all pairs (k,k’) 


instead of just the distinct pairs. Using (3), we obtain 
the entropy 


Fic. 11. General structure of dia 
grams contributing to normal fluid 


density 


COHEN 


S/k 
+8>° E(k) expl —BE 
+85 E(k) expl 
(E(k) +£(k’)}} 
k’k|» kk’)+---). 


(33) 


(1) 


7 * Fa 
lor weak 


his 


through order ex] 


cpansion of 
h ive, 


interactions 
E(k,T)= E(k)+A 


E(k)+> BE(k 


exp 


< ((kk’ | 0! kk’ k’k! o| kk’ 

34) into (1), we obtain an expression 
33) through order exp(—28A). We may 
e entropy correctly through 
yrovided the interactions are weak. 
k, then there is no simple 
re¢ ipe relating the e1 tropy to the neutron s« attering.” 
For weak interactions the line width B is proportional 
to v and (barring car 
the shift A, 


served? width 


Substituting 
identical with 
now state that (1) gives tl 
order exp(— 2A), | 
If interactions 


are not wea 


llations) is small compared to 
which is proportional to v. Since the ob- 
tio is greater than unity, the use 


uestionable to us. Nevertheless, 


to-shift ra 
of Eq. (1) seems highly q 
a good fit of the observed entropy data is obtained by 


using (1). In a second paper we shall study this situation 


Fic. 12. Simy version of Fig. 
11, giving normal fluid density for 


excita 


] ‘ 
piles 


nteracting ns 


in greater detail and >» roton- 


roton interaction 


tr} 


VI. NORMAL FLUID DENSITY 


The problem of computing the normal fluid density 


itations has not, to our 
We shall outline a 


to 


for a system of interacting ex« 
knowledge, been discussed elsew! 
and study the 


ere 


first corrections due the 


method 
interactions. 
Following Kramers irge box of liquid 


M. Cohen, Bull Am. Phys. Soc. 4, 245 
1959) ] it was erroneously stated that Eq. (1) is correct through 
order exp(—28A), regardless of the interaction strength. 
*H. A. Krai Physica 18, 653 (1952) 


19 In an earlier abstract 


er 
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at rest, with a smal! wire cage being dragged through the 
liquid with velocity v. The cage is such that individual 
atoms pass through its walls, but excitations are re- 
flected. Kramers shows that the statistical mechanics of 
the liquid inside the cage is governed by the distribution 
exp| —8H+p-v]. The momentum carried by the 
excitations in the cage is 
p Tr{p exp(—8H+8p-v)} 
Tr{exp(—8H+8p-v)} 


35) 


For small v we expand exp(8p-v)=1+8p-v+--- and 
obtain P= p,v where 


Trt pe 6H) 


. . 36) 
Trl) 


Pa 


Thus the normal fluid density p, is proportional to the 


Fic. 13. Diagrams contributing to normal fluid density 
in order exp(—28A 


fluctuation of the total momentum in the absence of a 
moving cage. 
The total momentum operator for the liquid is 


p=h> n(k)k=h ¥ ay*axk. 


Returning to the notation of Bloch and de Dominicis, 
we have 


ABH eF Hoe 6H > Ay *ay/0,*a,k - k’) 
Pn = a ’ 


(ef Hog—6H) 


Figure 11 shows the structure of the diagrams occurring 
in the numerator. The horizontal direction of the arrows 
at the k’ vertex shows that we are uncommitted as to 
whether they point up or down. No free ends may occur. 
The circle contains some diagrams which are not at- 
tached to either the k or k’ vertex. These diagrams are 
exactly cancelled by the denominator. The surviving 
diagram might still consist of two unlinked parts, one 
attached to the k’ vertex and one to the k vertex. Any 
such diagram gives zero contribution when summed 
over k (or k’), because the operator p is a vector. Ac 
cordingly, the only diagrams to be considered are those 
consisting of a single linked part. 

The simplest such diagram is shown in Fig. 12. In- 
serting the statistical factors for the arrows we obtain 
the familiar Landau formula for the normal fluid density 
in a system of noninteracting excitations 


Pa=4Gh? > Be PEW) (1 — PR) 2 
= 40h? > (P24 De OR wy...) 


(38) 
(38a) 


UNCTIONS 


Fic. 14. Simplest versions of Fig. 13. 


The only diagrams with two downward arrows, which 
contribute in order exp(— 284A), are shown in Fig. 13. 
The associated time integrals are somewhat compli- 
cated, and there is no need to exhibit the result here. 
Equation (8) is no longer useful because the factor k-k’ 
destroys the cyclic invariance used in deriving (8). In 
perturbation theory the lowest order diagrams of type 
13(a) and 13(b) are those in Figs. 14(a) and 14(b) which 
contribute a term 


— 43h? > k-k’e PF OB) 
kk’ 


 ((ik’ |v) kk’) +-(k’k| o| kk’) (39) 
to the normal fluid density. Similarly, the simplest 
versions of Figs. 13(c) and 13(d) are Figs. 14(c) and 
14(d), which contribute 


~ 48H SS Be PB wg PEW’) 
kk’ 


* ((kk’| 0 kk’)+-(k’k |) o|kk’)), (40) 

BCY have calculated the normal fluid density by 
inserting the temperature-dependent E(k,7), measured 
by neutron scattering, into (38). Inspection of (34), 
(38), (39), and (40) shows that this recipe does not give 
the first corrections to p, correctly, even when » is weak. 
In the special case where v is weak and of such a form as 
to make (39) vanish, the recipe is correct. 
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APPENDIX A. NONREPETITION OF INTERMEDIATE 
STATES IN PERTURBATION THEORY 
FOR THE LEVEL SHIFT 


We study (17) in the case when 0 is a spherical po- 
tential and the free-particle energy versus momentum 
relation is E=h*k*/2y. The states | a) are taken to have 
definite total momentum P, relative angular momentum 
1 (with projection m), and relative wave number k. Since 
v and R are diagonal in all quantum numbers except , 
the problem becomes one-dimensional and states can be 
labelled by &; explicitly 

v2Zk 
ilkr)¥ im(0,¢). 
V Ro 


(1’) 
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The normalization in (1’) is asymptotically correct for 
large values of Ro, the radius of the sphere in which the 
relative motion is normalized. In order that the wave 
function vanish on the sphere we need 
RRo=nxt+ln/2, 
which leads to the level density 
An/Ak= Ro/x. 


Since the mass associated with the relative motion is 
u/2, the energy of the state | &) is W?k?/p. 

We shall verify a slightly more general theorem than 
the one stated in Sec. IIIB; namely, that if (17) is 
written as an explicit power series in v with Schrédinger 
energy denominators, then (k’| R|k) is the sum of all 


Pi k) 
Ax)py k). 
(R| pr k) 
‘(E(k)— Ho} 


(R\ pi k 
[ E(k) 


Ax)p2! k)— 


Ax)ps\k)—1 (1—Ax)p2 


' HyF 


A,)ps|k)—v- 
[ E(k) ™ Ho 12 


(k| p,| k)? 
: . 
[E(k)—Ho} 


_ 


(ki pi| RXR po k 


+ 


(1 —Ax)p1| 


COHEN 


terms of the form 


I 1 1 
°C 1 ty (2’) 
E(k)—Ho E(k)—H E(k)—Ho | 


subject to the restriction that |&) does not occur as an 
intermediate state and no intermediate stale is repeated. 
When k= k’ we have the theorem of Sec. IIIB. Verifica- 
tion will be carried out through the fifth order of ». 

solution of (17 


,y iteration, the can be exhibited as a 


power Series in t 
R k Tp k T °. 
R\k 


we obtain 


where p,|&) is the part of involving m matrix 


I erating 1] 


elements of ». 


(Rk | pi| k)® 


(1- Ax) po| k)- 


Hy} 


[E(k 


1—Ax)p) 


[E(k)— Ho} 


We wish to verify that (k’|p,|&) is the sum of all mth 
order terms of the form (2’), subject to the stated re- 
strictions on intermediate states. Verification is im- 
mediate for n=1 and m=2. Rewriting (5’) more ex- 
plicitly, we have 
k’ | ps|k)=X(R’ (p| ps! k 

E(p 


Lk’ (p| pr! R). 


py. “pS 
E(k)— E(p)} 


I 
L 


The prime on the summation indicates that the term 
p=k is excluded. The first term in (8’) is almost what 
we want, except for the unwanted term 


1 
L'{k'|e| p p\v| p 
P E(k)—E(p E(k)- 


which arises when the intermediate index in (p! p2| k) is 
equal to p The second term in (8’) would exac tly cancel 
(9’) if pPirip could be replaced by (R/v|k). At this 
point we invoke the largeness of Ro. One easily verifies 
that (k’|p,| &) is proportional to Ro~', with higher order 
correction The matrix 
elements inter 
mediate summation introduces a compensating factor 
R» arising from the lev: 
are three v 


terms which we m ignore. 


are proportional to Rg, but each 
In (9’) however, there 
matrix elements and only one intermediate 
summation. One is tempted to throw the term away as 

This would 
energy denominator E(k)—E(p 


Ro when p is very close to &. Any such term makes a 


density 


being of order R be wrong, since the 


can become of order 
contribution to (9) proportional to Re. But in such a 
term, the index p can be replaced by & in any matrix 


element (assuming that »v is a reasonable function). 





THERMODYNAMIC FUN 


Hence, through order Ro, the unwanted term (9’) is 
cancelled by the second term in (8’) and the theorem is 
also true for n=3. 

Before going further, it is useful to introduce some 
shorthand notation. We define 


1 1 
(k’rgpk) = hk’ | 1 q 
E(k)— E(q 

1 


; 5 
E(k)—E(p) 


r \r 
E(k)— E(r) 


x (q|v! p) v}k), (10’) 


/y 


with similar definitions when there are more inter- 
mediate indices. For the reasons stated above, any re- 
peated index can be replaced by & in matrix elements. 
Making use of this result, as well as the results for 
n=1, 2, 3, we rewrite (6’) as 


k'\ py|k)= >’ (h'rqpk) —d' (k'qqpk) 


Maid pq 


| 
—S'(R' pqpk) +d (k'pppk). (11' 
Pq P 


The two middle terms are equal. We rewrite (11’) as 


k'\psi'k)= 3’ (k'rgpk) 
par 
distinct 
Ay sg (k’rgrk)+ ) Dg (k'rrpk) 
q or 
qr pwr 


—2>°’ (k’'qqpk)—d' (k' pppk). 
ba 


? 


(12’) 

pra 
The first term of (12’) is the one we hope will survive. 
The second and third terms are equal and are canceljed 
by the fourth. In the last term we need only consider 
wave numbers p which are very close to k, i.e., p=k 
—nm/Ro and E(k)—E(p)= (2rh*?k/uRo)n. With trivial 
factors omitted, the last term in (12’) is 


- 1 
PD =(), 


i=—& n' 
n #0 


and the theorem is true for n= 4. 
The case m=5 illustrates the nontrivial nature of the 
theorem. Using the results for n=1, 2, 3, 4 we re- 


write (7’) 
(R’ ps k ih 


pars 
?. qd, 7 distinct 


(k’srgpk) — > (k'rrgpk 
pee 


—L’ (k’qrqpk) +2" (k’qqqgpk)— X'(k’ ppppk) 


par Pq 


+>’ (k’'gpppk)— >" (k'propk). (14) 
ee a il 


qr 
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The fourth and sixth terms vanish as a consequence of 
(13’). The rernaining terms can be rewritten 


(R’lps|k)= 2’ (k’srgpk)+2 DL’ (k’prapk) 
pars 


distinct distinct 


+ aS (k’grqpk) -- ) ay (k'rrqpk) 


pqr pgr 
distinct distinct 
) “/ ; cae “= 
22’ (k’qqgpk)— & 

fq 
pwr 


¥'(k prppk) —X' (k'rrrpk)—X' (k’gpapk) 
Pa 


pr pr 


(W’grqpk) 


qr 
distinct 


+h (k'ppppk)— 3’ (k'prapk) 
, dicelnct 


-L' (k'prppk)— Xo’ (k'ppgpk). (15’) 
pr oq 


pwr pra 


The third and sixth terms cancel; the seventh and 
eighth terms vanish by (13’); the second term is 
cancelled by the fourth and eleventh terms. The fifth, 
twelfth, and thirteenth terms can be simplified by 
writing 


Dd’ (k’aqgpk) => (k'qqqpk)—X'(k' ppppk), (10’) 
oq pq ? 
pg 
and noting that the first term on the right vanishes as a 
consequence of (13’). We obtain 


R’|pslk)= SX’ (k’srqpk) +55’ (k ppppk) 
p 


pars 
distinct 


—>¥'(k’gpqpk). (17’) 
pq 


The first term in (17’) is the one we hope will sur- 
vive. The other terms contain the common factor 
(k’|v| kX k\o|k)*. Omitting trivial factors, the sum of 
these terms is 


* 1 ” 1\? a ry? 
a -{ > ) s( )-( ) =°, (18) 
n=—« na~e 45 3 
nO 


n #0 


and the theorem is verified for n= 5. We wish to empha- 
size that the theorem is not intuitively obvious, since its 
verification depends on the truth of numerical identities 
like (18’). 

We have not been abie to produce a general proof of 
the theorem. 


APPENDIX B. TERMS OMITTED IN LINE 
SHAPE CALCULATION 


In evaluating the contribution of Figs. 8(a) and 8(b) 
to the line. shape, all terms in (27) except i=1 were 
neglected. We shall show below that the contribution of 
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the omitted terms to log /(é) is of the form exp(—fA)g(#) 
where the function g(¢) is bounded for all /. Anticipating 
this result, we can then write, through the first order of 
exp(—fA) and for all ¢, 
f(t)=exp{i(E(k)+A)t—Bt}} 

X(1i+exp(—6A)g(4) J. (19) 


2 exp[i(E(k,)+ E(k,’)— E(k) — E(k’))t]—-1 


in _—__—— 


7 E(k.) +E(k,’)—E(k)— E(k’) 


Introducing matrix elements and the factor i", and noting the ordering of the «;, 


these terms to (26) in the form 


exp{iLE(x)+E(«’)— E(k)— E(k’) t} —-1 


> > : 


. <i E(x) +E(«’)—E(k)— E(k’) 
’ 


P —_——_— iwd[ E(«)+ E(x’) —E(k)— E(k’ 


E(x)-+E(«’)— E(k) — E(k’) 


 ((kk’ | T—LE(«)+ E(x’) ]| xx”) +(e | TLE (x) + E(x’) J] exe”) Cene’ | T+ LE (xe) + E(x’) | kk’). 


The direct and exchange terms come from 8(a) and 8(b), 
respectively. We have used the identity 


)— ins) 


The factor exp[—8E(k’) ] makes (21’) proportional to 
exp(— A). With an appropriate definition of the func- 
tion h(E) we can rewrite (21’) in the form 


© gift} | 
f | P( ): ind H) Jonna. (22’) 
J, I E 


If 7+ and 7~ are not pathological, 4(£) and its deriva- 
tives are well-behaved. Writing 
Et | 2 sin*( £t/2)+1 sin( Ez) 


we first examine the term 


* sin( £1) 
pf h(E)dE, 
7. FE 


which can be rewritten as 


tend to zero for large ¢. 


(24’) 


The first and last terms in (24’ 


se ———————— 
ixt,t E(ky) +E (ky) -E(k;) 
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The Fourier transform of (19’) is the resonance curve 

(31), plus another term which is smaller by a factor 

exp(—A). Elementary geometrical considerations show 

that the location and width of the resonance are not 

affected, through order exp(—fA), by the second term. 

It remains to show that g(/) has the advertised form. 
The omitted terms in (27) contribute 


E(k.) +E(k,’)— E(k) — E(k’) +i(e,— 


] 
—. (20’) 
E(k,) +i(e;—€;) 


we can sum the contribution of 


(21’) 


In the middle terms we can write 


h(E) =h(0)+h' (0)E+3h" (a) E’, (25’) 


where a is somewhere between 0 and E, and |h’’(a)| is 
bounded by some constant A. We obtain 


¢sin( £2) ' sin( £2) 
f h(O)\dE+ J h(O0)dE=0, 
e 1 | Dy ‘ E 
* sin( £1) 
f h' (0\d} 
1 E 


” sina 


dx=rh'(0), 


L)h”’ a)dE) A 


| 
\2 ) 
and hence (23’) is bounded for all ¢ 

We must now show that the difference between (22’) 


and (23’) 


1} 26’) 


break the range of 


S-L+SsS, 


and use the expansion (25’). The firs 


is bounded for all ¢. Again we 
integration 


(27’) 


ind third terms in 
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(27) are bounded under reasonable assumptions on 
h(E). To estimate the second term we note 


1 sin?( Ei/2) ” sin?( £i/2) 
SS ab=H(0) { ——-——df.+ B 
E 2 


72 
=" J —» y 


= (t/2)k(0)+B, 


h(0) 


where B is bounded for all ¢ and, in fact, | B| <|24(0)|. 
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The other terms in (25’) give 


1 sin*( Et/2) 
wo f ——dE 
1 E 


4 


|1 ¢' 
f sin®( £t/2)h"' (a)\dE\ <A. 
? 


1 


This completes the proof that (22’) is bounded for all ¢. 
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This paper contains a critique of the Brueckner-Goldstone perturbation series for the ground-state energy 
of an interacting gas of fermions. We have calculated this energy by first constructing the grand partition 


function at finite temperature, and then carefully taking the limit as T 


» 0. In general this leads to a series 


which differs from that of Brueckner and Goldstone. An exception is the case where both the unperturbed 
single-particle energy as well as the interaction potential have spherical symmetry. Reasons for the break- 
down of the Brueckner-Goldstone formalism are briefly discussed. 


I. INTRODUCTION 


N this brief paper we shall consider the problem of 
calculating the ground-state energy of a collection 
of many identical, interacting particles obeying Fermi- 
Dirac statistics. This problem has already been investi- 
gated by many authors,’ and an explicit formula as a 
power series in the strength of the interaction between 
the particles has been obtained. The resulting formula 
which we shall call the Brueckner-Goldstone (BG) 
formula—may be obtained by doing ordinary per- 
turbation theory on the ground state of the noninter- 
acting fermions, as if the levels of the system were 
discrete and well separated. In addition, a rearrange- 
ment of the resulting series is made which expresses it 
very simply in terms of so-called “linked-clusters.” 
Now we reopen the question for the following reason. 
In attempting to apply the BG technique to study the 
effect of interactions on the shape of the Fermi surface 
in a metal, we became convinced that effects corre- 
sponding to a distortion of the Fermi surface are not 
described by this technique. Of course to discuss this 


* This work was supported in part by the Office of Naval 
Research. 

1 See, for example, K. A. Brueckner and J. L. Gammel, Phys. 
Rev. 109, 1023 (1958); J. Goldstone, Proc. Roy. Soc. (London) 
A293, 267 (1957); N. M. Hugenholtz, Physica 23, 481 (1957); 
23, 533 (1957); J. Hubbard, Proc. Roy. Soc. (London) 240, 539 
(1957); 243, 336 (1958). 


it is necessary to know precisely what one means by 
the Fermi surface of an interacting system. We do not 
want to enter into this question here, but hope to 
return to it in a later publication. The important thing 
for our present purpose is that one is lead by such 
considerations to question the validity of the BG 
formula for those cases where no symmetry exists 
which would require that the Fermi surface (if it 
exists) to have the same shape for the unperturbed and 
perturbed systems. An example of a situation where 
such symmetry does exist is a gas of free fermions 
interacting via a potential which is spherically sym- 
metric. In this case both the perturbed and unperturbed 
Fermi surfaces must be spherical, by symmetry con- 
siderations. On the other hand, if, for example, the 
interaction potential is nonspherical, there is no reason 
for the perturbed Fermi surface to remain spherical. 
Another case of the latter type is electrons in metals. 
Here the interaction is spherically symmetric (Coulomb 
interaction), but the original unperturbed Fermi surface 
has only the symmetry of the lattice. Again, we would 
certainly expect the electron-electron interaction to 
change the shape of the Fermi surface. As we shall show 
below, the above conjectures about the limitations of 
the BG formula have been verified up to the second 
order in the perturbation by what we consider to be a 
more correct treatment of the ground-state energy 
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problem. The conclusion is that, except under special 
circumstances, the formula for the ground-state energy 
of an interacting Fermi gas is given by a power series 
which differs already in the second order from the BG 
expansion. The BG series is therefore in general not 
correct. 


Il. GROUND-STATE ENERGY 


One obtains the BG formula for the ground-state 
energy by assuming that as we turn on the interaction 
the unperturbed ground state goes over smoothly (or 
“adiabatically”) into the perturbed one. Rather than 
make this assumption, we prefer to calculate the ground 
energy as the energy of a system at temperature 7, in 
the limit as 7 approaches zero. Certainly if this limiting 
procedure is done correctly, it must give the correct 
ground-state Actually, considerable care has 
to be exercised in taking this limit—hic rana in aquas 
subsultat not the only limiting process 
involved. We also want to go to the limit of an infinitely 
large system, i.e., N and V approach infinity (V,V are 
number of particles and volume of system, respectively) 
such that (V/V) remains finite. We will call this second 
limit the V= limit. Our procedure is to take, in the 
perturbation expansion of the ground-state energy, the 
V =o limit first, and then the 7=O0 limit. It is not 
difficult to see that the BG formula results if one 
reverses the order of the limiting procedures, so that 
any deviation may obtain from the BG 
formula is due to this reversal. Of course, if we didn’t 
expand in a power series in \ (the strength of the 
interaction) but calculated exactly, it could make no 
difference. We shall postpone the justification for this 
procedure till the next section. In this section we shall 


energy 


since it is 


which we 


simply give an outline of the calculation of the ground- 
state energy to order \* by the procedure described 
above. 

The method we shall follow is essentially that of 
Bloch and De Dominicis,? who have shown how to 
calculate the grand partition function for a collection 
of interacting fermions by means of “linked” diagrams 
complete/y analogous to the linked diagrams used in 
the BG theory. For the details of the rules for con- 
structing and evaluating these diagrams, we refer the 
reader to the paper of Bloch and De Dominicis. For 
our purposes the following outline will be sufficient. 
Consider the grand partition function (Z,) defined by 


Zo=Tr{e-F(a-#9)} | (1) 


In (1) B=1/kT, w is the chemical potential of the 
system, N is the operator giving the number of particles 
and H is the Hamiltonian of the system. In the notation 


?C. Bloch and C. De Dominicis, Nuclear Phys. 7, 459 (1958). 
(We shall refer to this paper as BDD from now on.) See also, 


E. W. Montroll and J. C. Ward, Phys. Fluids 1, 55 (1958) 
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of second quantization we may write H as 


H=H 


In (3) and , € is the 


single-partic le 


energy of the unperturbed 
state r; a,, a,' are the corresponding 
destruction and creation 
finally (rs 
two-body interaction 


operators, respectively, and 
matrix element of the 
pair of fermions. It 
to some small dimen- 


sionless parameter \. If we write Z 


rs) is the ordinary 


between any 


is assumed that v is proportional 


in the form 
Zaz OM ai (5) 
then all the thermodynamic properties of the system 


may be derived very simply 
determined by solving 


from 2. In particular, u is 


a 
6) 


Ou 


(where N is the mean number of particles present), and 


the mean energy (£) is given by 


Equation (7) may be rewritten as 


E=24+yuN+TS, (8) 


where S is the entropy of the system. This form is 
particularly convenient for obtaining the energy at 
absolute zero (E£; 


Therefore we have 


, since S approaches zero as T does. 


wlV 


lim(Q-+4 


T+ 
i 


(9) 


We shall imagine & 
Then we have 


expanded 1 power series in A. 


oO 0) 


Py tet :::, (10) 


where 2, is proportional to \*. Qo is determined by the 
noninteracting system 

Q= — (1/8)>-, In(i+e (11) 
as is well-known 


According to BDD the ©, are given by 


H' (tt2)---H'(u, 
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The subscript c on the average means that in evaluating 
this trace we are only to take contributions which 
correspond to connected diagrams in the graphical 
representation of the trace. Equation (12) is exact, and 
corresponds to the “linked-cluster’”’ expansion aspect 
of the BG formula. 

Now if we consider the diagrams which represent 
(12), we find they fall into two classes: (a) Diagrams 
which are identical in structure to those used in BG, 
the only difference being that here they are evaluated 
at finite (instead of zero) temperature 7, and at 
chemical potential yw (instead of uo). We shall call these 
BG diagrams. (b) Diagrams which do not occur in the 
BG set, and which are naturally introduced by the 
finiteness of the temperature. They have, however, a 
finite value if we let V= @ and then put T=0. We shall 
call these “anomalous” diagrams. Examples of BG 
diagrams are given in Fig. 1, examples of anomalous 
diagrams are given in Fig. 2. 

It is easy to see’ that the BG formula for the ground- 
state energy is given by 


Exc - (Qo+2pet+Nu)u=x0,7 0, (15 
where Qzgg is the contribution to 2 of the BG diagrams. 
Therefore the difference between the ground-state 
energy as calculated by the statistical mechanical 
method and by the BG method (call this difference £’) 
is given by 


E’ =lim{[Qo(u)+2ne(u) +24 (nu) +Nu ] 
T-0 


— [2o(wo) +2pc (uo) 4 Nuvo }}, (16 
where Q2, is the contribution of the anomalous diagrams 
to 2. In this paper, we shall limit ourselves to a calcu- 
lation to the second order in \. This is the lowest order 
to which one finds deviations from the BG formula. 
The chemical potential will be given by a power series 
in d 

w=potuitwet::-, (17) 
ua» being proportional to A*. The yw» are obtained by 
solving (6) iteratively. If we do this, we see that E’ 
vanishes identically to the first order in \ (since the 
first nonvanishing anomalous graph is of order \*), and 
we obtain 


| 1 (0Q;nG (uo) 
E.! =lim} Qe, (ue) — 
T “| 


Ope )? 
(18 
2 (87Qo(0)/ Aue?) 


(o 


Fic. 1. Typical BG diagrams 
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(b) 


2. Typical anomalous diagrams. 


The calculation of Que is extremely simple. From 
BDD we have at once that 


(H’). (19) 


We imagine for simpkicity that » has no diagonal ele- 
ments, i.e., that (rs!v'rs)=0, then (19) gives 
Qina —§ > (rs t sr) fy 46 ’ (20) 


where 
; 1 
Jr 
chew + J 
is just the Fermi function. 

In order to calculate Qe, we must evaluate diagrams 
of the type found in Fig. 2. There are actually four such 
diagrams, all of which give the same contribution if we 
assume that the potential » has a center of symmetry. 
We shall do this for economy of writing. Using the rules 
of BDD we obtain 


Q,=—-438D. ft fC fe-(rs|0| sr) P (22) 


where 
‘Py 1—f,. (23) 
In terms of this result we can give a more precise 
characterization of the anomalous terms. Consider the 
expression 
A(e,)=8f,* f.-. (24) 
If we imagine the energy e, fixed and not precisely equal 
to uw, then as T— 0 (or 8 — @) this function vanishes 
exponentially, since either the /,+ or the f,~ factor is 
exponentially small, while the other approaches unity. 
Therefore if we keep the levels ¢, discrete (which is the 
same as not going to the limit V=@) and let T=0, 
the anomalous terms vanish. On the other hand, if we 
imagine ¢, to be a continuous variable, we may write 
(24) as 
0 
A(e,) —- a (25) 
Oe, 


However, as T — 0 {,- becomes a step function and its 
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derivative the negative of a 6 function, i.e., 


lim A(e, 


T-0 


5(€,—p). (26) 
The anomalous terms are characterized in general by 
this property: they give zero in the case of a discrete 
spectrum and give contributions in the V= limit. 
(The anomalous diagram of Fig. 2(b) together with 
another similar diagram gives rise to a contribution 
proportional to 4’(e,—y), and so forth.) In more pic- 
torial language the anomalous diagrams are those for 
which momentum conservation forces some hole and 
electron represent the same These 
diagrams are of course never considered in the BG 
theory, since we start at 7=0 where that is impossible. 
Using (26), (22) becomes 


lines to state. 


= 


lim Qe4 (0) 1», 5(€, 


T-0 


where 


[In (27) and all subsequent sums, we must think of the 
sums as replaced by integrals. | 
From (11) and (20) we have 


O°Qo (po 


O2 iy 


} 
iim 
1 


Therefore we 


1/05. 8 
NTE. ale 

x [> , 5(€.—po) 30) 
This expression may be put in more transparent form 
by introducing a probability P, defined by 


P, satisfies 

32 
so that it is a probability distribution function. In 
terms of this we may write 


(33 

where 
(34 
average of over the 


This is just the a quantity 


unperturbed Fermi surface. 
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Therefore we see that the ground-state energy as 
computed by the above method is always less than or 
equal to the energy as given by BG 

Under what conditions can FE,’ vanish? We consider 
the case where the unperturbed Fermi surface is a 
sphere, i.e., where the e, is a function of the 
magnitude of the momentum of the state s. Then EF,’ 
will vanish if, and only if, g, is a function of the mag- 
nitude of the momentum of the state s. This is true if 
the potential » is spherically symmetric but not in 
general if » has an angular dependence. Similarly, if 
«, depends on the direction of the momentum but q, 
does not, 2’ will not vanish. Therefore the BG formula 
is correct only in the very special 


energy 


“spherical case’’; 
that is, when the unperturbed energies and the inter- 
action potential are both spherically symmetric. A 
similar calculation shows that for spin-} fermions with 
a tensor force (which possesses over-all 
rotational invariance, but the spacial part of which 


interaction 


has an angular dependence) the BG formula is again 
valid to second order at | t as long as és depends only 


on the magnitude of tl 
III. DISCUSSION 


Except for the nature of the limiting process which 
we have used, the calculation of the previous section is 
completely straightforward and unambiguous. It re- 
mains to justify this procedure 

First, we remark that the } » limit taken before 
the 0 limit is the only consistent way of calculating 


the chemical potential from (6 The reason for this 


is that in every term of {2 apart from Qo, the chemical 
f- function. When 
these are differentiated with respect to uw and the limit 
T=0 is taken, we get all these terms proportional to 
6 functions like 6(e,—). Since we’ve assumed that the 
€, are discrete and none happens to coincide with yg, 
these terms are identical]; 
reasoning that 


) 
| 
i 


potential only occurs inside an f* or 


zero. This is exactly the same 
would lead us to drop the anomalous 
contributions to 2 for this order of limiting processes. 
Therefore this limiting procedure would give us for yu 
the same equation as we use to determine yo, i.e., it 
would give us u=po. This is clearly absurd, since the 
chemical potential for an interacting system differs in 
general from its unperturbed value. 

Second, let us consider the following trivial example. 
Suppose instead of the interaction (4), the perturbation 
was of the simple form 

HY =)» €;' Gy'Gy 


~ ’ 


35 


where ¢, was some nonspherical function of the 


momentum of the state r. This problem is easy to solve 
exactly ; the ground-state energy is given by 
Eo= >. -(€-+ ,’) 


—~ ’ 


(36 
where u is determined by 


Ray, 1 
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Suppose on the other hand we tried to solve this 


problem by expanding in a power series in ¢,’. At finite 
temperature we have 


1 
Q= —- FT Inf i+eM rte’ )} 
8 ’ 


1 
=—-> Infit+e*]4+> fre,’ 
B r r 


(38) 


All the terms of (38) except the first two are anomalous 
terms since in the 7=0 limit they are proportional to 
5 functions and derivatives of 6 functions. Therefore if 
we take the BG prescription [7=0 then V= &, which 
is equivalent to dropping anomalous terms and taking 
=o) we get 


(39) 


Epa= 1 -(€r+€,’), 


which is not the same as (36). 

In this special example it is very easy to see what 
went wrong. Since the perturbation has no off-diagonal 
elements, levels of the many-body system can aiid 
(except in the case of spherical symmetry) do cross the 
original ground-state level as \ is increased (see Fig. 3). 
Therefore for finite \ the state which grows smoothly 
out of the original ground state (i.e., the BG state) is 
no longer the lowest. 

In the real problem of interacting particles we 
suspect that the BG formula breaks down for the 
following reasons: As long as V is large but finite the 
true energy levels of the system regarded as functions 
of \ have sharp bends (so as not to cross each other). 
Therefore one would suspect that the BG series has a 
very small radius of convergence, this radius tending to 


€, < po, 
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Fic, 3. Many-particle energy levels in the soluble 


example (schematic). 


zero as V approaches infinity. In fact, we have isolated 
a sub-sequence of terms in Epa which has precisely this 
property. In the limit V=@ the terms assuring the 
noncrossing and leading to a small radius of convergence 
are lost (since they are of order V~). The resulting 
series, which is the BG formula with all sums replaced 
by integrals, shows no signs of a small radius of con- 
vergence. In general, however, it will represent an 
energy lying higher than the true ground-state energy. 

In conclusion, we may mention that, although it 
seems very probable, we have not as yet been able to 
prove that the BG formula is correct to all order, in 
the spherical case.’ 
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The nuclear magnetic resonance frequency of the F” nucleus in antiferromagnetic MnI 

field, has been measured as a function of pressure at 4.2°K, 20.4°K, and 35.7°K using a new y 
high frequency variable frequency spectrometer. From these measurements we have deduced the pressuré 
dependence of the hyperfine coupling constant (A) between the manganese electrons and the fluorine 
nucleus, and the pressure dependence of the Néel temperature. This deduction gives (1/A)(dA/dP)=+(1.9 
+0.1) 10~*/(kg/cm?) and (1/7) (d7w/dP) = + (4.44+0.3) X 10-*/ (kg/cm). We have also measured th: 
compressibility of MnF,;. The magnitude and pressure dependence of A is explained using the theories of 
Mukherji and Das, and Marshall and Stuart, which permit a calculation of the dependence of A on the 
interatomic distances, starting from the Hartree-Fock self-consistent field wave functions for Mn®* and 
F~ with the Mn?* wave functions properly adjusted to bring it into agreement with neutron scattering 
form factor measurements. The theory is in very good agreement with the experimental results 


I. INTRODUCTION one type fluorine site, and is the reverse for the other 


ANGANOUS fluoride, MnF»2, is a nearly ionic fluorine site. . : a ve : 
crystal. On forming the crystal lattice, in first Clearly, the spin alignment of the magnetic ions will 
approximation the manganese atoms become doubly 
ionized, magnetic Mn?* ions with the configuration 
®S;, while the fluorine atoms become singly charged, 


produce at the fluorine sites a strong field whose 
magnitude will be proportional to the sublattice 
magnetization M(T). In the hope of securing infor- 
mation on M(T), Bloembergen and Poulis® searched 
for the F™ nuclear resonance in MnF»2, but were unable 
to detect it because the spin relaxation time was too 
short for the equipment they used. Shulman and 
Jaccarino, however, succeeded in finding this resonance 
first in the paramagnetic region®’ and soon after in the 
antiferromagnetic region.* They confirmed that the 
field at each fluorine site was proportional to the 
sublattice magnetization M(T). However, they dis- 


nonmagnetic F~ ions in the closed shell configuration 
'So. The magnetic moments on the Mn sites are re- 
sponsible for the paramagnetism of MnF, at tempera- 
tures above the Néel temperature Ty. Below Ty, the 
superexchange interaction’ and anisotropy fields? pro- 
duce an antiferromagnetic ordering of the Mn?** spins. 

Figure 1 shows the position of the F~ and Mn?** ions 
in the tetragonal unit cell as determined’ by x-ray 
diffraction. The lengths of the axes of the unit cell in A : 2 
are’ a= 4.8734, c=3.3099, and the F~ and Mn** ions are covered that the magnitude of this field was much 
located, respectively at +(u,u,0); +(4+-u, 4—1, 4) 
and (0,0,0); (4,4,4) with “«=0.305. The magnetic ions 
are located on two interpenetrating sublattices A and 
B, one of which is formed by the corner ions, the other 
is formed by the body centered ions. Neutron diffraction 
studiest show that below 7y the spins in sublattice A 
are aligned antiparallel to those in B, and that the 
direction of spin alignment is along the ¢ axis. Also 





these studies determined the degree of spin alignment 
or the magnetization of a sublattice M(T) as a function 
of the temperature. There are two nonequivalent 
fluorine sites a and 6. Although every fluorine sees an 
arrangement of 3 nearest neighbor Mn?* ions at the 


distances shown in Fig. 2, the plane of the 4 ions 











rotates 90° around the c axis going from one fluorine 
site to the other. In the antiferromagnetic region the 
spin alignment of neighbors is as shown in Fig. 2 for 
"Wares . , Fic. 1. The unit cell of Mnil he black shaded spheres 
* This research was supported by the office of Naval Research, _ represent the fluorine ions, and the gray shaded ones the manga- 
the Signal Corps of the U. S. Army, and the U. S. Air Force. nese ions. a= 4.873A, c=3.310A, and 0.305 
t Now at the Department of Physics, Hiroshima University, 
Hiroshima, Japan. 
1 P. W. Anderson, Phys. Rev. 79, 350 (1950 I rgen and N. J. Pou *hysica 16, 915 (1950 
2 J. A. Eisele and IF. Keffer, Phys. Rev. 96, 929 (1954 ®*R.G. Shulman and ‘ Ph Rev. 103, 1126 (1956 
*W.H. Baur, Acta Cryst. 11, 488 (1958) R. G. Shulman ar ccarino, PI Rev. 108, 1219 (1957 
‘R. A. Erickson, Phys. Rev. 90, 779 (1953 *V. Jaccarino and R hulman, Phys. Rev. 107, 1196 (1957) 
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NUCLEAR MAGNETIC RESONANCE 
larger than that to be expected from the dipole field of 
the Mn** ions. As in the work of Tinkham’-” on the 
electron spin resonance of the manganese ion in ZnF», 
they found’ that the nondipolar parts of the shifts of 
the observed F® lines could be accounted for by means 
of a tensor hyperfine interaction between the time 
average spin (S,) of the manganese neighbors, and the 
nuclear spin / of the fluorine in the form I-3-; A;-(S,). 
In order to explain the presence of this hyperfine 
interaction tensor they proposed that the nominally 
paired spins on the fluorines were slightly unpaired 
because of an admixture of covalent bonding into the 
purely ionic configuration. 

By studies of the temperature dependence of the F" 
resonance frequency in the antiferromagnetic region, 
Jaccarino" and Walker were able to obtain extremely 
accurate measurements of the temperature dependence 
of the sublattice magnetization M(7). Furthermore, 
Jaccarino et al. found” that below Ty the naclear 
resonance could not be observed in precipitated powders 
of MnF;. In order to determine if this resulted from a 
distribution of large internal strains in each of the 
crystallites Jaccarino et al.” subjected a single crystal 
of MnF, to a uniaxial stress and showed that the 
resonance frequency was indeed a strong function of 
the stress. 

In previous papers we have shown the usefulness of 
high-pressure measurements in elucidating in detail the 
electric field gradients in nonconducting crystals,” and 

















i" 
Mn*- 


Fic. 2. The arrangement of nearest neighbor Mn?* ions around 
a fluorine nucleus. The arrows represent. the magnitude and 
relative orientation of the time averaged magnetic moment of 
the Mn** ions. A second type fluorine site sees the same configu 
ration as above except that the direction of the Mn spins are 
reversed. 


9M. Tinkham, Proc. Roy. Soc. (London) A236, 535 and 549 
(1956). 

” B. Bleaney, Phys. Rev. 104, 1190 (1956). 

"VY. Jaccarino and L. R. Walker, J. phys. radium 20, 341 
(1959). 

2 J. L. Davis, G. E. Devlin, V. Jaccarino, and A. L. Schawlow, 
J. Phys. Chem. Solids 10, 106 (1959). 

4T. Kushida, G. B. Benedek, and N. Bloembergen, Phys 
Rev. 104, 1364 (1956). 
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the hyperfine interaction between the conduction elec- 
trons and the nuclei in the alkali metals and copper." 
High-pressure experiments are a powerful aid to the 
theory because they provide a means of continually 
varying the lattice parameters which stand on an equal 
footing with the temperature in the theoretical descrip- 
tion of the state of the solid. Thus, soon after Jaccarino 
and Shulman’s observation of the nuclear resonance in 
antiferromagnetic MnF>, the present study was begun 
in the hope of gaining some insight into the detailed 
nature of the coupling between the magnetic electrons 
and the fluorine nuclei. The antiferromagnetic region 
is especially suitable for these measurements because 
of the narrowness of the resonance line (Av~ 50 kc/sec), 
compared to the zero field resonance frequency (v~ 160 
Mc/sec). 

From measurements of the pressure dependence of 
the resonance frequency at 4.2°K, 20.4°K, and 35.7°K, 
we have deduced the pressure dependence of the Néel 
temperature 7y, and the hyperfine interaction constant 
A. By combining this with our measurements of the 
compressibility of MnF:, we can determine the de- 
pendence of these quantities on the lattice parameters. 
Finally, we apply the theory of Mukherji and Das," 
and W. Marshall and R. N. Stuart"® to the calculation 
of the magnitude and pressure dependence of the 
hyperfine interaction constant. This theory represents 
a new theoretical treatment of the unpairing of spins 
on the fluorine and enables a straightforward calcu- 
lation of the degree of this unpairing for all (n,/) 
groups in the fluorine ion. Agreement of this theory 
with the experimental results is most satisfactory. 


Il. EXPERIMENTAL METHODS AND RESULTS 
1. Experimental Methods 


The present experiment requires: a sensitive spec- 
trometer capable of reproducing faithfully the line 
shape of the nuclear resonance in the difficult frequency 
region around 160 Mc/sec, while the sample is inside a 
high pressure bomb which is maintained at a rather 
low temperature (4.2°K <7<36°K), a considerable 
distance (80-90 cm) from the spectrometer. Thus the 
experimental arrangement consists of three interrelated 
parts: (1) spectrometer, (2) high-pressure bomb and 
gas press, and (3) low-temperature system. 

By far the most serious experimental difficulty was 
the vhf spectrometer. When this work was begun, no 
spectrometer was available which was flexible enough 
to satisfy our needs. This difficulty was overcome by 
the invention by one of us (T.K.), of a variable fre- 
quency vhf spectrometer, which possesses high sensi- 
tivity and good frequency stability. Figure 3 shows 
this spectrometer. The 6J6 oscillator operates push-pull 
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lic. 3. Circuit diagram of the vhf spectrometer. 
as in the lower frequency spectrometer of Volkoff et al.” 
The oscillation frequency is determined by the resonant 
circuit consisting of the grid butterfly condenser, the 
sample coil, and the half wavelength transmission line. 
Initially, without the A/2 transmission line, the spec- 
trometer could be operated at 160 Mc/sec only with 
two small condensers'* in series with the several turn 
sample coil. Also the coil had to be very close to the 
grid circuit. At the suggestion of Bloembergen, a half 
wavelength Lecher line” was inserted between the grid 
circuit and the sample coil. This proposal succeeded 
and allowed us to place the sample far from the spec- 
trometer in the low-temperature bath. Furthermore, it 
was found that by reducing the length of the trans- 
mission line by the proper amount from the exact half 
wavelength value, it was possible to remove entirely 
the small series condensers. This considerably simplified 
the problem of resonating the coil inside the high- 
pressure bomb. A third advantage of the transmission 
line is that it provides a means of tuning the spectrom- 
eter by simply changing the length of the line. This is 
accomplished by means of telescope-type construction 

7G. Volkoff, H. Petch, and D. Smellie, Can. J. Phys. 30, 270 
(1952). 

18M. R. Gabillard, Compt. rend. 237, 705 (1953) 

# A. Shimauchi, Sci. of Light (Tokyo) 6, 58 (1957). 
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of the transmission line. Tuning by this means is useful 
since the tuning range of the grid butterfly condenser 
is limited by the 10-15 yyf stray capacity of the 
electrical contacts through the high-pressure plug. The 
overall tuning range of the spectrometer without 
changing the sample coil was about 15 Mc/sec. Shul- 
man, who is using this spectrometer, has observed that 
tuning over a much wider range may be achieved by 
using plug-in inductances at the spectrometer end of 
the transmission line. The ability to use a several turn 
sample coil at this frequency is due to the impedance 
transforming action of the half wavelength transmission 
line. The effective inductance of the sample coil as 
viewed at the grid circuit is reduced so much by the 
transmission line that a 5 turn sample coil may be 
resonated at ~160 Mc/sec with the grid butterfly 
condenser. Typical dimensions of the sample coil are: 
8 mm i.d. and 11 mm long. The tuning condenser range 
is 2-10 uf, while the transmission line is silver plated 
and 85 cm long. 

The oscillation level of the spectrometer may be 
monitored with the grid current microammeter. This 
level can be altered by adjusting the capacity of the 
grid-plate coupling capacitors. Further control of the 
oscillation level may be obtained by adjusting the plate 
voltage. In order to obtain very low H values inside 
the coil the plate voltage may be reduced as low as 50 
volts. The rf field inside the coil was measured by 
observing the saturation of the Br® resonance in 
NaBrO;, whose relaxation time can be altered by 
changing the sample temperature. It was found that 
the minimum value of H, obtainable with this spec- 
trometer is about This rf field will 
partially saturate the F™ resonance in MnF; at 4.2°K; 
nevertheless, the high sensitivity of the spectrometer 
produces an almost noise-free F” resonance signal on an 
It should be mentioned that the 
grid current meter indicates relative values of the 
oscillation level only if the plate voltage is kept con- 
stant. The microammeter can read the same current 
for two different plate voltages despite the fact that the 
rf level does change. An accurate relative calibration of 
the rf level in the coil was obtained using a one turn 
pickup coil near the sample in conjunction with a 
crystal diode and galvanometer. 

In construction, it is very important to arrange the 
spectrometer components as symmetrically as possible 
around both sides of the push-pull circuits to avoid 
parasitic oscillations. Even with such precautions we 
have observed that the transmission line permits a 
parasitic oscillation of frequency much lower than that 
desired. This parasitic corresponds to an in-phase 
oscillation of both sides of the push-pull circuits instead 
of 180° out-of-phase operation. This effect can be 
eliminated by placing between the shielding sheath of 
the transmission line and the chassis a strongly Q- 
damped coil which is roughly resonated with the stray 
capacity to the parasitic oscillation frequency. 
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Fic. 4. Block diagram of the audio modulation and detection system. 


The modulation and detection scheme is shown in 
Fig. 4. The frequency of the spectrometer is swept by 
rotating the shaft of the grid butterfly condenser with 
a clock motor-gear box arrangement. An audio oscillator 
at fm== 140 cps drives an audio amplifier which provides 
the current to drive a vibrating condenser in the 
spectrometer which modulates the spectrometer fre- 
quency at f,. As the spectrometer frequency passes 
through resonance the modulation of the nuclear 
absorption produces a modulation of the oscillation 
level which appears across the spectrometer plate 
transformer. It was decided to detect the second deriva- 
tive of the nuclear absorption line at 2/,, because the 
vibrating condenser inevitably produces considerable 
amplitude modulation of the rf carrier at /,,. Thus, the 
audio signal passing out of the spectrometer passes 
through a very sharp rejection filter at /,, before the 
low noise audio pre-amplifier and the lock-in which was 
tuned to 2/,,. The reference signal for the lock-in is 
obtained from an audio frequency doubler generating 
2fm in phase coherence with the signal at /,. A small 
pickup signal at 2/,, was found which was produced by 
second harmonic distortion of the input signal by the 
vibrating condenser. This small pickup signal was 
eliminated by introducing a pre-distorted modulation 
signal into the vibrating condenser. This pre-distorted © 
signal contains components at 2/,, whose phase and 
the amplitude may be adjusted so that output of the 
spectrometer contains no second harmonicj pick up. 
The output of the lock-in, namely the second derivative 
of the line is displayed on the recorder. Since we are 
interested in the position of the line center, this second 
derivative display was entirely satisfactory. The spec- 
trometer frequency was measured by turning off the 
modulation and beating the spectrometer against a 
very stable Gertsch FM-6 heterodyne frequency meter. 

The high-pressure beryllium-copper bomb was similar 
to that previously described™ except that the pressure 
transmitting medium, helium gas, was introduced 
through a plug in one end of the bomb while the rf 
signal was introduced through a symmetrical two 


terminal plug on the other end. These plugs were sealed 
with gold washers in place of the usual lead washers 
because of the small thermal contraction of gold. The 
pressure was generated by a gas press consisting of a 
separator and an intensifier which was kindly loaned to 
us by Professor W. Paul. The helium gas under pressure 
was transmitted from the press to the BeCu bomb by 
means of }-in. o.d., 0.025-in. i.d. stainless steel high- 
pressure tubing. The maximum pressure used at each 
temperature was limited in part by the freezing of 
helium in the stainless steel tubing. The maximum 
pressures employed were 100 kg/cm? at 4.2°K, 700 
kg/cm? at 20.4°K, and 1000 kg/cm? at 35.7°K. 

The low-temperature system, into which the bomb 
and \/2 transmission line extends, is a double Dewar 
with a glass inner Dewar centered inside a stainless 
steel outer Dewar. This system maintained a single 
charge of liquid helium or liquid hydrogen without a 
change in the bomb temperature over an entire run, 
a period typically of 6 hours. The run at 35.7°K was 
carried out with liquid helium as a coolant in the inner 
Dewar. The height of the bomb above the helium was 
adjusted till its temperature was near 35.7°K. This 
temperature was measured using a Leeds and Northrup 
No. 8164 platinum resistance thermometer placed inside 
a copper block which was intimately attached to the 
side of the bomb. The spectrometer frequency was set 
slightly below the resonance frequency at 35.7°K and 
the bomb temperature was allowed to drift slowly up 
through the resonance. Thus, temperature sweeping of 
the line was employed and temperature markers were 
placed on the recorder chart along with the constant 
value of the spectrometer frequency. This process was 
repeated with the spectrometer frequency set slightly 
above the resonance frequency at 35.7°K, and repeated 
again for a decrease in the bomb temperature which 
was accomplished by lowering the bomb closer to the 
helium level. By carrying out this process at each 
pressure the resonance frequency for any temperature 
near 35.7°K could be determined as a function of 
pressure. This somewhat laborious procedure eliminated 
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the need for a complex temperature control for the 
bomb. Such a system would have had to keep the 
temperature constant to about 5X 10~* °K to eliminate 
the effects of the strong temperature dependence of v. 

We have also carried out measurements of the frac- 
tional change in length of the @ and ¢ axes of MnF,» 
under hydrostatic pressure by means of the rather crude 
method of strain gauges glued to the sample. We are 
aware of the problems of adequate bonding and change 
in gauge constant under pressure which are inherent in 
this method. To help eliminate the uncertainties pro- 
duced by these factors, we measured the change in 
strain gauge resistance, as the sample was subjected 
to hydrostatic pressure, simultaneously for the MnF, 
sample and for a sample of pure aluminum whose 
compressibility is well known. In this way we could 
determine the compressibility of MnF, relative to 


aluminum, and also determine the gauge constant under 


hydrostatic pressure. The measurements were repeated 
twice with two different sets of gauges, and the results, 
though they showed hysteresis effects, were in large 
measure consistent. The results presented in the next 
section represent our estimates for (1/a)(da, Op) and 
(1/c)(dc/dp) at room temperature along with a con- 
servative estimate of the error involved. Clearly, an 
independent, more accurate measurement of these 
quantities using for example an ultrasonic echo method 
would be most desirable. 


2. Experimental Results 


Figures 5, 6, and 7 show the F resonance frequency 
as a function of pressure at 4.2°K, 20.4°K, and 35.7°K. 
Over the pressure range studied » is a linear function of 
pressure so that we may express these results as shown 
in the Table I below 

The strain 


gauge measurements of the compressi- 
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Fic. 7. The pressure dependence 
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bility yield the following for the fractional change in 
length of the a and ¢ axes: 


1 da 


-= — (().45+0.03) K 10~-*/ (kg/cm), 
aoP 


1 dc +0.02 
—=— (0s ) x10-/(ke ‘cm*). 
c OP —0.07 


Ill. THEORY 


1. Analysis of the Temperature and Pressure 
Dependence of the Resonance Frequency 


The zero field nuclear resonance of the & fluorine 
nucleus results from transitions between the energy 
levels of the Hamiltonian’: 


Re = - >> A,-S, 


§ 


3rie(t $8-S,) =) 1 
names = — . ee 


+t Z 
‘ Vik Tis 
The first term denotes the hyperfine interaction between 
the fluorine nuclear spin I, and the neighboring manga- 
nese electron spins S;. Since the hyperfine interaction 
tensor A; is a strongly decreasing function of the dis- 


TABLE I. The frequency (») and pressure dependence (dv/dP) 
of the zero field nuclear resonance in antiferromagnetic MnF; at 
three temperatures. 


(dv/AP) 

ke cm’ 

sec kg 
0.30 +0.015 


0.3454-0.006 
0.457+0.01 


156 135 
142 315 





tance rj, we carry out the sum j only over the three 
nearest Mn** neighbors. The second term represents 
interaction between the fluorine 
nuclear moment gy6wl, and the electronic magnetic 
moments p, 8¢-S, of all the manganese ions in the 
lattice. The g tensor of the manganese is isotropic with 
g= 2.002 so that 8g-S,=8gS,. Furthermore, since the 
characteristic frequency of spin reorientation of the 
Mn?*+ ions is much higher than the nuclear Larmor 
frequency, we may replace S, by (S,) in computing the 
energy levels of Eq. (1). The time averaged spin (S,) 
in turn is related to the sublattice magnetization M(T) 
via (S) = —(§)[M(T)/M,, \fy where M, is the sub- 
lattice magnetization for complete spin alignment or 
infinite anisotropy field, #; is a unit vector in the 
direction of M, which, in the antiferromagnetic region, 
points along the c axis for ions in one sublattice and in 
the opposite direction for those in the other. From Eq. 
(1) it follows that the fluorine nuclei in sites a and b 
see the same magnitude of local field. In passing from 
the a to the b sites, the direction of the local field, which 
is parallel to the ¢ axis reverses. Thus the resonance 
frequency (v) for nuclei in either site is given by 


the dipole -dipole 


hv=(Anyp+Aaip)§[M(T)/Me), (2) 


where 


(3) 


i Brain Ay) fi, 
A ais gwive8 D( on ~). (4) 


; ra® r.3 

In Eq. (4) the sum over neighbor spins should be 
conducted about the fluorine possessing type I Mn 
neighbors with magnetic moments pointing up. Lump- 
ing together the hyperfine and dipolar interactions we 
may finally write: 


hv= A$[M(T)/M.]. (5) 
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a. The Temperature Dependence of v 


The temperature dependence of the resonance fre- 
quency arises primarily out of the explicit temperature 
dependence of the sublattice magnetization M(T). 
However, v is a function of temperature also through 
a possible explicit temperature dependence of the 
interaction constant A, and through the implicit 
temperature dependence of A and M(T) produced by 
the thermal expansion. Since A can be expected" to 
depend on the temperature through the temperature 
dependence of the mean-squared amplitude of lattice 
vibration, we will assume that A is a negligibly weak 
explicit function of the temperature over the tempera- 
ture range encompassed by our experiments. The 
implicit temperature dependence of v can be estimated 
from our data as follows: since v=v(a,cju,7), the 
temperature dependence of v at constant pressure is 
given by 


( Ov ) ( Ov (~) da 
oT P | ¢.u : da rar § 
Ov 0c Ov Ou 
(2), ..(az),*(s),.Ac)- 
Oc Pas oT P Ou T.c.@ oT P 


Measurements” of the thermal expansion’ coefficients 
of MnF, show that in the temperature range 4°K < T 
£40°K, (da/dT)p is negligibly small. We will also 


neglect (du/dT) and write: 


Ov Ov 
(2), (2) s-40n 
nt aan OT/ p 


c(Ov/0C)7,a.u(1/c)(dc/dT) 
5(T) (8) 
(dv/dT) p 


where 


represents the fractional error involved in neglecting 
the effect of the thermal expansion. The magnitude of 
5 may be estimated roughly by setting 
Ov dy oP 
3V—. 
dc OP aV 


A calculation of 6 using our measurements of (@v/dP) 
and V(@P/dV) combined with the thermal expansion 
measurements shows that 6 is only of the order of 1% 
at 20°K and 35.7°K. At 4°K the absence of thermal 
expansion data is serious, since the magnitude of 6 
depends in detail on the manner in which (1/c)(dc/8T) 
goes to zero because (0v/0T) decreases rapidly as 
the temperature is lowered. If we assume a relatively 
slow linear variation of (dc/87) with temperature 
below 10°K, 4 is of the order of several percent at 
4°K. On the basis of these considerations, we will as- 
sume as did Jaccarino," that the temperature depend- 


* DPD. F. Gibbons, Phys. Rev. 115, 1194 (1959 
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ence of the resonance frequency at constant pressure 
(1/v)(Av/dT)p is very nearly the same as the explicit 
temperature dependence 


(8 InM/8T)o.u. 


of the sublattice magnetization 


b. The Pre 


ure Dependence of v 


The pressure dependence of the resonance frequency 
luced A and in M. 


comes from pressure produced 
From Eq. (5) we have 


1/ dv 0 \inA 0 InM 

QATAG. @ 

v\ OPS 7 OP Jy OP fy 
In harmony with the discussion above, we will regard 
(0 InA/@P)r as a constant independent of the temper- 
ature 7. The pressure dependence of M, (d nM/dP)r, 
arises out of the dependence of M on the three param- 
eters: (1) M(O), the sublattice magnetization at 0°K; 
(2) T4 the anisotropy temperature, and (3) Ty the 
Néel temperature. 

The spin wave theory” for the antiferromagnetic 
ground state indicates that M(0)/M,, is very close to 
unity, although estimates range from 0.97 * to 0.987. 
The quantity M(0)/M,, is determined primarily by the 
lattice symmetry and is independent of the size of the 
unit cell. We shall regard it as 
pressure despite the anisotropic compressibility of 
MnF»>. At 4°K, M is very nearly equal to M(0); thus 
our assumption that M(0)/M,, is independent of pres- 
sure immediately leads to the result that (d lInA/éP) 
= (0 Inv/OP).4.2°x. 

The anisotropy temperature 74 arises primarily out 


hanges in 


inde pe ndent of the 


of the dipole-dipole interaction,™ and can be expected 
to be an appreciable function of the pressure. However, 
the magnetization M(T) is a rather weak function of 
I hs In fac a if we regard Eisele and Keffer’s theoretic al 
expression’ as a good approxin for M(T), 
be shown at 20°K and 40°K that a reasonable pressure 
dependence of 7,4 will produce igible pressure 
dependence of M(7 

Thus, we may regard M(7 
only through 7y. Furthermore, it 
the theory* to assume a functional dependence of the 
general form M=M(T/Ty From this functional 
dependence of M on Ty, 


0 InM 0 in o7 N 
Hr ); 
oP T N ¢ TN oP T 


d\nM/dT)rn by 


»’s measure- 


it can 
neg 


as a function of pressure 


is consistent with 


1 
it follows that one may write 


As shown above. ; | 
(9 Inv/87) p which is known from Jaccarin 
4 P, W. Anderson, Phys. Rev 
2 R. Kubo, Phys. Rev. 87, 568 (1952 
3 J.C. Fisher, J. Ch hys. Solids 10. 44 
™F. Keffer, Phys. Rev. 87, 608 (1952 
2% F. M. Johnson and A. M. Nethercot, J Phy 
705 (1959). 


1959). 
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ments." We may also regard (1/Ty)(d7w/dP)r 
as independent of the temperature as we did for 
(d‘mA/OP). Hence, we finally find the pressure de- 
_ pendence of v at temperature T is given by 


(: Inv 0 \nA T sOlnv\ OT y 
oP ), oP -( oT ), oP 
Equation (12) involves only two unknowns: (0 InA/dP) 
and 0T y/dP. Once these are known from measurements 
of @ Inv/AP at two different temperatures, we can use 
Eq. (12) to predict 4 lnv/AP at a third temperature, 
thereby enabling a check of the validity of Eq. (12). 
This was done using the data in Table II with Ty 
taken** as 68°K. Using the data at 4.2°K, (0 InA/dP) 
is given at once as 


@ InA/aP=-+ (1.940.1) x 10-*/(kg/cm?). 


Since (0 Inv/dT) is largest at 35.7°K, the data at this 
temperature was used to determine (0 In7 y/dP) giving 


a InTy/dP= + (4.440.3)10-*/(kg/cm?). 


(12) 


(13) 


(14) 


From these two results and (8 Inv/d7T)oo4°x, Eq. 
(12) predicts that (0 Inv/OP)20.4°x= (2.240.1) K10~*/ 
(kg/cm?). The experimental result is (0 Inv/AP)204x 
=(2.21+0.04) x 10-*/(kg/cm?). This satisfactory agree- 
ment supports the validity of Eq. (12). 


c. The Magnitude of Ty and A 


In addition to the pressure dependence of A and Ty 
there is also experimenta! data on the magnitude of 7'y 
and A. 

T w~68°K. (15) 
From Eq. (5) we see that (§)A is equal to the splitting 
(Av,.) of the energy levels of the fluorine nucleus in the 
case of complete spin alignment of each sublattice 
(M=M,). Complete spin alignment is not attained 
even at T=O0°K, but A can be estimated fairly well 
from the resonance frequency at 0°K by means of a 
theoretical estimate for M(0)/M,.. If we use Fisher’s” 
value of M(0)/M,=0.987 we find A=21.63x10~ 
cm. Of course A may be expressed in terms of the 
physically significant magnetic field (H,), which is 
produced at the fluorine nucleus by complete sublattice 


Taste II. Experimental data required for the evaluaticn of 
6 InA/dP and (8Ty/dP) from Eq. (12). 


é ine 
‘ ( ) xK 10 
OT / 
(*Ky* 
—0.07540.15 
—32 +0.03 
—85 +0.08 





(kg/cm?) 
1.9 +0.1 

2.21+0.04 
3.21+0.06 





% Y. Jaccarino (p-ivate communication). 
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Tasxe II. The magnitude and pressure dependence of 
ri, ru, and \#=3 cos%—1. 


6r;/AP = — (0.78 +0.1) X10~* A/(kg/cm*) 
ry /AP = — (0.945+-0.06)X 10-* AA(kg/cm?*) 
O/aP = + (0.20 +0.3) K10~*/(kg/cm*) 





2.13 
2.10 
0.812 


Tr in i 
ri inA 
» 





spin alignment, i.e., 


a hv(0) 
Hy, 


2 gwBw [M (0)/M. lgnBv 
We thus find that 


H,=4047X 10 gauss. (17) 


Using this with Eq. (13) we find 


0H ,,/dP = (7.7404) XK 10 gauss/(kg/cm*). (18) 


No theoretical explanation for the magnitude and 
pressure dependence of Ty will be presented here. 
However, in the following section we shall offer a 
theoretical calculation of the magnitude and pressure 
dependence of H,.. 


2. Theoretical Calculation of the Magnitude 
and Pressure Dependence of H,, 


a. The Outer Dipole Contribution 


The most obvious contribution to H, comes from 
the magnetic moments of all the Mn** icns surrounding 
a given F nucleus in the lattice. As may be seen from 
Eq. (4), the three nearest neighbors (n.n.) Mn ions 
contribute the following : 


2(3 cos*%6—1) 1 
(H..)o.4.2"" - 01(- ——-~ + )a. (19) 
ry ro 


where r;, 71,5, and the orientation of Mr moments are 
as shown in Fig. 1. 


ri =[(c/2)*+20%(4—u)*}, 
riyp= uave, 
cos*6 = (¢/2r;)?. 


(20) 


Using the x-ray data of Baur for a, c, u, we find for 
rr, Tx, and \=(3 cos**—1) the results listed in Table 
III. Thus, (H.)o.4.%":= 12.8010 gauss. This result 
is listed also in Table IV, row 1. Smilowitz’ has 
calculated the entire lattice sum [Eq. (4)] and finds 
(H.)o.4.=12.5X10 gauss. Thus the contribution of 
farther neighbors is negative and small, amounting to 
(H.) 0.4. = —0.30X 10 gauss. 

We may calculate the pressure dependence of 


' (H,)o.a. provided that we know the pressure depend- 


ence of the bond lengths r;, rr. These quantities depend 
not only on a and c, whose pressure dependence is 


27 B. Smilowitz (to be published). 
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Tasre [V. Numerical values of the various contributions 
to H, and (dH.,/daP) 


in kilogauss in units of 10°? gauss/(kg/cm?*) 
(Hao)o.a.*" 
(Ho)o i os 
(1 )os 
(He)is 
(//.) i 
(He )theor 
(1 «expt 


oH. 
aH, 
(dH, 
(dH, 
(dH, 
OH. 
(dH, 


OP). 4%" 
aP) i 
OP \xs 


1.53 +0.2 
0.036+0.003 
6.6 +2 
OP). 0.57 +0.2 
AP); a 0.09 +0.008 
OP )sheor 7 +24 
OP )expt 7 +04 


known from the compressibility measurements, but 
also on the internal parameter « whose pressure de- 
pendence is not known. Since # varies but little’ for 
the rutile structure fluorides, shall 
assume that # is a constant independent of the pressure. 
Under*these 


Ory ri (- 0c 
OP 4n\X\c OP 


1 da 
raf ), 
a aP 


(3 cos*é—1), 


homologous we 


conditions, 

1 da 
a oP 
Ori 


oP 


we have 


Or Ll a 1 Ory 
6 « ost - _ 
oP c oP ry aP 


and defining \ 


The numerical results listed in Table III are based on 
our data of the pressure dependence of a and c. It will 
be noted that the pressure dependence of cos’ is so 
small that it is below the limit of accuracy imposed by 
the compressibility measurements. We shall therefore 
take 0\/0P as equal to zero in the numerical calcu- 
lations which follow. Also, we shall make no attempt 
to estimate the small changes in (1/a)(da/@P) and 
(1/c)(@c/AP) produced by lowering the temperature 
from room temperature to ~4°K. 

From Eq. (19) the pressure dependence of (H,,)o.4."°™ 


is given by 
(—) 5 _ OX Ory 
oP j 2 ry ry aP 
r! . 1dry, 20d 
3 intel 
rir ry0P oP 
The pressure dependence of the small contribution from 


farther neighbors may be estimated crudely by taking 
it as inversely proportional to the volume. Thus: 


OH, fn 1 OV 
(Majed —). (25) 
oP ' "\ OP 
The numerical magnitudes of the o.d. contributions to 


H,, are listed in Table IV. 


(24) 
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F'1G. 8. The normalized radial part of the 3d, 2s, and 2p Hartree 
Fock self-cor nt field orbitals for the Mn?* and F 

The spacing between the Mn?* ion and F™~ ion is that found in 
Mr Fs. 


isist¢ iret ions 


b. Isotropic Hyperfine Interaction 


As may be seen from Table 
contribution to H, is but a fraction of the total effect. 
The remaining contributions to H, from an 
unpairing of fluorine spins by the action of the unpaired 
Mn?* spins. The degree of unpairing of the spins on the 
fluorine has been calculated theoretically by Marshall 
and Stuart following the approach of Mukherji and 
Das. We shall outline the theory of these workers and 
apply it to the present probl m 

Hyperfine interaction with 2s fluorine orbitals. Consider 
a single Mn?+—F~ pair. Of all the electrons associated 
with this pair let us deal with those which are situated 
in the 3d orbitals on Mn**, and also those in the 2s and 
2p orbitals on the fluorine. For the purposes of the 
present calculation we may regard 0, 3d Mn?* 
orbital (@34’) and the m=0, 2p F~ orbital (@2,°) as 
oriented along the Mn?*—F~ axis. In Fig. 8 is plotted 
the normalized radial part [rR r)| of the electronic 
wave functions for these three orbitals, as given by the 
Hartree-Fock equation for the ions. It is evident 
from Fig. 8 that the considerable overlap of the free 
ion orbitals should alter t hitals through the 
effects of Coulomb correlation and exchange. We shall 
neglect the Coulomb correlation since it is independent 
the effect of the exchange 


IV, the outer dipole 


come 


the m 


ireé | 


1eS€ 


of spin and consider physically 
correlation which is required by the Pauli exclusion 
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principle. The unpairing action of the Pauli principle 
may be seen most clearly by neglecting, at first, the 2p 
electrons, and considering only the three electrons in 
the states de, 2,8, and ¢;/a, where a and 8 denote 
the spin states. The ¢2,8 orbital is unaffected by its 
overlap with the 34a orbital because it is orthogonal 
to it. However, the ¢@»,a orbital is not and it will suffer 
an exchange repulsion with the ¢3.a orbital. This 
exchange or Pauli repulsion will act to exclude the a 
electrons from the region of large overlap and enhance 
it in the regions of smaller overlap. Thus the probability 
density for the @ spin at the fluorine nucleus will be 
greater than that of the unaffected 8 spin, i.e., there 
will be an “exchange polarization” or unpairing of 
spins at the fluorine nucleus. 

We may treat this problem quantitatively, to first 
order, by taking as the correct starting wave function 
the Slater determinant for the three electron system: 


1 
¥(1,2,3) =—— = 
[3 1( 1 bea (des sa") |?) }! 
d3a(2)a 
Xlda(lla de,(2)a 


\do(1)8 2e(2)8  bae(3)8| 


dsa( la Hat?a 


$2,(3)a}. (26) 


The coefficient of the determinant insures the normal- 
ization of ¥(1,2,3). The @’s are assumed normalized. 
The hyperfine interaction between these three electrons 
and the fluorine nucleus is given by: 


») 


= —pgyBhwir- (H,) es 27 


Sor 3 


Rese —gxBvtr( p> S60; 
i=l 


where §, is the spin of the i* electron (i=1, 2, 3). Ip 
is the spin of the fluorine nucleus and ry is the position 
of the fluorine nucleus. We may determine the field 
produced by the hyperfine interaction in the first order 
of perturbation theory by calculating the expectation 
value: 


[Sr 3 
(H.)2,'= (wv) g8 > S,-rr) v). 
3 im1 


Evaluating (28) we find 
go. (rv) |?! (hoe! baa) |?+ | daar) |? 


dn — 2bsa°(7 v )bee( Tr )(b2e Osa") 
(He) 2.' = —g3— ———$——— ~ . (29 
3 1— | (2. 24") |? 
By the superscript I we denote the contribution to //, 
from a single Mn located at a distance r; from the 
fluorine. |(@2, ¢:¢")| is the square of the overlap 
integral between the 2s and 3d orbitals. The ¢’s are 
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integral |(d2.|¢:/)|? and 
uorine orbital as a function 


Taste V. The square of the overla 
the degree of unpairing (/s,) of the 2s 
of the Mn—F distance.* 





20 | Pad") |* fos 


0.540 x10* 
0.519 K10* 
0.502 K10"* 
0.4828 x 10°* 
0.464 «K10% 


0.491 10% 
0.47110 
0.45610? 
0.440 10°" 
0.42310 


NwN NN he 


* See reference 16 


chosen to be real. Equation (29) is the result of Mukherji 
and Das.'* Of the three terms in the numerator the 
l@sd’|* term is negligibly small compared to the first 
and third terms. These two terms represent the unpair- 
ing produced by the exchange correlation. If fe, repre- 
sents the degree of unpairing we have on factoring 
¢2.(rr)|* from Eq. (29) that 


(dos| daa )|*— 2(haa\ d arora (rr), [bee(rr) } 


(30) 
1— | (2, ' sa") |? 


It should be noted that in this first-order treatment 
it is not necessary to calculate the change in the 
orbitals (@) produced by the exchange repulsion. To 
do this one could set up the Hartree-Fock equations 
for each orbital using the free ion ¢’s to determine the 
different exchange potentials for each equation." 
Using the new @’s thereby determined, the hyperfine 
interaction can be calculated to the second order. 

Mukherji and Das evaluated f>, using the most 
recent®* Hartree-Fock solutions for @e, and @:/. 
However, their result was only half as big as is required 
to explain Tinkham’s observations’ of the hyperfine 
structure of the paramagnetic resonance spectrum of 
Mn** in ZnF2. W. Marshall noted, however, that recent 
neutron diffraction form factor measurements” in a 
number of Mn salts, as well as Erickson’s‘ older data on 
the Mn** ion in MnF», show that the 3d orbital is spread 
out radially by a scaling factor of 1.10 compared with 
the free ion solution. This produces a much larger 3d— 2s 
overlap. The spreading out of the 3d orbital may be due 
to the very considerable overlap of the 2 fluorine orbital 
on the Mn nucleus as shown in Fig. 8. This acts to screen 
the Mn nucleus from its own electrons. Using the 
scaling factor obtained from the neutron diffraction 
data, Marshall and Stuart"® recalculated the overlap 
integrals as a function of the Mn—F distance (r) and 
found the results given in Table V. These results are 

% J. C, Slater, Phys. Rev. 82, 538 (1951). 

* V. Heine, Phys. Rev. 107, 1002 (1957). 

*» J. H. Wood and G. Pratt, Jr., Phys. Rev. 107, 995 (1957). 

™ M. H. Cohen, D. A. Goodings, and V. Heine, Proc. Phys. 
Sec. (London) 73, 811 (1959). 

“DD. R. Hartree, Calculation of Atomic Structures (John Wiley 
and Sons, Inc., New York, 1957), p. 173. 

# CC. Froese, Proc. Cambridge phi Soc. 53, 206 (1957). 

“J. M. Hastings, N. Elliott, and L. M. Corliss, Phys. Rev. 
115, 13 (1959) 
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Tase VI. The square of the overlap integral |(¢:.|¢3) |? and 
the degree of unpairing /;, of the 1s fluorine orbital as a function 
of the Mn—F distance.* 


(bis oad’) |? 


0.277 X10~* 
0.263 X10 
0.25110 
0.240 10 
0.230% 10 


0.198 x10~ 
0.189 «10 
0.180 K10~* 
0.1725 10™ 
0.165 K10~* 


* See reference 16 


about double those of Mukherji and Das. It should be 
observed that fo, differs from | (@2,|¢s4’)|* by the cross 
term in Eq. (30). This cross term was calculated using 
the shielded Hartree-Fock solution at the fluorine 
nucleus. Since ¢sa(rr) may be considerably altered 
from this value by the fluorine nucleus, the present 
calculation of the cross term may not be accurate. 

Equation (29) gives the contribution to (H,.)2, from 
a single Mn** neighbor. To get the effect of the three 
neighbors we may sum the effects of each neighbor 
independently and find: 


(H..) 2e= (44/3) g8 | b20(r rv) |?(2fos'— foe"), 


where f' and /" are the fractional unpairings due te 
the neighbors at r; and rj, respectively. This may also 
be written in the “A” notation of Tinkham® or Clog- 
ston.*® 


(31) 


H,, (S/gwBwn) (2A 26 —A ae), (32) 


where 


A Pe = (gw8w/S) (4/3) g8 oo, (rr) 2 fo! i 
S is the spin of the Mn** ion, §. 

Using the results listed in Table V for fo, for the 
bond lengths r; and ry, and |@2,(0)|?=10.79 in Bohr 
units, we get the values listed in Table IV for (H,,) 2s. 

The pressure dependence of (H,,)2, is given by 

oH, 4 

oP 28 3 


dO foe Or; 

xt 2— — 

( Ory oP 

The numerical value of this contribution to the pressure 

dependence of H,, is listed in row 3, of Table IV. It 

should be noted that the large uncertainty listed for 

this number comes from the uncertainty in the measure- 
ment of the compressibility. 

We may also calculate the contribution to H, from 
the unpairing of the 1s electrons in exactly the same 
way as has been outlined above for the 2s electrons. 
The overlap integrals and the fractional unpairings /1, 
are listed in Table VI as a function of the Mn—F 


O fos! Ory 
 — ) (33) 


Ori oP 


% A. M. Clogston (private communication). 
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distance. Using these and |¢,,(rr)|*=19.6| ¢2,(rr) |?, 
we find the results on row 4 of Table IV. 


c. The Anistropic Hyperfine Interaction 


The overlap of the 29 fluorine orbitals with the 3d 
orbital of the manganese produces an unpairing of the 
spins in the 2p states. These unpaired spins produce an 
additional “inner dipole” contribution to the magnetic 
field at the fluorine nucleus. To determine this field, 
consider first the effect of a single Mn neighbor. Let 
the three 2p orbitals be denoted by p., bs’, Pe where 
these orbitals point respectively along the bond, along 
the y direction and along the third mutually perpen- 
dicular direction. Alsi fo» be the fractional 
unpairing of the spins in each of these orbitals produced 
by the overlaps with the 3d orbitals. The direction of 
the unpaired spin in each orbital is of course the same 
as that of the Mn** neighbor. The contribution to the 
inner dipole field can then be calculated for these three 
orbitals in a straightforward manner. The net effect of 
the three nearest neighbor Mn?**’s can be obtained by 
adding together the contribution of each neighbor 
independently. If the superscripts I, II refer to type I, 
and type II Mn neighbors we find that the inner dipole 
field is 


), lel fre, | Px’; 


2(3 cos*6 1)A,! 2A,! 1 +4," 


(H.)i.a 34) 


where S=%, and where 


2 | gnbw gp 
sana?(t) 
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The quantity 


(-) re R2,(r) 
r e r° 


is the average value of 1/r’ taken over the radial part 
of the 2 orbital. The squares of the overlap integrals 
® , ' , ? 2 : 
Sre= |(bop"| Osa and fps =|(pz\ds2)|? are listed in 
Table VII as a function of the distance r. The quantities 
Taste VII. The squares 

between the p orbitals on the fh 
manganese ion as a funct 


verlap integrals fp, and /fpe- 
rine and the d orbitals on the 
distance.* 


rin A fpe 

0.28110 
0.272K 10? 
0.263 x 10 
0.254107 
0.24510 


0.675107 
0.663 X 10°? 
0.651 107 
0.640« 10°? 
0.62910? 


NM Nh he 


*® See reference 16 
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A,' and A," are zero because fp,= fps’. It should be 
noted that in Eqs. (34), (35), and (36) we have assumed 
that the degree of unpairing in the p orbitals is uniform 
throughout each orbital. This is not, in fact, the case 
since the cross term shown in Eq. (30) is a function of 
the distance between the Mn ion and the point in the 
p orbital at which the unpairing is to be calculated. 
We are therefore neglecting entirely the effect of the 
cross term in assuming the unpairing to be uniform and 
equal to the square of the overlap integral. This 
procedure probably introduces little error in the calcu- 
lation of H.. and dH,/dP because the inner dipole 
contribution to these quantities is in itself quite small. 
Using®® (1/r*)= 44.4 10"/cm', we find the value of 
(H..)i.a. listed in T: Me IV. 
The pressure depen.tence of (H,,.)j.4. is given by 


OH, « 1\ 28 a(fr.' _ foe ) Ory 
: 2r 
( aP ) d 5 4 2 ( Or; oP 


O( foe! — foe") Ori Or 
— —-+-2( fre! — fre") ). (37) 
, aP 


Or, I 0 I 


“f- 


The magnitude of this term is listed in Table IV. 

It is clear from the last two rows of Table IV that 
the theoretical calculations of H, and dH,.,/dP are in 
excellent agreement with the experimental results. 

It may be worthwhile to emphasize that the theory 
outlined above does not require the inclusion of any 
covalency, in that we do not include the unpairing 
effect of fluorine electrons “hopping” into d states on 
the manganese ion. Clearly our results indicate that this 
is well justified at least in connection with the s-state 
electrons. “Hopping” out of p orbitals may affect the 
f,’s somewhat, however, as has been noted above, the 
error thereby produced in the caiculation of H,, and 
dH ,,/dP will be quite small due to the small contribution 
of the inner dipole field. 


* R. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954). 
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IV. CONCLUSIONS 


From our measurements of the pressure dependence 
of the zero field nuclear magnetic resonance frequency 
of the F” nucleus in antiferromagnetic MnF2, we have 
deduced the pressure dependence of the Néel tempera- 
ture, and the pressure dependence of the hyperfine 
interaction between the fluorine aucleus and the 
manganese electrons. No theoretical explanation is 
offered for the pressure dependence of Ty. 

The theories of Mukherji and Das, and Marshall and 
Stuart are used to explain the magnitude and pressure 
dependence of the hyperfine interaction. The theory 
uses the Hartree self-consistent field wave functions 
for free fluorine ions, with the Hartree solution for the 
Mn** ion slightly altered to bring it into agreement 
with neutron scattering form factor measurements. 
The electron unpairing responsible for the hyperfine 
interaction is calculated solely from the effects of 
exchange correlation which arise directly out of the 
Pauli Exclusion Principle. Agreement between theory 
and experiment is very good. 
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A neutron diffraction study has been made of the magnetic 
properties of the rare-earth-iron perovskites, NdFeO;, HoFeQOs, 
to 1.25°K.The 
iron ions in each of these compounds undergo a transition to an 
antiferromagnetic configuration in which each moment has six 
oppositely directed moments at nearest neighbor distances. The 
Néel temperatures are 760°K, 700°K, and 620°K, respectively, 
for the compounds of Nd, Ho, and Er. The moment directions in 
HoFeQ, and ErFeQO, are parallel and antiparallel to the ortho 
rhombic [100] direction at room temperature: at 43°K the 
moments are found to be in a (110) plane. In HoFeO; the iron-ion 
moments at 1.25°K are parallel to [001]; in ErFeo; at the same 
temperature they are parallel to [110]. The magnitudes of the 
ordered iron moments at temperature saturation are 4.57, 4.66, 
and 4.62 Bohr NdFeO;, HoFeO;, and ErFeO;, 


and ErFeQO,, at temperatures ranging from 955 


magnetons in 


I. INTRODUCTION 


ARLIER neutron diffraction studies on perovskite- 

like compounds ABO,'-* have been restricted to 
those having nonmagnetic A site ions. The present 
work is concerned with rare-earth-iron perovskites in 
which both A and B site ions possess magnetic moments. 
In this case there is the complicating factor of inter- 
actions between unlike magnetic ions. 

It has proved convenient to divide the paper into 
three main sections, the first of which has to do with 
the magnetic ordering of the iron-ion spin systems in 
the compounds NdFeQ;, HoFeO;, and ErFeO; at high 
temperatures. In the second section the neutron data 
relative to the magnetic ordering of rare-earth-ion 
moments at low temperatures are treated. The analysis 
in this temperature region is somewhat more involved, 
for, in certain cases, both ionic systems are magnetically 
ordered. In the third section the diffraction results are 
discussed in reference to 


magnetic properties of 


the complex macroscopic 
these compounds. 


Il. SAMPLE PROPERTIES AND PROCEDURES 


The rare-earth-iron perovskite samples were prepared 
and analyzed by methods similar to those described 
previously for LaFeOs;.3 Within the limits of powder 
x-ray diffraction techniques the orthoferrites of Nd, Ho, 
and Er were found to be isostructural with GdFeQOs, the 
structure of which has been determined by Geller* 
from single crystal x-ray data. In the orthorhombic 


* The work herein reported was presented in part to the Inter 
national Union of Crystallography, Montreal, Canada, July, 
1957 
E. O. Wollan and W. C. Koehler, Phys 
> U. H. Bents, Phys. Re , 225 (1957) 
-W. C. Koehler an an, J. Phys 
100 (1957 


*S. Geller, J Chen 


Rev. 100, 545 (1955 
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1956 


respectively. In the liquid helium temperature range, magnetic 
ordering transitions of the rare-e: ons in HoFeO; (Tw =6.5°K) 
and ErFeO; (Tw=4.3°K) are observed. The Er** ion moments 
which a 
four chains of oppo 
this 
compound the Er** ion moments are parallel and antiparallel to 
[001] and at 1.25°K have a magnitude of 5.8 Bohr magnetons. 
In HoFeO, the ions ¢ rdered in a distorted antiferromagnetic 
configuration Ho** moment with 
angle, in the (001) 
direction so as to produce a net 


HoFeO, 


form a nearly ideal antiferron nfiguration in 
chain of parallel moments is surroun 


sitely directed moments at nearest neighbor distances. In 


which . 2 eacti 


in 
magnitude of 7.5 I 


makes ar 


plane, of about 27 


, 


moment of 3 yhr magnetons per 
molecule: parallel to [100] 


lerromagnetic 


unit cell are four dist 
The iron ions are in parameterless special positions 
within the limits of detection of the data but significant 
displacements from ideal found for the 
gadolinium ions and for the two sets of nonequivalent 


‘ 
orted simpl 


perovskite cubes. 


positions are 


oxygen ions. The most probable space group is Pbam. 
Geller and Wood? and Bertaut and Forrat* have shown 
that the orthoferrites of La, Ce, Pr, Nd, Sm, and Eu 
GdFeO, with varying degrees 
Forrat’ indicate that 
earths including Ho 
GdFeQs. 


are all isostructural wit! 
of distortion. Recent st 
compounds of the 


idies by 

heavier raré 

and Er are also isostructural wit! 
The 


temperature 


results of chemical and room- 


analyses 


x-ray diffraction measurements® 


T abl 


are 


collected in I, where lattice parameters of 


LaFeO; and GdFeQ, are included for comparison. The 
relative distortions in 1 
by the deviations 
their ideal values m 
table. 

Neutron diffraction 
tures ranging from 955°K to 1.25°K with the samples 


oferrite series as measured 
parameters from 
1 in the last columns of the 


lata were collected at tempera- 


in briquet form or as fine ly divided powde rs according 
Extended diffraction 
patterns were taken at one or more elevated tempera- 
tures,. at room 1 77°K or at 43°K, at 
4.2°K, and at 1.3°K 


Limited regions of the 
were studied as well 


to experimental expediency 


temperature, 
patterns 
ntermediate temperatures. 

In this study the nuclear i observed for 


HoFeO; and ErFeQs, 


in fair agreement wit! 


itensities 


were found to be 


particular, 


predictions based on Geller’s 


‘ 563 (1956 
sertaut ar . orrat, ph radium 17, 129 (1956) 
*F. Forrat niversite de Grenoble 
unpublished 
® We are indebted t 


these 


measurements 
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TABLE I. Analytical and x 


Tetravalent iron 
percentage of 
total iron 


Total iron (wt. ©) 


Sample obs calc 
LaF eO,"* 
NdFeO, 
GdFeO,” 
HoFeO,; 
ErF ef ), 


21.1 6.1 


22.4 
19.9 


5.4 
2.0 


Uuuawn 


* Yakel (reference 8), Geller and Wood (reference 6). 
> Geller (reference 5). 


positional parameters for GdFeO;. These parameters 


were adopted as a first approximation for the analysis 
of the magnetic scattering data. 


Ill. IRON-ION SPIN SYSTEM 
1. Spin Configuration 


It is convenient to consider together the results of 
the high-temperature experiments for the several 
samples since the neutron diffraction patterns of 
NdFeO;, HoFeO;, and ErFeQO,; all exhibit magnetic 
reflections characteristic of the antiferromagneti 
configuration already reported for LaFeO ;. A typical 
set of data is illustrated in Fig. 1 in which are shown 
portions of diffraction patterns obtained for ErFeO; at 
room temperature and at 955°K. At the higher tem- 


150 


Orthorhombic Ppam 


DY OF IRON PEROVSKITES 


ray diffraction data for rare-earth perovskites 


Lattice parameters (4°) 

Monoclinic 
a: a; a3 
565 
5R7 
616 
592 
5.576 


3.931 
3.880 
3.834 
3.803 
3.790 


uuu 


xawn~ ~~ 


perature the pattern consists of the coherent nuclear 
reflections of ErFeO, superposed upon the angularly 
dependent paramagnetic scattering background which 
at this temperature is contributed to by both the erbium 
and the iron ions. In the room-temperature pattern 
additional coherent reflections appear at the (011) (101) 
and at the (013) (103) (211) (121) positions. The indices 
here and in subsequent discussions refer to the ortho- 
rhombic crystallographic unit cell. 

The magnetic unit cell can clearly be chosen in a 
number of ways, but an approximate unit cell which 
is appropriate to the chemical unit is one for which 
V2a9; 43= 2a9 where dp is the ideal cubic lattice 
period. With this cell, only reflections for which 
Hy\+H.=2n+1; Hy=2n+1 are observed. The con- 
figuration inferred from these indicial relations in the 


a, = a2 
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itron diffraction data for ErFeO 
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2. Te mperature depend nce ot 


G-type antiferromagnetic configuration,' or, the simple 
cubic (wm) configuration.’ 


2. Néel Temperatures 


The Néel temperature for ordering of the iron-ion 
moments determined from the temperature 
dependence of the first strong magnetic reflection in 


was 


each case, and the results of the measurements are 
shown in Fig. 2. The solid curves are calculated from 
the Brillouin function corresponding to spin § and the 
intercepts of these curves with the temperature axes 
are taken as the transition temperatures. As shown in 
the figure, these are 750°K, 760°K, 700°K, and 620°K, 
respectively, for LaFeO;, NdFeO;, HoFeO;, and 
ErFeQs. 


3. Magntic Moments 


The of the iron in the antiferro- 
magnetically ordered configurations were calculated 
from the j(//n)*g*)~ values measured at 43°K where 
the spin systems are effectively temperature saturated. 
When the total intensity in the (011) (101) group is 
measured, (¢ § irrespective of the 


moments ions 


» has the value 3 


moment direction” and one needs only the iron form 


»HLA 
(1958). 

” Strictly speaking (g*)s is not exactly § for the true structure 
because of the crystallographic distortions. The maximum error 
made by neglecting the distortions is of the order of 1% in the 


Gersch and W. C. Koehler, J. Chem. Phys. Solid 5, 180 
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O11, 101) magnetic reflection « 
The Néel temperatures are obtained b 


y extrapoiatior 


factor to obtain the effe ents. For this purpose 


f published form factor 
data" with which moment \ es of 4.65, 4.57, 4.69, and 
4.62 Bohr magnetons found for the Fe** ions in 
the orthoferrites of La, Nd, Ho, and Er, respectively. 
It may be noted that these values are significantly 
smaller than the expected values of 5.0 Bohr magnetons. 


we have chosen a! 


were 


4. Moment Direction 


he line splitting in the neutron diffraction patterns 
of LaFeO; and of NdFeOs are suffi iently small that 
the equivalent reflections in a powder line are nearly 
exactly superposed; in such a no information 
tion relative to the crystal 
axes can be obtained. In the patterns of HoFeO; and 
of ErFeO;, however, some of the smaller angle lines 
which are free of interference from nuclear intensity 
are sufficiently split by the crystalline distortions that 


a partial resolution of their components can be effected. 
f their relat 


Case 


regarding the moment dire« 


intensities one can 
in favorable 
results | ave been 


From estimates of 
infer the spin di 


ive 


rection in the crystal 


cases. By this means the following 
obtained: 


At room temperatu HoFeO; and ErFeO; 


moment values and this is taken into account in the above 
tabulation 

uC. G. Shull and E. O. Wollar 
F. Seitz and D. Turnbull 
1956), Vol. II, p. 210 
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Fic. 3. Neutron diffraction data for ErFeO, at low temperatures. The upper curve is the diffraction peter observed at 43°K. The 


(011, 101) reflection is considerably broader at this temperature than at room temperature indicating a « 


ange in the relative intensities 


of its components. The lower curve is a temperature difference pattern and shows only those diffraction efiects which have developed 
between 1.3°K and 43°K. The breadth of the (010, 100) reflection indicates that both components have appreciable contributions. In 


the (011, 101) line only the (011) has an appreciable intensity. 


the (011) is approximately three times as intense as the 
(101). It follows that the direction of antiferromagne- 
tism, at room temperature is parallel or nearly parallel 
to the [100] direction. 

At 43°K, for both compounds, the two components 
are approximately equally intense. At this temperature 
the moments must lie in a (110) plane. Thus between 
the two temperatures there has occurred a change in the 
direction of antiferromagnetism. At very low tempera- 
tures, as is shown in succeeding sections, it is possible 
to specify the directions within the (110) plane more 
precisely. 


IV. MAGNETIC ORDERING IN THE 
RARE-EARTH-ION SYSTEMS 


In the liquid helium temperature range, evidence for 
magnetically ordered configurations of the rare earth 
ions has been obtained for HoFeO; and ErFeO;. Such 
evidence is illustrated for ErFeO, in Fig. 3. In the upper 
half of the figure is displayed a portion of the diffraction 
pattern obtained at 43°K and this consists of the 
coherent nuclear reflections and the coherent magnetic 
reflections arising from the antiferromagnetic arrange- 
ment of iron-ion moments all superimposed upon the 
paramagnetic scattering background of the erbium ions. 
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Fic. 4. Temperature difference pattern of HoFeO,; 7(1.3°K)—J(43°K). Of the 
contribution is from the (100); of the (011, 101 


In the lower half of the figure is shown the difference 
pattern derived from the 43°K pattern and from data 
obtained at 1.25°K. The difference pattern displays 
those coherent scattering effects which have developed 
at the lower temperature. Since the iron-ion spin system 
is essentially saturated at 43°K, and since the tempera- 
ture factors are not expected to change appreciably 
from 43°K to 1.25°K, the reflections observed in the 


difference pattern are attributed to magnetic ordering 
of the erbium ions. One may also find intensity varia- 
tions if there have occurred parameter shifts between 
the two temperatures or if further changes in iron-ion 


moment direction have taken place. The ordering of 
the erbium ion moments is further evidenced by the 
dimunition of the paramagnetic scattering which is 
shown in the difference pattern as a negative back- 
ground. A similar set of data for the same two tempera- 


010, 100 
) group the (011) predominat 


or 
BrOU} 
r 


tures is shown in Fig. 4 for HoFeOs. In both patterns 
the line breadths of a few of the strong magnetic 
reflections are indicated, and these will be referred to 
in subsequent discussions 


1. Configurations and Moment Directions 


We note first that considerable information relative 
to the approximate configurations and orientations of 
the rare-earth-ion moments can be obtained essentially 
by inspec tion of the diffraction patterns. 

In both cases there are observed strong magnetic 
reflections with indices, referred to the orthorhombic 
chemical cell, with H,;+ H.=2n+1, H;=2n. There are, 
in addition, in both sets of data other and generally 
weaker reflections H,+H.=2n+1, H;=2n+1 
which are superimposed upon the magnetic reflections 
characteristic of the iron-ion spin system. From these 


with 
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observations one is led to a configuration of moments 
which is essentially the C-type antiferromagnetic con- 
figuration in which a chain of parallel moments is 
surrounded by four chains of oppositely directed 
moments at nearest neighbor distances. 

For an ideal C-type arrangement with ions on simple 
cubic lattice sites and with moments which have a 
single axis of alignment, there are three possible 
directions which may be taken by the line of parallel 
moments. For each arrangement, only those reflections 
corresponding to the first category mentioned above 
would be observed and with powder data alone no 
distinction between the three configurations could be 
made. In the orthoferrites of Ho and Er, however, the 
rare earth ions are displaced from the ideal positions, 
and as a result of these displacements additional classes 
of reflections will be found in the diffraction patterns 
depending upon the orientation of the unique direction 
of the configuration. 

A priori, the direction of the line of like spins in the 
orthoferrites may be parallel to orthorhombic [110], 
[110], or [001] directions and the corresponding 
configurations, in the nomenclature of an earlier paper, 
are (Orr), (xOx), and (x0), respectively. When the 
rare-earth-ion displacements are taken into account, 
it is only the (rr0) configuration, with its unique 
direction parallel to the a3 axis, that is consistent with 
the observations, for only this configuration predicts 
nonzero intensities for reflections of the class H,+H, 

=2n+1 and H3=2n-+1. 

With the approximate configuration established we 
may next, by comparing the relative intensities of the 
(010, 100) and (012, 102) reflections,” ascertain to a 
fair degree of certainty the moment directions of the 
Ho** and Er** ions. Consider first the pattern of ErFeOs. 
The measured (010, 100)/(012, 102) intensity ratio is 
1:0.18 and, as indicated by the breadth of the line, both 
the (010) and (100) components make sizeable contri- 
butions to the first reflection. These two observations 
require that the moment be parallel or nearly parallel 
to the orthorhombic a; axis and hence to the unique 
configuration direction. For HoFeO, the corresponding 
observed intensity ratio is 1:0.96, but in this case, 
as may be seen from the line breadth, most if not all 
of the intensity in the first peak is due to the (100) 
reflection. With these intensity ratios it is necessary 
that the Ho** ion moments be parallel or nearly parallel 
to the orthorhombic [010] direction and hence perpen- 
dicular to the unique configuration direction.” 


2 See for example Fig. 18 of reference 1, but note that cubic 
(110) and (112) correspond to orthohombic (010,100) and 
012, 102), respective ly 

‘8 The above discussion is based on the premise that the rare 
earth ions in the two compounds have but a single axis of align 
ment. From subsequent quantitative analysis it follows that this 
is very nearly the case for ErFeO;. In HofFeQO;, however, the 
configuration of Ho** ion moments deviates markedly from the 
ideal one and the statement that the moments are paralle! to 
[010] must be reinterpreted accordingly. 
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2. ErFeO, 


We consider next the quantitative aspects of the low- 
temperature data and take up first the results for 
EeFeQOs. 

Quite generally the magnetic structure amplitude for 
a magnetic reflection (H,/7,H,;) may be written as a 
vector sum, over the magnetic unit cell 


F =>); pq; exp2ri(Hyxj+Hyjt+H w,), (1) 


in which the ion at (x,;y,;z;) has a magnetic scattering 
amplitude p; given by 
pi 


where y; is the magnitude of the magnetic moment on 
the jth site, f; is the corresponding amplitude form 
factor, and q; is defined by 


(2) 


(e%y/2mc*) pu; f;, 


4) (3) 


e(e: «x;)— %;, 


with e the unit scattering vector for the set of planes 
(H,H.H;), and x; the moment direction of the ion 
on the jth site. All other symbols have their usual 
significance. 

The intensity in a given reflection (H,4.H;) is 
proportional to (F-F*) but, for comparison with powder 
data (F-F*) must be averaged over the various planes 
which contribute to the powder line. If it is assumed 
that for each set of ions in the orthoferrites there is a 
single scattering amplitude and a single alignment 
direction, a considerable simplification of Eq. (1) 
results. 

It will recalled* that in the rare-earth-iron 
perovskites the Fe** ions are found in special positions 
4b: (400; 040; 404; 044) and the rare-earth ions in 
special positions 4c: + (xy} ; 4—4, 4+-y, }) of the space 
group Pbnam. If we denote by pa and pa» the magnetic 
scattering amplitude of the rare-earth ions on the A 
sites and of the iron ions on the B sites, and if the 
moment directions of the rare-earth ion at (xy}) and 


be 


_of the iron ion at (400) are given by the unit vectors 


x, and xz, respectively, then the expression (1) above 
may be written 


(4) 


where R, and Rz are algebraic sums over the A sites or 
over the B sites of the form 


R= >; ej exp2mi(H\x;+ Hy;+H2;), 


in which ¢; is (+1) depending upon the spin configura- 
tion (G or C) approximate to the particular set of sites. 

Values of (F-F*), are then readily calculated and 
can be expressed in terms of the positional parameters 
of the rare-earth ions, the amplitudes p, and pg, and 
the moment directions x, and xg. As we have already 
remarked, the iron ions scatter only into reflections with 
H,+H2=2n+1, Hs=2n+-1; the rare-earth ions, how- 
ever, because of their nonzero parameters scatter into 
all classes of reflections. The geometrical part, R, of the 


F= p,RiqatpoRogn, 


(5) 





KOEHLER, 


TaBie II. Comparison of observed and calculated 
magnetic intensities ErFeO;.* 


P. 

cale 

Pers (neutrons/min) (neutrons/ min ) 
Er|\? ErFe 


Pi 28° Pav Fe}? 


001 nil nil 0 0 
010 475 0 
990420 980+20 952 


Index Total 


0.00 


100 477 0 
5 00.6 121 397 


o11* 210415 
620+ 20 
101 0+ 20 0 0 201 
110* 0.82 
85+ 10 nil 0.82 
002 0 
111* 40+ 10 nil 6.5 6.5 
012 82.9 
170410 175+10 
102 97.9 
020° 0 


112 0.36 


200 0 
021 0 
003 

201 

120 

210 

121 330415 

013 


103 
211 
022 
202 

nil 
11; 
12 

180+15 

212 
220 

nil 
004 


* Reflections designated by (*) have contributions from nuclear scattering 
or from the iron-ion spin system or both. 


structure amplitude for the erbium ion configuration 
is largest when H,+H,=2n+1, H3=2n and the 
intensities of the reflections H,+H»=2n+1, H;=2n+1 
depend upon the relative orientation of x, and x,. 
The intensities of the magnetic reflections in ErFeOs, 
as measured in the diffraction pattern at 1.25°K and 
from the difference pattern of Fig. 3, are listed in the 
second and third columns of Table II. The intensities 
of the reflections with H,+H.,=2n+1, H;=2n were 
first reduced to absolute values of pg,’ with the aid of 
the calculated structure factors. For this purpose the 
GdFeO,; parameters, x= —0.018 y=0.06,‘ were used, 
and xg, was taken parallel to the a; axis. These values 
of pr,’ are plotted as a function of sin@/d in Fig. 5 in 
which the solid curve is the experimentally determined 
differential scattering cross section for Er** in Er,Os;," 
normalized in the forward direction to pg?’=2.5X10-™ 
cm? as suggested by the first two reflections which are 
relatively insensitive to the exact parameter values 


“ W. C. Koehler and E. O. Wollan, Phys. Rev. 92, 1380 (1953). 
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chosen. Since the third point, which depends more 
sensitively on the parameters, falls within ten percent 
of the curve, it is indicated that the parameters used 
are approximately correct. 

With per=2.5fe2X10™ cm’, with the GdFeO; 
parameters, and with xz, parallel to [001 | the intensities 
for all reflections except those to which the iron-ion 
spin system contributes were calculated and the results 
are summarized in Table II. Magnetic reflections with 
H;,=2n were not observed in the diffraction patterns 
and the intensities predicted for them are unmeasurably 
small. 

It remains now to examine the reflections of the class 
H,+H2=2n+1, H;=2n+1. The structure factors for 
reflections of this type have in general three terms: 
they have contributions from the iron ions alone, 
from the rare-earth ions alone, and from a cross term 
involving both types of ions. Only the first of these 
reflections, the (011, 101), is well resolved, but from 
its intensity one can deduce that the iron-ion moments 
are approximately parallel and antiparallel to the 
[110] direction at 1.25°K. The 


these two reflections, given for reference to the following 


structure factors for 


discussion, are 


of coherent and diffuse scattering 
ts for HoFeO; and ErFeO;. 


Fic. 5. Comparison 
measuremen 
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(F-F*)ou= 16[ pee sin*2ry(ge.?) + pre(qre) 
+ (2paps sin2wym:2)/(bP+b;*)a; 
X (ma;+mae+meaz)*) 
(F- F*) 01 = 16pr.2(qr.”), (6) 


in which b,beb; is the vector set reciprocal to ayasa3, and 
mmm, are the components of a lattice vector parallel 
to Kre. 

As we have shown in the discussion of the iron-ion 
spin system, the total intensity of the (101, 011) 
reflection at 43°K is very nearly independent of the 
direction of antiferromagnetic alignment. Similarly at 
1.25°K the total contribution of the iron ions alone to 
this reflection is independent of moment direction. 
Since the iron-ion spin system is temperature saturated 
at 43°K and since for any reasonable parameters the 
nuclear intensity in these reflections is small, the excess 
intensity at 1.25°K over that at 43°K is attributed to 
scattering by the erbium ions. 

Now if one calculates the erbium ion contribution to 
this powder line, one finds a nonzero intensity only 
for the (011); further the intensity which is predicted 
without the cross term is only about one-third of that 
observed. Thus it is necessary to include the cross term 
in such a way as to give a sizeable positive contribution. 
This is achieved only if the vector xp, has an appreciable 
component in the [010] direction. 

The vector xp, is further restricted in direction by the 
observation that the intensity in the (011, 101) reflec- 
tion in the difference pattern, which is due almost 
entirely to the (011), is equal within the errors of 
observation to the difference in total intensity as 
measured at 1.25°K and 43°K. If xp, had deviated 
appreciably from the (110) plane in the temperature 
range from 43°K to 1.25°K, there would have been a 
redistribution of the intensity in the (011) and (101) 
reflections, and a (101) reflection would have been 
observed in the difference pattern, contrary to obser- 
vation. From the magnitude of the intensity of the 
(011) reflection, one concludes that the xp, cannot have 
an appreciable component parallel to the a; axis and 
it is therefore parallel or nearly so to the [110] direction. 

It has also been observed that the intensity distri- 
bution between the (011) and (101) reflections is 
essentially the same at 4.2°K, which is just below the 
Er** ion transition temperature as at 43°K. 

With the [110] direction for xp, and with pr? 
=1.56f9210-" cm* (based on results of Sec. II1.3 
above), the intensities of the remaining reflections of 
this class were calculated and these are summarized in 
Table II also. For comparison the intensities observed 
at 1.25°K are given together with the intensities 
measured in the difference pattern in the first part of 
the table. In the latter part only the difference pattern 
intensities are given. It will be noted that negative 
terms may appear in this part of the table of calculated 
intensities since the iron-ion contribution at 43°K is 
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subtracted off. The intensity agreement is quite 
satisfactory. 

The magnetic structure proposed for ErFeO; at 
1.25°K is illustrated in Fig. 6." 

It has been noted above that the development of 
coherent magnetic reflections in the diffraction pattern 
of ErFeO, in the liquid helium temperature range is 
accompanied by a reduction in the diffuse scattering 
level, and in special cases this reduction can be inter- 
preted quantitatively. For the rare-earth ions studied 
here an approximate “conservation of cross section” 
between the coherent and incoherent scattering 
applies.'"* As a consequence of this conservation one 
may obtain an independent measure of the coherent 
scattering amplitude of the ordered erbium moments 
from the difference in the differential scattering cross 
sections measured at a temperature which is low com- 
pared to the transition temperature and at a high 
temperature. For ErFeO, the 43°K—1.25°K difference 
cross section leads to a value for pg, in the forward 
direction which is (fortuituously) in exact agreement 
with that obtained from the coherent scattering data 
and this serves as a check on the proposed structure. 


3. HoFeO, 


As described in the section above on configurations 
and moment orientations, the arrangement of Ho* ion 
moments in HoFeO, is approximated by a C-type or 
sc (rr) antiferromagnetic configuration. A detailed 
analysis of the diffraction data reveals, however, that 
the configuration is not ideally antiferromagnetic but 
that there is associated with it a net magnetic moment. 
We consider now the observations which are pertinent 
to this point. 

The first of these is the presence in the difference 
pattern of relatively strong (110,002) and (111) 
reflections. For an ideal moment configuration, as a 
few calculations readily show, these reflections are 
expected to be unmeasurably weak and indeed they 
were not observed for ErFeO;. We have already 
emphasized that within the limits of detection of powder 
x-ray diffraction methods no phases other than the 
holmium iron perovskite were detected. Moreover the 
intensities of these reflections are temperature 
dependent, and have the same temperature dependence 
below 4.2°K as the strong (100) reflection. It is highly 
improbable that these diffraction effects can be due to 
an impurity phase which was undetected in the x-ray 
diffraction patterns; because of possible contaminants 


* The configurations of one or both sets of ions must depart 
to a slight extent from the ideal configurations envisaged here. 
Discussion on this point is deferred to the final section of the 

er. 

* The argument follows directly from the treatment of neutron 
scattering by rare-earth ions given by G. T. Trammell, Phys. Rev. 
92, 1387 (1953) and depends on the assumption that the neutron 
energy is very high compared to the ordering temperature and 
to the crystal field splitting energy. 











HoFeOs 


Fic. 6. Pr yposed 1 


unreacted oxide phases can be eliminated since Feat dy 
is antiferromagnetic at much higher temperatures, and 
Ho.Os, in the absence of external fields, exhibits only 
short-range order type scattering.'’ The most probable 
impurity is Ho-Fe garnet but the magnetic structure one 
infers from the magnetization data'* for this compound 
does not predict intensity at the scattering angle 
corresponding to the (110,002) reflection. These lines 
are therefore attributed to HoFeQs. 

A second datum pertinent to this discussion is the 
value pu.” 4.2+0.15)X10-*4 
measured in the near forward direction from the 
diffuse difference section. The 
significance of this result is apparent when one carries 
out an analysis of the reflections of the class H,+ HA: 
=2n+1, H3=2n 
ErFeOs. If one 


the Hot ion moments parallel to [010] one finds that 


cm’, which was 


scattering cross 


in the manner described above for 


assumes an ideal configuration with 


the intensities of the three resolved reflections of this 


class are fairly well fitted by the Ho** ion differential 


‘7 W. C. Koehler, E. O. Wollan, M 
Cable, Bull. Am. Phys. Soc. 2, 1927 
18 R. Pauthenet, ( rend. 243 


K. Wilkinson, and J. W. 
1957 
1499 


ympt 


1956 


agnetic structures for HoFeO; and ErFeO; at 1.3°K 
of the rare-earth ions from special parameterless positions and the nonequivalence of the 
to the nonideal antiferromagnetic configurations of these compounds 








rhe structures show: hig ze he displacements 
I are significant 


cross section for paramagnetl 5 ittering,'® 


as illustrated in Fig. 5, t third 
the curve rather 
for ErFeOs;. The extr 
however, yields a va 


although, 
point deviates from 
point 


more than the corresponding 
to zero scattering angle, 

3.25 10-*4 cm? which 
is twenty percent lov than t value obtained from 
the diffuse scattering an 

One cannot bring these two numbers into agreement 
by a simple change of moment direction of an 
ideal configuration 


to examine the (q) 


te this one has only 
010, 100) reflection. 
of the 


average 


Disregarding for the moment the fact that most 
} 


intensity is found in the (100 
of g for t equal to , 
approximately, for any moment directions which are 


ection, the 
value i 
normal to the a , and any comp f the moment 
In order to 


is nec essary 


direction parallel to 
bring the two px.” val 
that (¢)a? for (010, 100 t 20°, than 
its minimum allowed 
Further, the first reflections, 
” W. C. Koehler, | 
Rev. 110, 37 (1958 


ilkinson, Phys. 
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(010, 100) and (012, 102) are, as in ErFeQOs, relatively 
insensitive to the positional parameters so that it is 
unlikely that this discrepancy can be accounted for on 
the basis of shifts in the positions of the holmium ions. 

Finally, since there is no evidence for a magnetic 
unit cell which is larger than the chemical unit, and in 
view of the relative intensity relationships already 
described, we are led to the conclusion that the con- 
figuration of Hot* ion moments in HoFeO; is not the 
ideal (x0) configuration. Departures from ideality 
may occur if the several holmium ions in the unit ceil 
have different magnetic moments (and _ therefore 
different scattering amplitudes), different axes of align- 
ment, or both. 

If the ions have different moments but the same axis 
of alignment then, as we have shown above, that axis 
must be close to the [010] direction. In this case the * 
value derived from the coherent (010, 100), (012, 102), 
etc. intensities in the manner illustrated in Fig. 5 will 
be a measure of the square of the average moment” 
(> j.1" w,;/m)*, and the value obtained from the diffuse 
scattering will give the average squared moment 
[(1/n) >> 5.1" uw? |. If, instead the ions all have the same 
moment but different axes of alignment, the analysis 
of the above mentioned coherent intensities yields the 
average squared projection of the moments on the a, 
axis and the diffuse scattering analysis yields the 
magnitude of moment itself. In either of these two 
cases one may construct configurations in which the 
net, macroscopic magnetic moment per unit cell is or is 
not equal to zero, and each gives rise to a characteristi: 
set of diffraction effects. Of these only those arrange- 
ments in which there is a net magnetic moment are 
consistent with the intensity observed in the (110, 002) 
reflection. 

From the observations outlined above we have been 
led to consider in detail two structurai models and these 
are defined in Table ITI. In the first model each Hot* 
ion is assumed to have the same scattering amplitude 
p, but the ions have the different moment directions 
indicated. The net magnetic moment @ is normal to the 
a, axis. In the second model two types of holmium 
ion moments are assumed corresponding to scattering 
amplitudes p; and f2 and the [010] direction is taken 
as the axis of alignment of the moments. The direction 
of @ is parallel to [010] in this case. 


TasBie III. Models assumed for Ho** ion moments in HoFeO,; 


Site pm, 
T* 

p (yay +Leae+lya;)/ | Az 

v2 p (la; +leartl ya Ay 

}—zx, $+, } p (1 ya; —lyae+-/yas)/ | Az 

§-+x, 4-—y, ] p La; —leaet+lias) Ay 


x, 9, 


*1;, ls, ls are components of a vector Ax 


» See, for example, reference 1. 
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Tasie IV. Observed and calculated difference pattern 
intensities HoFeO, (43°K —1.25°K). 


Pesce (neutrons/min) 
Model I Model IT 
oa, 


Pore 


Index (neutrons/min ) 


001 nil 
010 : 0 


100 z : 1160425 
O11 45 \ 500+ 20 


101 
110 
230+. 20 
002 
111 f 90+ 20 
012 
1115430 
102 
020 
112 
200 57 - J 230+ 30 
021 
003 
201 
120 
210 
121 
463450 
013 
103 


~0 


39+ 


~6 


General expressions for the magnetic structure factors 
have been obtained starting with Eq. (1) above, but 
the results are somewhat long and will not be given 
here. We note, however, that the intensities of the 
powder reflections are in general influenced by the 
direction of @ and also, for reflections of the class 
H,+H,=2n+1, Hs=2n+1, by the orientation of the 
axis of alignment of the iron-ion spin system. 

The calculations of the intensities for the two models 
are given in Table IV and these are based on the 
following quantities which were established from pre- 
liminary iterative computations: (1) positional param- 
eters x= —0.025 y=0.065 for both models; (2) pu.’ 
=4110-“ cm’ in the forward direction and 
lL?a?/A,?=0.79 for Model 1; (p+ p7)/2=4.1K10™ 
cm? and [(pi+2)/2F=0.79[(p2+p2)/2] in the 
forward direction for Model II; (3) pr2=1.53K10™ 
cm? in the forward direction for both models. 

A comparison of the intensities calculated for the 
three cases with those observed does not permit an 
unambiguous determination of the direction of the 
net ferromagnetic moment. The intensity agreement 
for all three cases, while generally less good then one 


can expect, is considered to be satisfactory in view of 
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the many parameters which enter into the calculations. 
One can infer, however, from the recently reported 
measurements of Bozorth and Kramer that the net 
magnetization is parallel to [100]. Thus Model I with 
@ parallel to the a, axis is proposed as the low- 
temperature magnetic structure of HoFeQO;. This 
structure is illustrated in Fig. 6 also. 


4. Transition Temperatures 


The intensity of the first strong reflection (010, 100) 
in each of the compounds HoFeO,; and ErFeO; was 
measured as a function of temperature in the tempera- 
ture range below 4.2°K. The Néel temperatures, 
obtained in the usual way, were found to be 6.5°K and 
4.3°K, respectively, for HoFeO; and ErFeOs. In both 
compounds the magnetic intensities are essentially 
temperature saturated at 1.25°K. 


5. Rare-Earth-Ion Moments 


From the observations of the preceding sections, 
values of the moments of the magnetically ordered 
rare-earth ions can be obtained. For ErFeO; the data 
are interpreted in terms of an ordered magnetic moment 
per erbium ion of 5.8 Bohr magnetons. For HoFeQ;, 
as we have already pointed out, the interpretation ° 
depends upon the structural model which is assumed, 
but we can eliminate Model II from further 
consideration. With Model I as a basis of discussion, 
each Hot ion has the same magnetic moment of 7.5 
Bohr magnetons but the moment directions of the ions 
make angles of about 27° with the a, axis and the 
deviations from exact alignment are such that there 
is a net magnetic moment, normal to the a» axis of, 
3.4 Bohr magnetons per holmium ion. 

Since these values are based on very low-temperature 
data, they represent very nearly the moment values at 
temperature saturation and it is significant that they 
are substantially lower than the saturation moments of 
the free ions which are 10.0 and 9.0 Bohr magnetons, 
respectively, for Hot® and Er**. 


6. NdFeO; 


The diffraction patterns of NdFeO; observed in the 
liquid helium temperature range showed no evidence, 
either in the coherent reflections or in the diffuse 
scattering for magnetic ordering of the Nd** at tem- 
peratures down to 1.3°K. From the sensitivity of the 
observations, an upper limit of 0.5 Bohr magnetons for 
the ordered moment of Nd** in NdFeOs was set. 


now 


V. POSSIBLE DEPARTURES FROM IDEAL 
CONFIGURATIONS IN THE IRON- 
ION SPIN SYSTEMS 


The neutron diffraction patterns of the compounds 
studied all exhibit very weak but measurable coherent 


1K. M. Bozorth and V. Kramer, Colloque International de 


Magnétisme, Grenoble, 1958 (Suppl. J. 


phys. radium 20, 329 
(1959)]. 
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peaks which correspond to the (010,100) and/or 
(012, 102) reflections at temperatures which are high 
compared to 4.2°K. These effects have already been 
displayed without comment in Figs. 1 and 4 in which 
the diffraction patterns of ErFeO, are shown. In this 
case the (012, 102) is observed at 43°K but not at room 
temperature and similar effects were observed for 
HoFeO;. In the pattern for NdFeO; both (010, 100) 
and (012, 102) were found to be present below about 
570°K. 

Reflections of this type are forbidden by the space 
group Piam, and by arguments analogous to those 
presented with the low-temperature observations on 
HoF eQ; it is improbable that they are due to impurities. 
The high temperatures at which they are observed 
makes it necessary to attribute them to magnetic 
scattering from the iron-ion spin systems, but as we 
have emphasized reflections of this class are forbidden 
for an ideal G-type configuration. The presence of such 
reflections in the diffraction patterns implies that the 
configurations are nonideal. 

In view of the very limited data available (one line 
in some cases) and the very low intensities, we have 
not considered it feasible to attempt a detailed explana- 
tion of these effects. Since the intensities are so low, 
however, the deviations from ideal alignment must be 
small and the conclusions of the preceding sections 
will remain valid. 

VI. SUMMARY AND DISCUSSION 

Magnetic properties of rare-earth-perovskite-type 
compounds have been measured in a number of labora- 
tories.” These investigations have revealed the existence 
of a weak or parasitic ferromagnetism with a Curie 
temperature ranging from about 750°K in LaFeO; to 
about 625°K in YbFeO;. At room temperature the 
magnitude of the parasitic magnetization @» is very 
low for all compounds studied: a typical value is 
0.05ue per molecule of rare-earth orthoferrite. In 
addition, in those cases where single crystals have 
been studied, a complex dependence with temperature 
of the anisotropy of # has been found. 

In this section of this paper a discussion of the 
neutron diffraction results relative to the macroscopic 
measurements is presented. Frequent reference will be 
made to the single crystal data for HoFeO; and ErFeO; 
obtained by Bozorth and his collaborators. 

It has been suggested that the weak ferromagnetism 
of the rare-earth perovskites be attributed to im- 
perfections in an otherwise perfect antiferromagnetic 


configuration of iron-ion moments”: the close corre- 


#H. Forestier and G. Guiot-Guillain, Compt. rend. 230, 1844 
(1950); 235, 48 (1952). R. Pauthenet and P. Blum, Compt. rend 
239, 33 (1954); R. M. Bozorth, H. J. Williams, and D. E. Walsh, 
Phys. Rev. 103, 572 (1956); M. A. Gilleo, J. Chem. Phys. 24, 1239 
(1956); R. M. Bozorth, V. Kramer, and J. P. Remeika, Phys. Rev 
Letters 1, 3 (1958); H. Watanabe, J. Phys. Soc. Japan 14, 511 
(1959); R. C. Sherwood, J. P. Remeika, and H. J. Williams, J. 
Appl. Phys. 30, 217 (1959). See also reference 21, 

# LL. Néel, Compt. rend. 239, 8 (1954). 
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spondence between Curie points and Néel temperatures 
of the rare-earth orthoferrites supports this view. One 
may further infer that the moment directions of the iron 
ions deviate from exact alignment from the observation 
that the direction of the parasitic magnetization @» 
and the direction of antiferromagnetic alignment xr, 
are mutually perpendicular in HoFeO,; and ErFeO, at 
room temperature. (@o is parallel to [001]," xp, to 
[100 ].) If there were, for example, a rigidly determined 
direction of antiferromagnetism but different sublattice 
magnetizations one would expect @» to be parallel 
tO KFe. 

There are some interesting relations between the 
quantities oo and x,y, in the liquid nitrogen temperature 


region. For example, for ErFeO; Bozorth et al. found 


a region between about 40°K and 80°K in which @ 
was unmeasurably small. One will recall that it is in 
this temperature range that a change in the direction 
of xp. was observed. Such changes of the magnitude 
of @o with changes in direction of xp, are similar to those 
observed in a-Fe,O; and may be amenable to a treat- 
ment such as that of Dzyaioshinsky.* Indeed Bozorth* 
has suggested such an explanation for the weak magne- 
tism of the orthoferrites which correctly correlates the 
directions of oo and xp, at room temperature. It may 
be pointed out, however, that if the weak “forbidden” 
reflections mentioned in Sec. V above are in fact due 
to deviations from exact alignment of the iron-ion spin 
systems, they are not consistent with Bozorth’s model, 
for on that model the (010, 100) and (120, 210) reflec- 
tions should be absent. 

At very low temperatures the ferromagnetization is 
influenced and contributed to by the approximately 
antiferromagnetically ordered system of rare-earth ion 
moments. In HoFeQOs;, according to Bozorth and 
Kramer, oo becomes parallel to [100] below about 60°K 
and its magnitude increases rapidly with decreasing 
temperature attaining a value of 3.0u, at 1.3°K. In 
the liquid helium temperature range it is necessary to 
attribute this large ferromagnetization to the rare earth 
ion configuration primarily, rather than the iron-ion 
spin system in order to account satisfactorily for the 
diffuse scattering by HoFeO;. (See Sec. IV above.) 
Moreover, it is impossible to obtain a moment of 3yz 
from a highly distorted antiferromagnetic configuration 
of iron-ion moments without markedly reducing the 
intensity of the (101,011) reflection. In fact, this 
refiection increases its intensity at low temperatures. 

For ErFeO, the parasitic magnetization attains a 
maximum value of about 0.5y¥z parallel to [100] at 
about 4.5°K and then decreases at lower temperatures. 
Since both the iron and erbium ion moment systems 
may be contributing more or less equally to @» in this 
temperature range, complicated effects are not 
unexpected. 


™*T. Dzyaloshinsky, J. Chem. Phys. Solids 4, 241 (1958). 
** R. M. Bozorth, Phys. Rev. Letters 1, 362 (1958). 
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Fic. 7. Field and 
temperature depend- 
ence of (010, 100) 
magnetic veflection 
in ErFeO; 
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Consider now the measurements” of the magneti- 
zations of HoFeO, and ErFeO, at very low temperatures 
and as a function of direction in the crystal. At the 
lowest temperature reached, 1.3°K, and in weak fields 
the direction of minimum susceptibility is [001] for 
HoFeO, and [010] for ErFeO;. One might ordinarily 
infer from these observations that the moments of the 
Ho** ions are more nearly parallel to [001] and of the 
Er** ions to [010] than to other directions whereas 
«Ho is more nearly [010] and xg, more nearly [001 ]. 

In high fields the largest magnetization is observed 
parallel to these directions, e.g., parallel to the direction 
of approximate alignment. In ErFeO, the magnetization 
parallel to [001] increases precipitously beyond a 
critical field and approaches a saturation value of 
5.74z at 1.3°K. This value is very close to the ordered 
moment of 5.84, deduced from the diffraction experi- 
ments. It is indicated that the Er** ion configuration is 
metamagnetic in the sense that the antiferromagnetic 
coupling is readily broken down when a field is applied 
parallel to the direction of parallel moments. 

In HoFeO;, it appears, since @» is easily rotated from 
[100] to [010] that the moment system first sets itself 
perpendicular to a field applied parallel to [010]. 
With increasing fields the moments tend to be aligned 
parallel to the field. 

A few observations have been made in the course of 
this study concerning the effect of an applied magnetic 
field on the scattering by ErFeO, at low temperatures. 
Most of the measurements were made on the strong 
(010, 100) powder reflection and this was chosen 
because of its low multiplicity. Even with poly- 
crystalline samples, the neutron diffraction technique 
permits of directional selectivity since only those 
crystallites in the sample which are properly oriented 
for Bragg reflection contribute to the scattered intensity. 
If the multiplicity is high, however, a considerable 
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for field induced 
indices are 


Fic. 8. Possible mechanism 
ErFeO;. For convenience, the 
distorted cubic unit cell. 


transitions in 
referred to an un- 


averaging over direction occurs, and there is a corre- 
sponding loss of detail. 

In these experiments fields up to 10.0 kilo-oersteds 
were applied parallel to the scattering vector for the 
(010, 100) powder reflection at various temperatures 
in the liquid helium range. The results are summarized 
in Fig. 7. One notes a pronounced intensity maximum 
at low temperature. One also notes the general slow 
decrease of the intensity, excluding the broad peak, 
with increasing fields at all temperatures. 

An interpretation of these observations is illustrated 
by the sketches of Fig. 8. It is convenient in this 
discussion to disregard the crystallographic distortions 
and to index the 
twice as long on each edge as the ideal perovskite 
unit. The a, axis of the orthorhombic unit and of the 
cubic unit coincide and the (010, 100) orthorhombic 
indices are replaced by (110) cubic indices. The [001] 
direction is still the axis of like spins. In the figure are 
depicted three of twelve equally probable reflecting 
orientations of crystallites in a polycrystalline sample. 
The heavy arrow denotes the s« attering vector, and the 


reflections relative to a cell which is 


field direction. In zero field only those crystallites 
oriented as in the top sketch, or those rotated around 
a; by intervals of 90° scatter coherently into the (110) 
powder reflection. In the orientations shown in the lower 
two sketches the structure factors for (011), and (101) 
are zero identically as long as a; is the unique axis of the 
configuration. We have seen that the direction [001 } 
is the easy axis of magnetization. When the field is 
applied as in (a) there is no component of it which 
is parallel to a3 so that to a first approximation the 
field applied to a crystallite in orientation (a) will 
produce no effect. Consider now the same field direction 
relative to the laboratory but now applied to crystallites 
oriented as in (6) and in (c). In these cases there is a 
component of the field parallel to a3 and one expects 
that with sufficiently high fields the antiferromagnetic 
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arrangement will be decoupled and the system will 


approach magnetic saturation 


Depending upon the relative strengths of the ex- 


change and anisotropy energies the transformation 
may proceed directly or via a1 
which the antiferromagnetic spin systems sets 
perpendic ular to the direct field 

If the transformation proceeds directly no intensity 
change in the (110 
because the structure 


intervening state in 
itself 
ion of the 


n will be observed 
011) and (101) will 
on the moments are 
normal to a; there will 
again be no change of intensity so long as the a3 axis 


powder re flectic 
fac tors for 
still be zero. If in the transformat 


simply rotated into the plane 


continues to be the unique axis of the configuration. 
In order to bring about the observed increase of 

intensity it is necessary that an intensity contribution 

be obtained from those crystallites oriented as in (0d) 


he 


and (c) which in zero field have zero structure factors. 
This can be achieved only if there is a rearrangement 
of the configuration as well as a change in moment 
transformation 
(b), a; becomes 


the unique axis, and/or for crystallites oriented as at 


direction; i.e., a structural domain?’ 


such that for crystallites oriented as at 


(c) a2 becomes the unique axis. A possible arrangement 


which fits the observed 1:2 intensity ratio is shown in 
the second set of diagrams 

One may thus account for the intensity maximum 
in Fig. 7. With increasing fields the moments in the 
crystallites which are not of orientation (a) approach 
saturation and the intensity falls to essentially the zero 
antiferro- 
oriented « rystallites 


field value because the contributions to the 
magnetic reflection from (6) and 

have disappeared. The contribut 
oriented crystallite is only slight 
applied normal to its alignment 
by the slow decrease in it 


from the (a) 
y affected by a field 


dire¢ 


1on 


tion as reflected 


tensity in high fields 
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The electron-spin resonance absorption properties of vanadium sapphire are reported. It is shown that 
normally vanadium is predominantly trivalent with a small amount in the tetravalent state. After x or 
gamma irradiation, vanadium is converted to the divalent state. The hfs component separations for V**, 
V**, and V** are about 88, 110, and 140 gauss, respectively. Because of its readily recognizable spin resonance 
signature, due to its nuclear spin and because of the ease of producing different oxidation states, it is sug- 
gested that vanadium may be a suitable probe to study ionization effects in certain solids 


I. INTRODUCTION 


LTHOUGH maser action in ruby has by now been 
investigated by workers in different laboratories,' 

some of the important information concerning the 
nature of chromium in corundum is still lacking. The 
initial measurements on the spin resonance properties 
of ruby were reported by Manenkov and Prokhorov,’ 
by Zaripov and Shamonin,’ and by Geusic,‘ and more 
detailed studies have been made by Schulz-DuBois.* 
The temperature dependence of the zero-field splitting 
was made by Cross and Terhune.* These measurements 
indicate that some, if not all, of the chromium in 
corundum is in the forma of Cr** and that the crystalline 
electric field about this ion has axial symmetry; these 
measurements do not reveal to what extent the chro- 
mium is present in other oxidation states, and further- 
more do not show the degree of pairing and clustering 
The investigations reported in this paper were under- 
taken to see if it is possible to obtain indirectly the 
answer to some of these questions. A direct attack to 
obtain this information by means of spin resonance 
measurements is met with difficulties because chro- 
mium not have a well-recognizable signature. 
Natural chromium consists largely of the isotope of 
masses 50, 52, 54, but only 9.5% of the odd isotope 


does 


Cr. Rubies containing Cr can be prepared, but the 
hyperfine structure is comparable to the line width, 
and furthermore, nothing is known about the effect 
of the oxidation state upon the hfs. Consequently, it 
seemed that a better approach would be to bracket the 
properties of chromium in corundum by substituting 
other paramagnetic ions in the lattice. The suitable 
candidates with well-recognizable signatures are va- 


t Supported by Project MICHIGAN and the Air Force Office 
of Scientific Research 

' See for example, C. Kikuchi, 1. Lambe, G. Makhov, and R. W 
Terhune, J. Appl. Phys. 30, 1061 (1959). 
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Phys. (U.S.S.R.) 28, 762 (1955) (translation: Soviet Phys.-JETP 
1, 611 (1955)]. 

3M. M. Zaripov and In. Ia. Shamonin, J. Exptl. Theoret. Phys 
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nadium (V", J= 4, 99.75%) and manganese (Mn", 
I=§, 100%) flanking chromium to the left and right, 
respectively, in the periodic table. Molybdenum, con- 
sisting of Mo* (J=§, 15.7%) and Mo” (I=§, 9.5%) 
offers another possibility; this element occurs directly 
beneath chromium in the periodic table and spin 
resonance studies in the paramagnetic salts have shown 
that it behaves somewhat like Cr**.’ Attempts by us to 
observe resonance in this material have so far been 
unsuccessful. 

The purpose of this paper then will be to present 
some of the spin resonance properties of various 
oxidation states of vanadium reported briefly earlier.*” 
When vanadium sapphire is grown from a mixture of 
Al,O; and V,Os powder, spin resonance measurements 
show that vanadium is predominantly trivalent with a 
small concentration of V**. If this sampie is subjected 
to ionizing radiation, some of the vanadium is con- 
verted to V*+*. Also an interesting result is the mono- 
tonic increase of the hfs coupling constant with in- 
creasing degree of ionization. There is a similar effect 
in atomic hfs, but the resemblance appears to be only 
superficial.” The present paper is also intended to 
complement the optical measurements of vanadium 
sapphire reported by Low" and by Pryce and 
Runciman.” 

Recently, Wertz and his collaborators” have made a 
systematic study of the spin resonance properties of 
various iron group elements in MgO. It should be noted, 
however, that a-AlyO; has an advantage in that the 
various oxidation states of vanadium can be distin- 
guished unambiguously. The reason for this is that the 
spin of the states V**, V**, V**, are 4, 1, and 3, respec- 
tively, and in a crystalline field of trigonal symmetry, 


7K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 304. 

*C. Kikuchi, Bull. Am. Phys. Soc. 3, 369 (1958). 

* J. Lambe, R. Ager, and C. Kikuchi, Buil. Am. Phys. Soc. 4, 
261 (1959 

 R. A. Fisher and S. Goudsmit, Phys. Rev. 37, 1057 (1931); 
S. Tolansky, Hyperfine Structure in Line Spectra and Nuclear S pin 
Methuen and Company, Ltd., London, 1948). 

" W. Low, Z. physik. Chem. 13, 107 (1957). 

2M. H. L. Pryce and W. A. Runciman, Discussions Faraday 
26, 34 (1958). 

3 J. E. Wertz, P. Auzins, J. H. E. Griffiths, and J. W. Orten, 
Discussions Faraday Soc. 26, 66 (1958). 
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Fic. 1. Electron spin resonance spectrum of V*** in a-Al,O; 
at 4.2°K for magnetic field parallel to the ¢ axis. The components 
are about 110 gauss apart 


each spin state can be distinguished from the others 
by the number and the angular dependence of the fine 
structure groups. On the other hand in MgO, the 
crystalline field is cubic, no fine structure splitting is 
produced, so that each of the three valence states is 
expected to give a single group of isotropic, or almost 
isotropic, 8 hfs lines. The three vanadium oxidation 
states can then be distinguished only by the differences, 
if any, of the hfs coupling constant. 


Il. EXPERIMENTAL METHODS 


The measurements were made with X- and K-band 
magnetic resonance spectrometers. The latter was used 
for some V*+* measurements in order to avoid certain 
of the complications arising at X-band frequencies. 
However, the bulk of the measurements were carried 
out at 9400 Mc/sec. The X-band cavity was made of 
coated ceramic and the magnetic field was modulated 
at 5 kc/sec.™ 

The vanadium sapphire was irradiated either in the 
Co gamma-ray source or by means of 50-kv x-rays. 
For x-ray irradiation at liquid nitrogen temperature a 
styrofoam boat containing liquid nitrogen and the 
sample was placed adjacent to the exit port of the 
x-ray machine. With this arrangement it is possible to 
transfer the sample into the magnetic resonance 
spectrometer without any appreciable warmup. 

The measurements of 7; of V** at liquid helium 
temperature were made by comparing saturation of 
this resonance to that of trace impurities of Cr+. The 
T, of Cr* according to our earlier measurements is 
known to be about 50 milliseconds at 4.2°K. 


Ill. EXPERIMENTAL RESULTS AND 
THEORETICAL ANALYSIS 


A. 'V 


The spin resonance of V** was observed in a-Al,O; 
grown from a powder mixture of Al,O; and 0.1% V20s."® 


“4 J, Lambe and R. Ager, Rev. Sci. Instr. 30, 599 (1959). 
16 Prepared by Linde Company 
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The results presented here are essentially the same as 
those of Zverev and Prokhorov,’* but some points 
should be noted. They reported following the spectrum 
up to an angle of about 60° between the c axis and the 
magnetic field. Our measurements were made to 80°. 
For larger angles the spectrum fell beyond the magnetic 
field range of the Varian 12-inch magnet with 5} inch 
gap. Figure 1 shows the spectra for 0°, for which the 
hfs components, about 20 gauss wide, are 110 gauss 
apart, giving |A|=1.02K10~ cm 
increased, the center of the spectrum shifts to higher 


As the angle is 


fields and the separation between the components 
increases. As expected, the signal showed no sign of 
saturation up to power of 50 mw. No signal is observed 
at 77°K and 300°K. It was found that 
absorption is obtained when the sample was placed in 
the cavity so that the rf field is parallel to the static 
magnetic field. This indicates that the transition under 


maximum 


study is one for which AM =2. 


| 
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16 G. M. Zverev and A. M. Prokhorov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 1023 (1958) [translation: Soviet Phys.-JETP 7, 
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The spin-Hamiltonian applicable to V** is given by 


K=g, 6H S.+¢:(H S2+H,S,)+D(S2—}) 


+E(S2—Sf)+A1,S,+ BUI S:+1,S,). (1) 


The rhombic field coefficient E causes the mixing of 
M=-1 states, resulting in the observed transitions. 
These levels are about 10 cm™ above the M=0 level, 
so that the effective Hamiltonian can be written as 
R= g.8H,S,4+-AS,I,, (2) 
obtained by deleting from Eq. (1) those terms that 
give only off-diagonal elements and also by omitting 
the axial field term DS, which is the same for both 
M=+1. From Eq. (2) it follows immediately that 


hy = 2¢:. 8H cos6+- 2Am, 


so that the position of the mth hfs component is given 
by 


nm (3) 


Ha= (hhv— Am)/ (gii8 cos8). 


The center of the spectrum then should vary as (cos@)~". 
The experimental results are plotted in Fig. 2. A more 
detailed calculation gives 


hy= (gi 8H cosé-+- A m) 
g.26°H? sin’9+ BY 1(1-+1)—m*) 


PP 

Another characteristic seen from Fig. 1 is the equal 
spacing of hfs components. This is in contrast to the 
appreciable deviation from equal spacing for the V** 
hfs. The reason for the equal spacing of the V* hfs 


lines stems from the fact that the levels M=+1 are 
not connected to each other by the term B(/,S,+-1,S,). 


x|2 


(gi.8H cosé-+Am)* 
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Fic. 4. Spin resonance spectrum of 
y-irradiated green sapphire at K-band 
frequencies near 0°. The strong lines 
are due to chromium and iron im- 
purities. At 0°, the low-field fine struc- 
ture group comes at a field of about 
3500 gauss below the main group. 
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FiG. 3. Spin resonance spectrum of V**** in a-AlgO,, at room 
temperature for @=90°. The strong line near the center is due to 
a trace of iron impurity 


This term does connect the M=+1 levels with M=0, 
but the latter is about 8 cm™ away." 


B. V* 


In examining the spin resonance of our crystals at 
300°K, a group of lines were noted in the region of 
g=2. Closer study revealed that there are 8 such lines 
separated by 140 gauss and that the center of the group 
remained in the same position as the angle between the 
c axis and the static magnetic field was varied. At 
6= 90°, a fairly clean spectrum is obtained, as shown in 
Fig. 3. The strong line is due to a trace impurity of iron, 
which is usually found in sapphire. The spectrum at 
6=0° is complicated by the presence of a trace of Cr**. 

The spectrum of 8 lines is found in materials as 
received. The absorption strength is not increased by 
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Fic. 5. Spin resonance spectrum of x-irradiated vanadium 
sapphire near the M = 4 and } cross-over. The trace was taken with 
an X-band spectrometer operating at 9400 Mc/sec. 


x irradiation. The concentration is estimated to be 
about 10'*/cm*. Observations seem to show that both 
the g-value and the hfs constant are isotropic, having 
the values g,;,=g,21.97 and |A| B| =1.32«10- 
cm", 

The fact that only one isotropic group of 8 lines is 
detected suggests that the spectrum is due to tetravalent 
vanadium. Furthermore, this assignment is consistent 
with the suggestion by McConnell, Porterfield, and 
Robertson"? that the hfs constant A for V* is greater 
than that of V**. 


Cc. vm 


This was first detected in green sapphire, subjected 
to gamma-irradiation, and brief comments have been 
made on previous occasions. Upon gamma or x ir- 
radiation, a spectrum consisting of three groups of 8 
lines is produced as shown in Fig. 4. The presence of 
three groups shows that the electron spin is }, and the 
8 lines of equal intensity, indicate that the nuclear spin 
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Fic. 6. Spin resonance spectrum of same sample as in 


Fig. 5 but at a higher magnetic field. 


17 N. M. McConnell, W. W 
J. Chem. Phys. 30, 442 (1959 


Porterfield, and R. E. Robertson, 
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of the paramagnetic center is Consequently, the 
spectrum is due to V** which is with 
Cr*+. The nuclear spin of Co”, another possible im- 
purity in sapphire, is also 7, but 

can be readily distinguished 


isoelectronic 


the Cot* spectrum 

from that of V*+*. For 
Co** spectrum in green 
sapphire is detected only near liquid helium tempera- 
tures and the hfs coupling constants A and B are 31.0 
and 42.0 gauss, respectively. This is in contrast to the 


according to Geusic,’* the 


ytt spectrum which is detected at room te mperature 
and which has an isotropic coupling constant of 88 
gauss. Furthermore, g 
is about 9.8 kMc/sec. Figures 5 and 6 show the typical 
spectra obtained at X-band frequencies for 2=0°. The 
spectrum is complex near magnetic field of about 3300 


1.98 and the zero-field splitting 





Fic. 7. Energy level d 
over point for levels M =4 and } i 


ugram for @é=0 S=iar 


3 
» Cross 


gauss (see Fig. 5) because the levels M =4 and 
and the states become scrambled through the hyperfine 
interaction. At higher fie lds, the two levels become 
well separated so that the admixing decreases, resulting 
in a simple spectrum as shown in Fig. 6. 
The spin-Hamiltonian is given by 

K= g8S-H—DLSZ—5/4)+AI-S, (4) 
in which it is assumed that g and A are isotropic and 
that the sign of D is negative, as in Cr**. If the magnetic 
field is along the c axis (@=0°), the energy level diagram 
consists of four groups of 8 lines, depicted in Fig. 7. 
The energy level diagram is simple, except in the region 


18 J. E. Geusic, Bull. Am. Phys. Soc. 4, 261 (1959 
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Fic. 8. The behavior of the energy 
levels and wave functions of a pair of 
perturbing levels 


of H~O and 2D/g8, the latter being marked by a 
circle. Figure 8 gives the behavior of the wave functions 
and the energy levels of a pair of perturbing levels 
The unperturbed electron and nuclear spin functions 
are represented by @m and Xm, respectively, and A» 
and £,, are defined by 

m= (V3/2)ALT(1+1)—m(m—1) }}, 
and 


b = £: 84H ,/ Ren 


in which AH,, is measured from the point where the 
levels would cross were it not for the perturbing action 
of the hyperfine interaction. Furthermore, 


N*= 2[ 1+ §n?+Em(1+&n7)*], 
a=1/N, 
and 
B=[Eat (14+E,2)9/N. 6 
The effect of this admixing of wave functions at the 
cross-over point is to produce a spectrum consisting 
of more than 8 lines predicted by a simple theory. The 


yer, 


theoretically expected spectra for five different reso- 
nance frequencies are shown in Fig. 9. Note that the 
spectrum becomes progressively simpler as the reso- 
nance frequency is moved away from 2D+4A. As 
indicated already the spectrum is also complex near 
zero magnetic field, because of the near degeneracy of 
the M=-+4 states. However, it should be noted that 
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Fic. 9. Calculated spectrum for different resonance frequencies. 
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Taste I, Experimentally observed hyperfine splittings of various vanadium ions 


Material 


V(NH,)2:6H,O 
K,V(CHg)- 3H 

Vic SH, a 

VO(CsHs)2 

VOSO, 
Vanadium (IV)-cupferron chelate 
MgO:V 
Chelate vanadylacetyl-acetone 
Vanadyl eteoporphyrin I 


yr 
yrr 
yr+ 
Vrt 
Vr + 
yr 
Vtt 
Vrrt 


Valence 


Vrtt+ 
(B =159) 


?A?X10' cm™ 


State Keferences 
RS 
56 
26 
71 
114 


Crystal a,b 
Crystal c 

Benzene solution d 
Benzene solution d 
Solution e,f 
Solution g 
Single crystal h,i 
Solution j 

Benzene solution k,l 


76 
107 
52 
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the energy levels are simple where the levels M=—} 
and } cross over (H~ D/g@) if both the crystalline field 
and hyperfine interaction have axial symmetry. 

Some details of the x-ray process were noted. It is 
seen that the x-ray production of V** saturated quite 
rapidly. After about 3 hours of irradiation, no significant 
increase of V*+ was observed. There was a slight re- 
laxation of the V** concentration immediately after 
x-irradiation, but thereafter the concentration remained 
essentially constant at 300°K. The V** ions, however, 
can be bleached by heating to 700°C. X-irradiation 
did not appear to produce any new spin resonance 
centers. Furthermore, the lines of Cr+ and Fe** were 
not affected by the x rays. Vanadium sapphire crystals 
were also irradiated and measured at 77°K. It is found 
that V*+ ions are produced, but the effects are similar 
to those of room temperature irradiation. 

It is of interest to note that the observed hyperfine 
splitting going from V** to V‘* increases as might be 
expected on the basis of the charge mismatch with the 
lattice. The V** should tend to pull in the electron 
charge cloud more strongly than V*+. V* is then 
roughly in between. The hfs coupling constants, are a 
measure of the electron charge density at the V®™ 
nucleus. 


IV. RADIATION PROCESS 


The production of V*+ by means of x rays is of special 
interest in the study of electron transfer processes in 
sapphire. The process that suggests itself immediately 


1S 


‘V¥+hv (x ray) > V*+V". 

However, this process is ruled out because there is no 
apparent increase in the V* signal upon irradiation 
and also the final V** signal is much larger than the 


V* signal. Furthermore, the resonance absorption 


Townsend, Discussions Faraday Soc. 19, 147 (1955). 


Phys. Soc. 2, 31 


(1957 


signals of the trace impurities, Cr’+ and Fe**, 
carefully examined, but no observable effects due to 
x rays were detected. We are thus led to the assumption 
that some unknown center in the sapphire can yield an 
electron which can be trapped at V** to give V**. Since 
a fairly high concentration of V** is produced, (about 
0.01%), a substantial the 
defects are likewise produced; 


were 


electron donor 
not 


number of 
these centers do 
appear to show spin resonance 

It has been noted that the addition of Cr+ and V* 
to sapphire increases the sensitivity to x-ray coloration." 
In the case of V**, it may be that by trapping out 
electrons, the V** tend to stabilize a color center which 
would then be a trapped hole 
definite statement can be made 
electron donor. 


As yet, however, no 


as to the nature of the 


V. DISCUSSION 


h 


has been studied 
in a variety of host materials, liquid or solid,” the spin 
resonance investigations of vanadium have been limited 
so far to only a few materials. A list of some of the 


In contrast to manganese, which 


materials is given in Table I. It would be of interest to 
investigate the properties of vanadium in other ma- 
terials such as ZnS, ZnO, CdS, etc., single crystals or 
powders. The advantage of vanadium over 
manganese is that the latter appears to be almost 
always divalent, whereas, with vanadium the oxidation 


using 


state can be readily altered by ionizing radiation 
During the course of this investigation, it occurred 

to us that it might be possible to obtain information 

about the nature of atomic displacements produced by 


# J. H. Mathews and J. Lambe, Bull. Am. Phys. Soc. 4, 284 
(1959). 

*® See for example, J. S. Van Wieringen, Discussions Faraday 
Soc. 19, 118 (1955); and O. Matsumura, J. Phys. Soc. (Japan). 
14, 108 (1959). 





SPIN RESONANCE OF 


nuclear radiation by examining the spin resonance 
spectrum of ruby near the first cross-over, occurring 
near 2000 gauss. If lattice vacancies produced by 
nuclear radiations become associated with the chro- 
mium ions, the crystalline electric field will no longer 
have axial symmetry, so that the appropriate spin- 
Hamiltonian will contain a rhombic field term. This 
will have the effect of admixing the states S,= — 4 and 
}. This particular region of the energy level diagrams 
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vs, 


V+, Vit IN @-AlsO, 77 
can be explored with frequencies near 5.75 kMc/sec 
and/or 17.25 kMc/sec. The advantage of using chro- 
mium rather than vanadium is that the results will 


not be complicated by hyperfine interactions. 
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Surface Impedance of a Superconductor in a Magnetic Field* 


G. DressetHaus AND M. Sprewak Deresse_naust 
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(Received October 26, 1959) 


Explicit expressions for the static magnetic fieid variation of the surface impedance in a superconductor 
are derived. Detailed consideration is given to the two limiting cases of the classical skin effect and of the 
extreme anomalous skin effect, with the static field either parallel or perpendicular to the rf current. The 
transport calculation is carried out for a two-fluid model with the supercurrent obeying the London equation 
and the normal current following a nonlocal relation. It is suggested that a comparison between theory 
and the experimental data yields information on the energy band structure of normal electrons in the 


superconducting state. 


I. INTRODUCTION 


XPERIMENTAL investigations of the surface 
impedance of superconducting tin in a static 
magnetic field have been reported by Pippard at 9.4 
kMc/sec ! and by Spiewak at 1 kMc/sec.? In particular, 
the observation at 1 kMc/sec of a decrease in both the 
surface resistance, R, and the surface reactance, X, 
with increasing static magnetic field, H, has not been 
explained. Nor has it been understood why the relative 
signs of [R(H)—R(0)] and [X(H)—X(0)] are de- 
pendent on temperature, on the magnitude and orien- 
tation of H relative to the rf magnetic field, on crystal- 
line orientation, and on the rf frequency. In this paper, 
an attempt is made to achieve an understanding of 
these experimental results and to consider the type of 
information that can be obtained on the energy band 
structure of the superconducting metal from studies of 
the surface impedance in a static magnetic field. 
Studies of the anomalous skin effect in a magnetic 
field have provided a powerful tool for the investigation 
of the band structure in normal metals.’ Important 
information has been obtained by cyclotron resonance 
experiments on the effective masses of the electrons and 
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on the shape of the Fermi surface in Sn,*-* Cu,** and 
Bi.’ Since the magnetic ficid dependence of the surface 
impedance differs as to whether the metal is in the 
normal or superconducting state, the information 
obtained through these studies is different for the two 
cases. 

In this paper, the surface impedance of a super- 
conductor in a magnetic field is calculated by extending 
the two-fluid model first introduced by Maxwell, 
Marcus, and Slater® to treat the zero field problem. 
Specular reflection boundary conditions are applied to 
the case of a superconductor in a magnetic field follow- 
ing the Serber treatment of the zero field supercon- 
ducting surface impedance problem’ and the Mattis 
and Dresselhaus treatment of the normal metal in a 
magnetic field. There are two principal reasons for 
choosing this approach. Its relative simplicity permits 
an explicit determination of the field variation for both 
R and X. Since at frequencies, »<10 kMc/sec the 
electromagnetic propagation does not directly involve 
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Fic. 1. The geometrical arrangement for surface impedance 
calculation. The xy plane is the surface of the metal which occupies 
the space z>0. The dc magnetic field Ho is taken along the 4 
direction and the two principal orientations for the applied rf 
Fy, along Ho (longitudinal geometry) and Ey 
transverse geometry). The spherical coordinates 


electric fieid are 
along the 


used in velocity 


axis 
space are also indicated 


an energy gap, a two-fluid model may be expected to 
yield useful information for both H=0 and H>0. For 
example, Bardeen has reported a two-fluid model to be 
appropriate to the low-frequency limit of the BCS 
theory." 

The calculation of the magnetic field variation of R 
and X to terms in H? is presented in Sec. II. Explicit 
expressions are derived for the two limiting cases of the 
classical skin effect and of the extreme anomalous skin 
effect. The calculation is carried out for the static field 
parallel to the rf current (longitudinal field orientation) 
and perpendicular to it (transverse field orientation). 
The results are expressed in terms of a dimensionless 
parameter, (A/6), in which J is the penetration depth 
for the static field in a superconductor and 6 is the skin 
depth of the rf fields associated with the normal electron 
assembly. By introducing further assumptions which 
relate \ and 6 to the temperature, a detailed comparison 
with the can be made. This 
analysis is to be presented elsewhere. Section III is 
devoted to a discussion of the results of Sec. Il. Com- 
ments are made on some of the assumptions which are 
II. It is suggested 


a promising 


experimental results 


introduced into the theory of Sec. 


that surface impedance studies provide 
tool for studying the Fermi surface of normal electrons 


in a superconductor 


Il. CALCULATION OF THE MAGNETIC FIELD 
VARIATION OF SURFACE IMPEDANCE 


The surface of the superconductor is considered to be 
a flat plate in the xy plane with the z direction normal 
to the surface and extend ng into the supe rconductor. 
Letters 1, 399 


ny Bardeer Phys. Rev 1958) 


AND 


SSEI 


M DRE 


The dc magnetic field 77 ken to be parallel to the 


y axis in the plane of th surface, as shown in 
z). In general, 


irbitrarily directed 


Fig. 1, and to have a spat 

the rf electric field and « 

with respect to Hy. The two of special! 
the longitudinal and transverse field orientations, are 


interest, 


treated in detail. 

Because of the high sensitivity required to observe 
the field dependence of the surface impedance, the most 
successful experimental technique in both longitudinal 
and 


geometry of Fig 1 order attain the required 


transverse fields does 1 employ precisely the 


sensitivity, a suffi tion of the microwave 


losses must be confined to the mple itself. This is 
accomplished by ynducting speci 
} } 


men in the form of a t e, the length of which 
determines the 
cavity. The sample diameter, ze compared with 
both the rf skin depth, 6, and 1 superconducting 


penetration depth for the stat \. Since (d/A) > 10° 


reso! resonant 


and since at frequenci¢ d/é)> 10? also, 


the electrodynan iT sampie in the 
absence of H» can b 


of a plane surface. 


y de S( ribed by that 
arrangement, 
In the 


In 1 xperimental 
along the wire axis 
] 


the rf electric current 


longitudinal field experim is applied parallel to 


; 


dry and the local sta n i irface ol the super- 


conductor is constant rected along the wire 

axis. Thus, the plane surfa 
appropriate to the longitudinal 1 
The transverse field experiments ar 
H» perpendicular to the wire axis. Because of demagnet- 
local static field in 


is equally 
carried out with 
ization effects, the the cylindrical 
sample is directed parallel the surface with a magni- 
tude no longer a constant but depending on the polar 
angle defined by the radius vector and the applied 
field. However, by using 
field 
interpret the transverse fi 
drical surface in terms of at 


static he London equations 


to describe the penetration, it 1s possible to 
experiments on a cylin- 
equivalent plane surface, 
with an equivalent uniform static field applied along 
In thi , the rf electric field FE, is 
in the xz plane. Expe 1 are available for the 
transverse cast : yv=1 kMc/sec and 9.4 
kMc/sec while fo gitudinal case at w~1 
k Mc sec. 


The current 


the y direction.' 


J 
where the norma 
fashion by the 
de supercurrent, det 
of the London e: 


London the 


which ts 


In the 
a fact 
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anisotropic nature of the penetration depth, A, is 
neglected in this calculation. The London constant, A, 
can be written in terms of the plasma frequency for the 
superconduc ting electrons, w,, with 
w= 4rN,e2/m=4n/A, 

in which N, is the concentration of superconducting 
the free electron In this 


calculation it is assumed that the superconducting 


electrons, and m is mass. 
electrons screen the static magnetic field without in any 
way impairing their ability to screen the rf fields. Thus, 
the rf supercurrent, j,:, also obeys the London equation, 


r curl (Ajq1) = —H,, (2b 


in which H, is the rf magnetic field. 

The spatial variation of the de and rf fields is obtained 
by combining the London equations (2a) and (2b) with 
the Maxwell equations for the dc and rf fields, 


dc; ¢ curlHy= 44 (j,ot+joo), (4a) 


rf: Cc curlH, aD,/dt+-4r(j, + je +Jar) ( th 


in which jy0 and jy; describe the dc and rf surface 
currents, respectively, at z=0. (See Fig. 1.) By applying 
the specular reflection boundary condition for the elec 

tron trajectories, the semi-infinite superconductor can 
be replaced by an equivalent infinite superconducting 
medium with the boundary current sheets at the plans 
z=0 given by 

(c/2x)Ho(0)8(z), 
(5b) 


(c/2m){ H,(0) Xk (2), 


in which k is a unit vector in the z direction. Note that 

by symmetry the fields and currents depend only on z. 
The specular reflection boundary condition is handled 

more conveniently in terms of the Fourier transforms 


ze 


H, f e't*H (z)dz, 


a 


H(z) | 2) f € ‘aH dq. 


—D 


In terms of Eqs. (6a) and (6b), the London equation 


bec omes 
H,= —cigA(j.gXk). 


Since Eqs. (4a) and (5a) do not involve the norma! 
current j,, the Fourier transform of the static field is 
related to the dc supercurrent Fourier transform j,o, by 

CigH og, = 44 js0qg2— 2cH (0). 8 


The solution of Eq. (8) is obtained by substitution of 
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Eq. (7) for jeog, yielding 
H 


in which Hy(0) is the magnitude of the static field at 
the surface z=0. From Eq. (6b), the spatial variation 


of Ho is given by 
ed 
ee 
r gy + A ; 


Phy reflection of the electron 
trajectories at s=0 is equivalent to reversing the sign 
of the magnetic fields, but not of the electric fields in 
the extended medium z<0. [See Eqs. (8) and (9). ] 

The solution for the rf fields is more complicated, 
since E, and H, depend on j,. An explicit expression 
for j, is found from the solution of the Boltzmann 
equation for the normal current distribution function 
f(z). A convenient form for the Boltzmann equation 
can be written in terms of 6/(z), the departure of f(z) 
from the equilibrium value /o(z),” 


Hy(s)/Ho(0) 


sically, the specular 


(1+iwr)d f(2)+ 07 sing sind(d/dz)[6 f(z) ] 

t+werl Ho(z)/Ho(0) |(0/dp)[6 f(z) ] 

.(z) sind cos@ 
+ FE, (2) cos#+ E,(2) sind sing | 


fo’ E(z) -v, (11) 


in which v, 0, @ are the polar coordinates of velocity 
Fig. 1, w.=[eHo(0)/m*c], and fo’ 

(0 fo/de), € being the energy. The quantities m* and 
r of Eq. (11) refer to the effective mass and the relax- 
ation time for the normal electrons in the supercon- 
ducting state. In this treatment the presence of super- 
exhibited explicitly by allowing the 
magnetic field term of the Boltzmann equation (Eq. 
(1) of reference 10] to have a spatially dependent 
factor [Ho(z)/H»(0 Thus, much of the formal 
development of the problem parallels the 
solution of the longitudinal cyclotron resonance in the 
normal metal.’ 

In writing Eq. (11) the possible z dependence of the 
equilibrium distribution function fo has been neglected. 
The presence of a term in [0 fo(z)/dz | could come about 
from local heating of the sample by the electromagnetic 
fields, thus giving rise to the possibility of temperature 
variations in the sample. 

The Fourier transform of Eq. (11) can be written as 


space shown in 


conduc tivity ] 


present 


[1—ivtg sind sing bf, 


wt O . 
r Od _ 


7 


8 f_¢-qda’ 
etfiE,-v (12) 


q” + 9 


yscript 1 on the rf currents and fields 


, 
tne sul 


10) 


2? For simplicity 
s omitted after Eq 
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in which #= r(1+iwr)~! and 6f, and E, are the Fourier 
transforms of 6f and E, respectively. The solution of 


Eq. (12) iteration in terms ) of the 


is obtained by 


—efo' FQ(it ra( E,-v)— 


——f q'dq’ f q'"dq"" 0 | 
: ( 
r 29’? +r? J. "+X 06 


For calculation it is sufficient to evaluate the 
Fermi distribution function fy and its derivative fo’ at 
T=0°K. 

The Fourier transform of the ith component of the 
normal current is given by 


jag. 2em™ hr ff feteoe sinOdvd6dp (15) 


in which », is the ith component of the velocity. In 
order to carry out the integrals explicitly, the effect 
of the magnetic field on j,,,; is treated as a perturbation, 
with (w,#) as the expansion parameter. Because of the 


this 


a 


3Ner io? 
jnai® EK il Bas “ne 


* , 
T ag" 


q'dq’ 


4m ? 


-(~ ‘\f- qq’ 
q+? 


concentration of normal electrons, 


is the 
Fermi velocity 


in which NV 
ve is the associated with the normal 
electrons, and / is related to the mean free path l=opr 
by 
l=vp? r(1+twr)". (17) 

The functions K,;, L,;, and M,, are given explicitly in 
Appendix A; the el nonvanishing functions are Kx, 
Ls, Lez, My, i= x, y, s. Thus, the component of the rf 
normal electron current along the static field (the y 
direction) couples only to the rf electric field E,,y. 
Physically, the vanishing of the functions L,; and Li, 
(t= x, s) implies the absence of an rf Hall effect for the 
longitudinal static field orientation. However, Eq. (16) 
does not eliminate the possibility of an rf Hall effect 
in the transverse field experiment. 

A complete solution for the rf fields and currents can 
be obtained by combining the Maxwell equations with 

q. (16). In terms of the Fourier transform for the ith 
component of the rf electric field, the Maxwell equations 
(4a) and (4b) can be written as 
(—Ge—wP +") Ey :=49iwjng it 2CE,' (0) 


6, LCg@E, et4ruw*P, +22E,'(0)], (18) 


in which 6;, is the Kronecker delta function. The 


AND 


ts) 
(ivt(q—q’))—(Q(ivt (q—q'—g 
I 


Cc 
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function 2(x), 
Q(x) =| ¢ sind sing F', 


and is to order (w.7)? 


iw? qd7¥ @ 
f . [QGivt(q—q’)) (Ey V 
wr J_, g?+r ag 


"Y(E, g’—q'’ V 1 Pit (14) 


smaliness of the obse rved longitudinal fie id variation of 
the surface impedance, it is sufficient for this case to 
retain terms to Observation of the surface 
impedance in a transverse static field yields a field 
dependence larger in magnitude, and in which contri- 
bution from terms of order >2 is important for at least 
Since the calculation is 
the range of 
validity of the (expressed in terms of 
reduced field*) is smaller for the transverse case than 
for the longitudinal case. Substitution of Eq. (14) into 
Eq. (15) yields 


(w.F 


part of the temperature range.” 


carried out only to quadratic terms, 


calculation 


Li;(ilg,ilg’)E, 
+r~ 


Ss. Soa 
7 ?*+r—* 


A ;;(ilg,ild’ lq’) Eq—e—«" s+ wr (16) 


second term on the right-hand side of Eq. (18) is the 
boundary current term [Eq. (5b)] in which £E,’(0) 
= (0E,/0z),~0. The third and fourth terms arise from 
the polarization of the medium associated with the 
fluctuation of charge density in space and time. The 
supercurrent term j,,,; of Eq. (4b) has been replaced 
by the term in (w,*£,,;) sndon Eq. (2b). 
Although the equilibrium charge density po vanishes, 
the presence of rf fields and currents and of electronic 
collisions gives rise to 
5p=dp,+-5p, which 


through the I 


charge density fluctuations 


must satisfy the Maxwell equation 


div D = 4rdp. (19) 


The normal component bpn is related to the distri- 


bution function by 


5p,= 2em™h oped sinddéd¢ (20) 


and to the normal 


equation 


current density by the continuity 


(21) 


div}. + (Op. al) irift> =(). 


3 The reduced field, 4, at a temperature T is defined as A(T) 
=H,/H.(T), where H,.(T) is the critical field, and Ho is the 
applied static field 





SURFACE IMPEDANCE 
In writing either the Boltzmann equation or the 
continuity equation for the normal electron assembly, 
it is assumed that the number of normal electrons is a 
constant of the motion. If these density fluctuations 
do not give rise to a conversion of normal to super- 
conducting electrons (and vice-versa), then this model 
implies the existence of local temperature fluctuations 
or waves. The solution of Eq. (21) yields 
5png= IGF jng,s- (22) 

Equations (18) and (19) result in the relation 
Spngtbprg= qu as € Pes Jue a); (23) 


in which 4p,, is related to the supercurrent density by 
the equation of continuity 


Speg= Ga" Jag.e, (24) 


since the superconducting electrons suffer no collisions. 
The equations (22)-(24) imply @jag..(1+iwr)"'=0, 





cs re wet \? e® g'ddq’ 
Jnay= [Kyi ( ) f re — 
16x 7 2q°tr* 


in which the plasma frequency w, is defined by 


OF SUPERCONDUCTOR 


f g’*+xr 


wn? =4rNe*/m*. 


IN MAGNETIC FIELD 


which has only the trivial solution 


jnoe™0. (25) 


An rf Hall current can be carried by the normalelectrons 
only in the xy plane; any Hall current in the z direction 
must be transported by superconducting electrons. 

The field variation of the surface impedance Z is 
formally contained in the simultaneous solution of 
Eqs. (16) and (18), since 


Z=R+iX = 40c7(E/H) suo. (26) 


Explicit expressions for the surface resistance R(Ho) 
and surface reactance X(H») are derived only for the 
longitudinal and transverse field orientations. 


(a) Longitudinal Field 


For this geometry, there is only one nonvanishing 
component of the rf norma! current given by 


q'‘dq” pin, " 
M,,(ilg,ilg’ il”) Eg q—q.y+ Olw@e?)* |, (27) 


(28) 


Substitution of Eq. (27) into Maxwelli’s Eq. (18) yields the integral equation 


[—ge+w—w—fiww,?tK,, (ilg) Ey 


=22E,'(0)— 


——f q'dq’ 
4’ a g?*+r* 


- q ‘dq!’ 
f ——M ,,(ilg,ilg’ ,ilg’’)Eq—q—a" yt O(@e?)*. (29) 
og "+r 


Assuming that the effect of the static field on the rf field distribution is small (a good approximation for the longi- 
tudinal field orientation), Eq. (29) can be solved by iteration. The result can be written as 


Simw,*w2? fe” 
E, ,= 2 (eT,(Q) 1 — 
4° 


J 


in which 


l'y(9)=(—¢e+e*'—w?— fiew,2#K,,(ilg) P". 


Since no power is coupled from the rf field component FE, 


a 


q''dq" 
"+x 2 


—e 


M,,(ilg,ild’ il’ )T ,(q—¢ —q’)+ o(a.t)'| (30) 


(31) 


to E, or to E,, it is sufficient to take E,= E,=0. Within 


the approximation of a scalar m*, the longitudinal static field orientation gives rise to no rf Hall field. 
The longitudinal field variation of the surface impedance is determined by Eq. (30), with 


4riw E,(0) 


Z1(He)=— — 


2 E,(0) @E,'(0) J_. 


w 


o-——— | Eade. 


av 


Since the surface impedance in the absence of a static field is 


Dn 


Z(0)=R(0)+2X (0) = —4ia f r',(q)dq, 


«£ 


the longitudinal field variation of the surface impedance is 


4Z,=Z1(Ho)—Z (0) =AR,+iAX, 


3u*w,2w2P ® at g'dq 
ie se —f rs(a)dg f 
r ~ 


—sz 


f q''dq" 
q’” +)? 


M,, (ilg,ild ild’\T ,(q—q —q'")+ (8). — (34) 
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Fic. 2. Plot of the zero field surface resistance and suriace 
reactance for a superconducting metal in the limit of the classical 
skin effect rhe quantities (w,c/8w)R(O 
(w,c/8w)X (0) are plotted vs the dimensionless parameter 8 
The points 8=0 corresponds to T=0°K and B= to 
See text for definition of symbols 


and 
= 5 i. 


T=T.. 


dimensionless 


The integrals of Eqs. (33) and (34) are carried out in 
Appendix B for the two limiting cases, the normal 
electrons described by either the classical skin effect 
({gl|«1) or by the extreme anomalous effect 
( gl >1). 

The zero field result for the classical case i 


skin 


Zei(0) 4rwk 
with 

N~*+ "0 low,” Fo?) ?, (36) 
Re(k,) <0 and Im(k,)>0. The corresponding result for 
the extreme limit of the anomalous skin effect is 


eC, In(— «,) 


in which e,; denotes the three roots of the dimensionless 


equation, 
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Fic. 3. Plot of the zero field surface resistance and surface 
reactance for a superconducting metal in the limit of the extreme 
anomalous skin effect. The dimensionless quantities (w,c/8w#)R(O 
and (w,¢c/8w)X(0) are plotted vs the dimensionless parameter 
a=/6,. The points a=0 corresponds to T=0°K and a= to 
‘= T,. See text for definition 
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This variation is small and quadratic in Hp». The plot is presented of the longitudinal field variation of 
nonzero value of AZ, c; arises entirely from the nonlocal — the surface impedance in the classical limit as a function 
terms in the current-field relation of Eq. (27)—i.e., in of the dimensionless parameter 8=A/6¢:, in which be; 
this limit M,,(igl,iq’lig’l)~o(gP). On the other is the classical skin depth, 8¢;=c(2rw,?#)~). 

hand, the dominant term in the zero field surface The result corresponding to Eq. (43) in the extreme 
impedance is a local term (i.e., Ohm’s law). In Fig. 4a limit of the anomalous skin effect is 


4ia® wl s &, e.-de s 6; 3 J In(e;) lIn(—e;) 1 1 
pepe SE Me NoMa wena Viren kB) 
390 p We? 2 \ i=1 €;— 1 2\ i= €;4-1 i,j=l €;—-€ +2 e—-1 et! 
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(e+1)3 12 (e;—1)* 3(@- erg) 


3(e+1) +e (6-1 


13 CG(—1+2/¢,) 
+ pe | (44) 


3 i (eé;4 ” 3 i=! (e,—1) 


The functions G(x) appearing in Eq. (44) are defined by the series for |x 
a 


G(x)= > (—1)™*'n-*x", 


n=l 


with G(x) for |x| >1 determined by the recurrence relation 

G(x)4-G(a) = (#?/6)+4 In?x. 
From Eqs. (37) and (44) it is seen that both Z(0) and AZ, are independent of the relaxation time r, a result 
characteristic of the extreme anomalous limit of the normal metal. The plot of AZ, vs a in the extreme anomalous 
limit is illustrated in Fig. 5 and is discussed in Sec. III. For convenience the results are presented logarithmically 
in terms of the dimensionless quantities 4p+iAy. 


(b) Transverse Field 


The rf normal electron current perpendicular to the static magnetic field is directed along the x direction and 
is given by 


3w,? F iw? ¢* q'dq’ ; 
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The Hall current j,,,. vanishes, but gives rise to the relation 
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For this geometry, the Maxwell Eq. (18) yields the relations for E,, 
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Solution of Eqs. (49) and (50) is accomplished by iteration, with the result 
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The surface impedance for the transverse field orientation, 


Z7(Ho)= 


—4riwc*[ E,(2)/E,' (2) }.~0 


gives rise to a field variation AZ7=[Zr(H»)—Z(0) | given by 


AZr=-— 


» 


x CM .2(ilg,ilg’ ilg’’) K,,(il(q— q’)) 


The integrals of Eq. (55) are carried out in Appendix C 
for the limiting cases of the classical skin effect and 
the extreme anomalous skin effect. The transverse field 




















Fic. 5. Semilogarithmic plot of the longitudinal field variation 
of the surface impedance for a superconducting metal in the 
limit of the extreme anomalous skin effect. The dimensionless 
quantities Ap and Ax are plotted as a function of a and are related 
to AR; and AX, by (Ap+iAx)= (34*0pw,2/4e4w?)(ARp+iAX 1). 
Ap <0 for a> 1.55 and Ay <0 for a>4.5. For much larger a(a>>10), 
Ap again becomes positive. Except for normalization factors, 
these curves give the quadratic field terms of R(H») and of 
X (Ho) as a function of a in the extreme anomalous limit. 


3 Pa a q'dq’ x q’'dq"" r'.(q—q'—9q’’) 
r Sg? +r? Je "+d K,.(il(q—q’)) 


L .(ilg,ilg’)L.2(il(q—q’), ilg”’)]+0(He. (55) 
variation of the surface impedance in the classical 
limit is 

AZr Cl 


$4Z1 crt OCHS"). (56) 


Although in the classical limit M,.~— 4, nevertheless, 
the contribution to AZr_,¢; arises from purely nonlocal 
terms in the current-field relation. The presence of the 
Hall field E,(z) exactly cancels the contribution from 
the local term. 

The transverse field variation in the extreme anoma- 
lous limit is found to be 
(57) 


AZr=3AZ,+ 0(H 6). 


A relation of this sort was first predicted by Landau 
and Ginsburg" and discussed by Pippard."’ In this case, 
the leading term in AZr, is independent of the relaxation 
time and of the mean free path. The contribution to 
AZ, from the Hall field term is of order (4/1). Therefore, 
this term is not included in the calculation of AZr, 
since it vanishes in the limit of infinite mean free path. 


1% VY. L. Ginsburg and L. D. Landau, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 20, 1064 (1950) 

17 A. B. Pippard, Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, New York, 1954), Vol. 6, 
pp. 38-40. 
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Ill. DISCUSSION 


The plots of Z(0) and AZ(Hp>) shown in Sec. II are 
in terms of the dimensionless parameters 8=\/5c; for 
the classical limit and a=\/é, for the extreme anoma- 
lous limit. Assuming the validity of the present two- 
fluid model, these curves are universal for all super- 
conductors. The specific characteristics of a given 
superconductor are contained in the parameters a and 8 
—e.g., vy and m*. It is a major problem to obtain the 
temperature dependences a(T) and 6(T) which are 
needed for a comparison between the present theory 
and experimental results.'* This analysis is left for a 
subsequent paper. 

In the limit a, 8 — ©, the surface impedance results 
quoted here should reduce to those for a normal metal. 
For the case of the classical skin effect (Figs. 2 and 4), 
the ratio [X(0)/R(0)]-+1 as B—> ~, in agreement 
with the results for the normal state. It should be 
noted that in Fig. 2, the quantities R(O), X (0), w, and 
8 are all temperature dependent. At the transition 
temperature 7, there is a dramatic decrease in R(0) 
and in X(0) as the magnetic flux is expelled in the 
normal-superconducting transition. This effect is masked 
in Fig. 2 by the strong temperature dependence of w,. 
Similar remarks are pertinent to the corresponding plot 
for the extreme anomalous skin effect, Fig. 3. 

Both in the normal and superconducting states, 
[AX (H»)/AR(Hy)]— 0 for all temperatures in the 
strict classical limit. However, as the metal becomes 
slightly anomalous, a nonzero value is obtained for this 
ratio. Since the effect of the magnetic field is to curl up 
the electron trajectories, thereby shortening them, the 
presence of Hy causes the metal to be less anomalous. 
A comparison of Figs. 2 and 3 indicates that for large 
8, as the sample becomes less anomalous, R decreases 
while X increases, a situation also found in the normal 
metal. Thus, Fig. 4 shows the slightly anomalous 
superconducting metal to have a negative value for 
[AX (Ho)/AR(H_) | at all temperatures. This situation 
is encountered in the superconducting state for H» both 
longitudinal and transverse, the effect being larger by 
a factor 4 in the transverse case. 

A similar comparison between the normal and super- 
conducting metal in the extreme anomalous limit is 
more difficult. The zero field result given by Eq. (37) 
and Fig. 3 reduces to [X(0)/R(0)]— v3 in the limit 
a— ©, in agreement with the behavior in the normal 
metal. The solution of the field dependence problem 
for normal metals in the extreme anomalous limit":'* 
allows R and X to either increase or decrease with 
increasing Ho, for Ho in either the longitudinal or trans- 
verse orientations. In fact for the limit of low fields 
and long relaxation times, the oscillatory character 
of R(H») and X(Ho) preclude the possibility of deter- 
mining the sign of AR(H») and AX(H_) individually. 


18M. Ia. Azbel, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 969 
(1958) (translation: Soviet Phys.-JETP 34(7), 669 (1958) ]. 
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This behavior complicates a comparison with the 
superconducting case, where both AR(H») and AX (HA) 
become infinite as 8 — @, indicating the failure of the 
power series expansion in Hp. 

In the superconducting state there is no oscillatory 
variation of R(H») and X(H>) as is observed in the 
cyclotron resonance studies on normal metals. Accord- 
ing to Fig. 5, AR(H»o) and AX (Ho) can each be either 
positive or negative. In agreement with the results in 
the normal state, [AX (H»)/AR(H») } can assume either 
sign, as is also observed experimentally. At low temper- 
atures, experiments yield AR>0O and AX>0,!" a result 
also found in the present theory. This result is reason- 
able since both R and X increase in the superconducting 
to normal transition. One might expect that the 
application of a static field would have a monotonic 
effect on the electromagnetic behavior of the super- 
conductor as Hy increases from zero to the critical field 
H,. The opposite result, AR<O and AX <0 is found 
experimentally at 1 kMc/sec in the limit of high 77 
as is also predicted by the present theory. Actually, for 
T very close to T., a temperature range inaccessible 
experimentally, the theory predicts that AR once again 
becomes positive. Not only is there merely agreement 
in the signs of AR and AX, but where agreement exists 
the predicted order of magnitude is also correct. This 
subject is to be treated in detail elsewhere. 

The present theory predicts that AR and AX both 
— 0 in the limit T—+0°K. Since the experimental 
results in this limit are as yet inconclusive, no test of 
this aspect of the theory can be made. 

There are two important qualitative features of the 
experimental results at 1 kMc/sec which are not 
contained in the theory.? Experimentally AR changes 
sign from negative to positive at a higher temperature 
than does AX, in contrast with the results shown in 
Fig. 5. However, studies at 9.4 kMc/sec yield AX 20 
and a sign change in AR.' These results at the higher 
frequency do not actually violate the theory, since the 
sign change in AX could be so close to T, as to be 
experimentally inaccessible. Although this theory pre- 
dicts a larger field dependence of Z for the transverse 
field orientation, as is also observed experimentally, it 
implies that in the two limiting cases considered, those 
of the classical and extreme anomalous skin effects, the 
results in longitudinal and transverse Hy should be 
proportional. However, the experimental data at 1 
kMc/sec show that AR and AX can, in fact, each change 
sign as Ho changes from longitudinal to transverse. 

Nevertheless, these failures of the theory may be 
less serious than they appear at first sight. It is not 
clear that the samples strictly satisfy the conditions of 
the extreme anomalous skin effect. Furthermore, the 
geometrical arrangement employed in the longitudinal 
and transverse experiments involve electrons associated 
with different parts of the Fermi surface; thus, at a 
given temperature, the appropriate a is different for 





86 G. DRESSELHAUS 
the two field orientations and no simple comparison can 
be made. Clarification is needed of the experimental 
situation, as can be obtained from careful measurements 
of AR and AX in longitudinal and transverse fields as a 
function of temperature, rf frequency, and crystalline 
orientation. 

The above treatment has assumed a local theory for 
the superconducting electrons. This formalism can 
easily be extended to take into account a nonlocal 
current-field relation by replacing Eqs. (2a) and (2b) 
by the appropriate nonlocal equations. In general, the 
explicit solutions would be more difficult to obtain. 
However, for smal] departures from a local theory, as 
would for example be given by the kernel” 


K(q)=A-*1— 9h? gk (Smegay) 1+ - °° 1, (58) 


no further calculation, but merely a reidentification of 
terms need be made in order to take into account the 
lowest order nonlocal term. The first term in Eq. (58) 
is the London term, and the kernel K(q) relates the 
Fourier transform of the supercurrent j,, to that of the 
vector potential A, by * al 4r)K (q) Ag. At present 
the experimental evidence in the frequency range 
v<10 kMc/sec does not motivate the introduction of a 
nonlocal current-field relation for the supercurrent. 

Measurement of the field variation of the surface 
impedance can yield information on the band structure 
for the normal electrons in the superconducting state. 
A comparison between theory and experiment provides 
a measure of m*vy for the normal electrons, in which 
m*vp represents a mean value averaged over the 
electron trajectory. It is hoped that various models of 
the electronic band structure in a superconductor can 
be tried to fit the data. The proposed program is much 
the same as has been carried out by Pippard for Cu in 
the normal state”; in Pippard’s work the same pa- 
rameter is determined. 

The authors would like to thank Mr. Jack Mochel 


for help with the computations used in Fig. 5. 


APPENDIX A. PROPERTIES OF THE FUNCTIONS 
K, L, M, AND P 
The integrals which occur in the Fourier transform 
of the rf electric current are examined here. The angular 
integration of the functions K,; associated with zero 
static field can be carried out by elementary methods. 
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The results for the nonvanishing functions are 
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in which Q(¢) is defined by Eq. (13). The vanishing of 
the functions K;; (i#7) implies that for Hy=0, the 
normal current and the rf electric field are parallel. 
The nonvanishing K,,(¢ are even functions, 
with 


functions 


Ki (tj)=K (A-2) 
The singularities of K include branch points at 
t= +1, but no poles. In the limit of small argument, 
<1, the expansions for the K,,(¢) functions are: 


‘ i+ 1 P+ 


In the limit of large argument, >1, the expansions 


for the K,,(/) functions are: 


Note that the symmetry relation (A-2) implies that a 
sign change of ¢ requires a pl 
the K,;(z) functions. 

Of the nine integrals J ’), associated with terms 
linear in Ho, only two are nonvanishing, 
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J. Bardeen, Handbuch der Physik, edited by S. 
* A. B. Pippard, Trans. Roy. Soc. (London) A250, 325 (1957). 


Fliigge (Springer-Verlag, Berlin, 
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For the nonvanishing components, the following 
relations hold: \ 


Lilt.) =L;;(-1, —¢), 
and 

Lilt, = —Ly(t—t’, —¢). (A- 
The singularities of L,,(t,t’) include branch points at 
t= +1, and (t—?’)= +1, but no poles. In the limit of 
small argument, /, <1, the expansion of the L,,(¢,/’ 
gives 
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The symmetry relations obeyed by the three non- 
vanishing M,,(t,t’,t’’) functions are 
M (tt = Mi(-1, -—¢, -—2, (A-10) 


and 


Milt,’ )=Malt—t—t", —t’, -t),  (A-11) 
for i=x, y, z. The singularities of M,,(t,t’,) include 
branch points at ‘= +1, ((—#’)=+1, and (/—//—?”) 
= +1, but no poles. In the limit of small argument, 
t, t’, <1, the expansions for the pertinent M;,,(¢,0,0’ 
functions are: 


M(t’) = — 41+ 413 — #94 80-2) (¢'— 0") 
+ (¢2— 400+) ]+---}, (A-12) 
Myy (ttt!) = — (4/15)t—- — + - 


In the limit of large argument, #, /’, ¢’>>1, the asymp- 


SUPERCONDUCTOR 


re(t 


3(r4¢)7(r—0") 3 (r+ P(r —-2")_. 
(t°+-¢')3¢2 
3 (rtf) (7r-0t")? 


(f’ 4-¢/")3'"2 


—— Sane . C(r+0')*(3rt'+ rt” — 271”) 


IN MAGNETIC FIELD 87 

Expansion of the L,;(t,/’) in the limit of large argument, 
t, >A, yields 

ri 4 ('—30) 

L,,(t,/)=+ L a 

t(t—’y 3A(t—ry} 


ri 4 (21 —32) 
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L,2(it (A-8) 


3 FUi—ry 

The nonvanishing functions M,,(i,t’,t’), associated 
with terms quadratic in Ho, of Eq. (16) are Mus, Myy, 
and M,,. Of these, only M,, and M,, enter in the calcu- 
lation of the field dependence of the surface impedance 
to order H*, where M,, and M,, are given by 
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totic expansions are: 
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M(t (9 =+ - + O(t*). 
4(i—’)(t——?t") 
Because of the symmetry relations (A-6) for the L,,(t,l’) 
and (A-10) for the M,(t,t’,t), a sign change of all the 
variables in the asymptotic expansions (A-7) and 
(A-13) requires a phase change of 2 in evaluating 
In(—1). 

The combination of the M,,(t,t’,’) functions which 
occurs in the evaluation of the rf electric field for the 
longitudinal magnetic field orientation is 


Pl (9 =My (bl (94+My (ht). (A-14) 


In the limit of large argument, 1, ¢’, ¢’>>1, the asymp- 
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totic expansion of P(r+V, t’, t’") yields The sign in Eq. (A-15) is determined to be consistent 


with the symmetry relations 
P(rt+?, t,t’) ? . 


wi drt —t" P(t,t = P(—t+ +0", ¢, ¢, 
— —+0(t*), (A-15) and 
4 (r-+8 (r= #")(r-+4— ’’) Pitt’ =P (-t, - —?t""). (A-16) 
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APPENDIX B. INTEGRALS FOR LONGITUDINAL FIELD ORIENTATION 


The calculation of the variation of the surface impedance in.a longitudinal static magnetic field involves only 
one component of the rf electric field, Z,,,, given by Eq. (30). The functions I',(g) and M,, (ilg,ilg’,ilg’’) of Eq. 
(30) are defined by Eqs. (31) and (A-9), respectively. The symmetry relation (A-10) insures that E,= E_,. The 
integration of Eq. (30) is simplified with the substitution p= q’+¢" to yield E,, in the form 
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The ¢’ integration can be done by contour integration in which q and p are treated as real quantities. The singu 
larities of [q’(p—q’)M,,Cigl, —ig'l, i(q’—p))] include branch points at g’=—gq+il-, but no poles. By proper 
choice of the contour, no contribution arises from the branch cut because of the invariance of the integrand under 
the transformation il — —il. The result is 
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The explicit calculation of Z,,, and the field variation of the surface impedance AZ, is tractable for the two 
limiting cases: A~, bee" 1 (classical skin effect), and L-, 1b,->>1 (extreme anomalous skin effect). 


(i) The Classical Skin Effect 
In this limit, the functions M,, (igl,ig/l, ig’’l) and T',(q) become 
M,, (ilg,ild’ lq’ )==(4/15)Pq(q—9’—¢’’), (B-3) 


and 
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in which &, is given by Eq. (36). With this substitution the integral of Eq. (B-2) can be carried out exactly (e.g., 
by contour integration in the upper half plane) and yields 
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From Eqs. (B-5) and (6b), the spatial dependence of the rf electric field is found for z20, 
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The surface impedance is thus given by 


4rw iw, w2 PPR, 
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‘AZ1( Ho) = —, 
5c4(k-+id") 


(ii) The Extreme Anomalous Skin Effect 


In this limit the functions M,,(igl,ig’l,iq’l) and T',(g) are given by 

M,,(ilg,ild’ ilq’ \~¥ [40 q(q—q')(q—-g'—-9") TF", (B-9) 

and 
Ty (QQ (—¢e+a*—w2 F Iriww,?#/4ql)7. (B-10) 
The symmetry relations (A-2) and (A-10) imply a consistent choice of sign in applying Eqs. (B-9) and (B-10) 
to a physical problem. The same physical results are obtained for either choice of sign provided that the choice 
is made consistently throughout the calculation. The integration of Eq. (B-2) is conveniently carried out in 
terms of the variable n>0 and of the function P(r+/’, t’, t’’) defined in Eq. (A-14). The resulting form of (B-2) is 


Ey y= 2Ey (OAT (a) (1+ (3/169) ww tw2 PS + O(w.F)*), (B-11) 
with 


s.-f Gul, (u){ (u—@) “LPG, D-, il(ik+q—n))— Plu, Dd“, i(k“ —94+n))) 
0 


— (u+q) “LP Cila, >, (iA 7°Y+-94+u))— P(—ilp, , ili" —gq—n))] 

+ (u—q—2id) 7 P(g, D>, il(iX+-q@—n)) — (Gu +t 2A7)'P Gilg, DO, il" +q4+u)) 

— (u—g+2ir7) 9 PGilp, -, ili — gu) + (ut q— 2-7) 7 P(—ilp, Do, il —q—p))). 
The asymptotic expansions of P(i,’,t’) appropriate to (B-12) are from Eqs. (A-15) and (A-16) 


Pilg, >, il(i-+-q—-n) ~- — — : 
4P uq(q+ia 1) (u—iA~") 
> oe qth 

P(ilu, d-, ili" —q4+u))~- 

42 yq(ut+ir~) (q—ir) 
Fr qu 

P(—ilp, b-, il" —q—4) ~— — 

4b uq(u— td") (g—1d~") 

Tr q~K 

P(ilg, Lb, ili +-94+u))~ +=. 

4P yq(qg+ia 1) (+d) 

Consistent with Eq. (B-13) is the form 


Py (ul —po* Civ), (B-14) 
i=1 
in which y, is one of the three roots of the equation 
P+ (w?—w*)o*u— iad *=0, (B-15) 


and C7?= (ui;—u,;) (ui— we), 1 fi. The dimensionless quantity a is defined by Eq. (40), and the choice of 


phase in T,(u) is made as 

1+ily 

lim nf : ) =—ZFi. (B-16) 
pli\-- 1—ils 
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rhe asymptotic expansions (B-13) and (B-14) yield 


F (g?+4d-?— 5u*)du 
-—= af 
ABE imi Sg (ums) (+A) (2 —- Gr — 40 


which can be integrated to obtain 
wv 3 
g 2 


; [a int 


( In(—1A7"e 7") In(iA~"w yz) In Qui 
C 
Mitira)(G+rX*) (wi 1A") (GF +A*) ~—s 2g (g-+1A 
In(qui7'+ 2iper*") In( — qui ee 4) Pa, ae In (gj — 244; *X") 
T - - — = . (B-18} 
2q(q+irA")(ui—g—2irA") = -2g(q—tA") (ui + q— 21" g(q-2 ui—g+2ir 
Che Fourier transform E,,, given explicitly by Eqs. (B-11) and (B-18), permits calculation of the rf electric field 


everywhere in the metal. In particular, the value Z,(0) at the surface is determined, thus specifying the surface 
impedance. The expression for £,(0) can be written as 


CE,’ (0) ” 3 
E,(0)=— If r'y(q)dgt+ ww,*w? I+ O(w o} 
= 1¢ 


rT is 


x 
F -f ly (q) 5 dq. (B-20) 


® 


in which 


In the limit of the extreme anomalous skin effect, the integration of Eq. (B-20) can be carried out. A convenient 
form for § is written in terms of the dimensionless variable « defined in Eq. (39), as 


ia In(— e,) In(€,) € In(2—«)—In(e, 
de}|- -— 


| e+1 é,—1 


(f@—1)(e—e;) 2(e—1)(e—e€;)(e+e:- 
In(2—«€)—In(—e;) In(2+€)—In(—e,) 
: (B-21 
2(e—1)(e—€;)(e—e;—2) 2(e+1)(e—e;) (e+ 6,42) 
in which 
C;= (€;— ex) (€;— €;) -\~*C (B-22) 


Integration of Eq. (B-21) gives the explicit expressions for Z(0) and for AZ,(H») presented in Eqs. (37) and (44). 


APPENDIX C. INTEGRALS FOR TRANSVERSE FIELD ORIENTATION 
The calculation of the variation of the surface impedance in a transverse field involves both the rf electric 
field components, /,.., and the rf Hall field, E,., given by Eqs. (51) and (52), respectively. The functions I,(q), 
K,.(ilg), Les(ilg,ilq’), L,2(ilg,ilg’”’), and M ,.(ilg,ilq’ ilq’’) appearing in Eqs. (51) and (52) are defined in Eqs. 
53), (A-1), (A-5), and (A-9), respectively. Explicit solutions for E,,, and F,,, can be derived in the limit of the 
classical skin effect (|lg|<1) and in the extreme limit of the anomalous skin effect (|lg|>>1 


(i) Classical Skin Effect 


In the limit |lg!<1, the functions K.;, L;;, and M;; of Eqs. (51) and (52) assume the expansions given by 
Eqs. (A-3), (A-7), and (A-12), respectively. The function I',(g) is given by Eq. (B-4). With this substitution, 


Eqs. (51) and (52) become 


x x 


2E,’ -( diaw,*w 2238p q'dq’ q'‘dq”’ 
; f = J 
ke Sect J gn 2d +07 | 


——f q'dq | 
w w q?+A . L : q’ 


Comparison of the expression for E,,, for the transverse field orientation wit! , for the longitudinal field case 
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yields for 220, 
iE,’ (0) 
E,(z)=— — e" 
k. 
so that 


AZ7(Ho) = 44Z1(Ho)+ 0( Ho"). 


(ii) Extreme Anomalous Skin Effect 
For |lq|>>1, the appropriate expansions of the K,,, L;;, and M,, functions of Eqs. (51) and (52) are: 
Bec ilg)~ F x | lg) . 
K,,(ilg)~4 (lg), 
L.2(ilg,ilg ~F xl Po(q—7’)?P, 
L,2(ilg,ilg ~ +e Po (qg—q') P, 
M ,2(ilg,ild’ lq’ \~F ix[Po(q—¢')(q—d—d'")}". 


Substitution of Eq. (C-5) into Eq. (51) yields 


Siww,2w2F 7” q'dq’ + q’"dq”’ 
Fy AEBS g)( 1 —_- ——— f - f r'.(q—q'— q’')M ,,(ilg,ild’ ilq’’) + O(w, »). (C-6) 
4? 0 f+? I, +h" 


To obtain Eq. (C-6) from Eq. (51) use has been made of the orders of magnitude of the quantities listed in Eq. 
(C-5) (i.e., Lesles* (Iq) ® and M 2K. 0(Iq) 5). Thus, the Hall field E,, does not affect the field variation 
of the surface impedance in this limit, in contrast with the result obtained for the classical skin effect. Since I',(q) 


=T',(g), and since in the extreme limit of the anomalous skin effect M,.=3M,,, comparison of Eq. (C-6) with 
Eq. (30) shows that 


AZr=3AZ,+ 0(Hs'). (C-7) 
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The theory of strong magnetic effects is investigated from the point of view of orthogonal atomic functions 
for the case of one dimension. Thus, the exchange integral is considered positive and the interaction between 
the polar and the nonpolar states for all possible arrangements of electron spins is included in our formulation 
of the problem. The resulting secular equations are solved for both large and small interactions between 
states for the case of only one electron spin oriented in a direction opposite to all other electron spins, and 
they are solved for small interactions between states for the more general case of any number of electron 
spins being in a given direction. It is shown how inclusion of the polar states can yield either a ferromagnetic 
or an antiferromagnetic ground state depending on the difference in absolute magnitude between the 
exchange integral and the sum of other integrals representing electron-nuclei interactions 


I. INTRODUCTION 


N this paper we shall investigate the ground-state 

energy of a one-dimensional array of atoms. Each 
atom, in its isolated state, is considered to have one 
outer electron which is in an s state, all other electrons 
being in closed shells. We shall consider this problem 
from the point of view of rigorously orthogonal atomic 
functions. Thus, the exchange integral is positive for 
all cases, and the interaction between polar states and 
nonpolar states for all possible arrangements of electron 
spins is included in our formulation of the problem. 
The resulting secular equations are solved rigorously 
(for both large and small interactions between energy 
states) for the case of only one electron spin oriented 
in a direction opposite to all other electron spins and 
are solved for small interactions between polar and 
nonpolar energy states for the more general case of any 
number of electron spins being in a given direction. 
We shall show how the effect of polar states can yield 
either an antiferromagnetic or a ferromagnetic ground 
state depending on the difference in absolute magnitude 
between the exchange integral and the sum of other 
integrals representing electron-nuclei interactions. Inas- 
much as this is for one dimension, we do not imply an 
ordered antiferromagnetic state nor do we attach any 
stability to a ferromagnetic ordered state, these being 
essentially three-dimensional effects. 

The problem of extending the theory of magnetism 
to include the effect of polar states was considered by 
Slater' for the ferromagnetic case. Thus, Slater con- 
sidered the interaction of a lowest state where all the 
electrons had their spins oriented in the same direction 
with the set of states where one electron only is dis- 
turbed from this lowest state by reversing its spin 
direction and either remaining on its original atom or 
forming a polar state by migrating to a different atom. 
The solution to the resulting configuration interaction 
problem is obtained by means of perturbation theory 
between the nonpolar states and those excited states 
consisting of the single electron migrating no further 


1 J. C. Slater, Phys. Rev. 52, 198 (1937) 
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than to a neighboring atom. In this paper, the reversal 
of the spin of only one electron is considered as a 
special case of the more general problem. The solution 
does not involve the use of perturbation theory and is 
thus valid for large as well as small interactions between 
the unperturbed nonpolar and polar energy states. 
Comparison is made between the two results in the 
region where they are both valid, and Slater’s results 
are equivalent to ours. In the region of large interactions 
between states, the results obtained bear out the 
predictions made by Slater on the basis of his results 
for small perturbations. 

The problem of a linear chain or ring where any 
number of electrons may reverse their spin was solved 
by Bethe and Hulthén?* where, however, the interaction 
of polar states was not considered. To compensate for 
this, the exchange integral was allowed to take either 
positive or negative values for the ferromagnetic and 
nonferromagnetic cases respectively. By extending the 
theory to include interactions with polar states, we are 
able, for small interactions between polar and nonpolar 
states, to obtain results with the use of a positive 
exchange integral and to show how the ground-state 
energy varies as a function of the configuration inter- 
action or correlation energy. Before proceeding to the 
mathematical formulation of the problem, we mention 
that this type of problem is being attempted by 
Mattheiss* using the methods originally formulated by 
Dirac, Van Vleck, and Serber’~’ using group theory 
In this paper, we have considered the problem from 
the point of view of Slater determinants. 


Il. FORMULATION OF THE PROBLEM 


Consider a periodic array of .V atoms arranged in a 
closed linear chain or ring such that, counting in a 
counterclockwise direction from a given atom which we 


?H. Bethe, Z. Physik 71, 205 (1931 
+L. Hulthén, Arkiv Mat. Astron. Fysik 26A, 1 (1938) 
‘L. F. Mattheiss, Quart. Progress Rept. on the Solid State 
and Molecular Theory Group, M.I.T., July 15, 1959 
‘Pp. A. M. Dirac, Proc. Roy. Soc. (London) A123, 714 
* J. H. Van Vleck, Phys. Rev. 45, 405 (1934) 
7 R. Serber, Phys. Rev. 45, 461 (1934 


1929) 





MAGNETISM AND 
arbitrarily choose as being at position one, the V+1 
atom is this same atom. Each atom, in its isolated state 
is considered to have one outer or valence electron 
which is in an s state. The total energy of our system is 
represented by the Hamiltonian 


N N 
H= > Hli)4+4 ¥ e/ry (1) 
ve! 


t,y=l 


where H(t) represents the energy of the ith electron in 
the field of all the nuclei and bound electrons, e/r,; is 
the Coulomb interaction potential between the ith and 
jth electrons, e is the absolute value of the electron 
charge, and r,; is the distance between the ith and jth 
electrons. The prime on the last summation sign 
indicates that the case i equals 7 is excluded. 

Our unperturbed ground states are those where each 
atom has one outer electron whose spin is oriented in 
either the plus z or minus z direction. We label the one 
electron eigenfunctions associated with the positions 
f=1, 2, ---N as o(x)ay(f;), i=1, 2, where £, signifies 
that the spin associated with this electron is oriented in 
the plus z direction while {, indicates the minus direc- 
tion. We postulate that these atomic type @¢, functions 
are so constructed as to be orthogonal and normalized. 
Further, we label all those electrons with plus spin 
by the symbols f;, fo, ---/, where r is the total number 
of electrons with plus spin and f,< f2<---</, with 
respect to position in the ring. We then construct, by 
the usual method of Slater determinants, antisymmetric 
wave functions of the nonpolar type 


V(O; firs fr), (2) 


which are states consisting of electrons with plus spins 
at each of the positions f,---f, and electrons with 
minus spins at the remaining positions; and anti- 
symmetric wave functions of the polar type 


V(S;, —i; firs fr), 


V(fi, i; fie fr). 


Type (3a) designates those polar states formed by the 
migration of an electron with plus spin form the position 
f; to the position f;—i, where by the Pauli exclusion 
principle the electron originally at position f;—1 has a 
minus spin. Further, as in type (2), there exist electrons 
with plus spins at each of the positions /,---/,, where 
we include the plus spin associated with the polar 
atom in the r plus spins, while electrons of minus spin 
are at the remaining positions. Type (3b) is similar 
except that the electron with plus spin at position /; has 
migrated to the position f;+%. We adopt here the 
convention of labeling the polar electrons so that the 
electron with minus spin is labeled first, and one of 
these electrons bears the label associated with the 
position containing no electrons. Thus, in type (3a) 
we have an electron with minus spin at the position 
fj—i and we label it /;—i, and an electron with plus 


(3a) 
and 
(3b) 
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spin at the position /;— i but labeled /,. This convention 
should lead to no confusion since our notation clearly 
indicates which positions contain polar atoms and which 
positions contain ionic atoms—atoms missing an 
electron. 

For the case of only one electron spin oriented in a 
direction opposite to all other electrons, these are the 
only polar wave functions. For the case of more than 
one oppositely oriented electron spin there are of 
course wave functions consisting of more than one 
polar atom. However, in contrast to the single reversed 
spin problem, we restrict our solution of the more 
complicated many spin problem to the case of small 
interactions between functions of the form (1) and (2). 
In this case, the additional wave functions are not 
needed (see Appendix A). 

We now form the functions #(r7) composed of the 
linear combination of all possible functions of the type 
(2) and (3) with r electrons having their spins oriented 
in the plus z direction. Thus, 

iN 
(r)= > 7 
im—4N Si tj tr 


a( fy; fiee*fr) 


XWfyis fie--Se), (4) 
where f\--- f;:-+f,- indicates the sum over all possible 
configurations having r plus spins and i=0 indicates a 
nonpolar state such as (2). The construction of this 
type of wave function was done by Schubin and 
Wonsowsky* who then proceeded along different lines. 
Inasmuch as the set of functions #(r), r=0, 1, ---4N, 
are constants of the motion with respect to the Hamil- 
tonian given in Eq. (1), our problem is to determine the 
eigenvalues or energy levels E, corresponding to the 
eigenfunctions #(r) of the operator H, i.e., 


H?(r)= E,P(r), (5) 
where we note that 


Wf its far SWOT; fi’ fe’)) 
= by bsp byte! "ft. (6) 


Ill. r=1 


We first consider the relatively simple case of all 
electrons having their spins oriented in the minus z 
direction except for one electron having its spin in the 
plus z direction. This case was first considered by Bloch*® 
and later extended by Slater’ to include the interaction 
of polar states—a final expression being obtained by 
the use of perturbation theory. We here extend these 
results by obtaining an exact solution for the one- 
dimensional problem. 

We define the integrals 


(@p+i(1) | H(1)|¢,(1))=N, (7) 
(bp41(1)bo(2) | e/ri2'bp(1)b,(2))= Ne, (8) 


mT ‘Schubin and S. Wonsowsky, Proc. Roy. Soc. (London) 
A145, 159 (1934). 
*F. Bloch, Z. Physik 61, 206 (1930) 
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(hp(1)hp(2) | e8/r12\6,(1)bp(2)) = W, (9) 


(hp (1) dpi1(2) | €/ rie bp) bpii(2))=C, (10) 
and 
(1)dni1(2) |e (11) 


(9, 112 Pp(2)dpyill J. 


Since the H(i) represent the energy of the ith electron 
in the field of all the nuclei and bound electrons, we 
see that 
electrons and the nuclei and thus to the splitting of the 
energy bands. For g=p or p+1, the integral N, is a 
two center integral and cannot be neglected. For g#p 
nor p+1, this integral is either a three or four center 
integral and is small. Nevertheless, in the work follow- 


is related to the interaction between the 


ing, it is found that NV and N, always occur in the form 

M=N+) 2,N, (12) 
(p41(t) | H(i) 

+> cep $_(2) e*/Ti9 


q(2))\ dp(2) 


Remembering that the standard Hartree equation is 
given by 


LAD) +Leer (G4 (2 C/T is $,(2) lp, 


ED pt Lote Avda (1 


3) 


I 


PAUT 


where the \,, are the additional LaGrangian multipliers 
caused by the orthogonality conditions on the ¢,, we 
see that if one used the Hartree equation as a solution 
for the ¢,, then the quant 
og 


condition 


ity M could be represented by 
s of M reflects the orthogonality 
integral VW 


1, and the finitene 


imposed 


on the @,. The is the 


Coulomb energy between two electrons located on 


the same atom and represents part of the unperturbed 
energy of the polar states. The integral C is the Coulomb 
ed on different atoms, 
itegral for 


functions and is always 


| 
trons iocat 


energy between two ¢ 
while the integral / is the usual exchange | 
rigorously orthogon 
positive 

The 


three center in 


dp(Mbpss 


1s 


that it 
ilso neglect all four 


has been discussed showed 


We 


nose 


small and can be 
integrals containing 
separated by 
3 1S ¢ ustomary. 

and (3) in 
t of equations 


center integrals is 


two atom type ire 


more than one interat 


We now multiply y E (2 


turn, and noting 1 


DL ALeO; fv; () | A\VO; +a, WO; | A\VU1)) 


+a(f, —1)(wv(O; f 


ta( fl) (f’—1, 1)| |v (/,1) 
1,1)|H\W(f, —1))+e(/,2)(¥(/’—1, 1 


>, [a(0; f)(v(f’ 


1,1)|\H\ (0; f) 
ta(f, —1)(¥(/’ 
>, La(0; five ft’, 


+a(f, 


1)| HO; f))+a(f1)v(f’, -—1)|A 


-2)(v(f’, -1 


‘Hiv 


Hv (13b) 


Wi fi ) WV 


H wv (13c) 


Ds La( fl) Cf’ —2, 2)| H\¥U1)) +e ,2) (WC f’—2, 2) | WH) ¥ (7,2) 


+-a( f,3) 


2)|H\v(f, —1))4 


waAien 


(W(/'—2, 2)|H\v 


a(f, —2)(¥(/’, —2)|H|\¥U, —2 


-+ a\ f, —3 


YD fe(,2)e/" 


3, 3) | | ¥(,2) 


-a(f,3)(¥(/’—3, 3)|H\¥ 


+a(f,4) 


where we have recognized that 


(V(f,i)| H\v(f’, —j 0, tor7 
and 
H\v(f", 


(W(/, 41 ti+n))=0, 


hen, if we define ¢, as the energy difference between 
the energy eigenvalue E, and the energy of the nonpolar 
state in which alli electron spins are parallel, 


e-=E,—et+NJ, (16) 


where e is the sum of the one electron and Coulomb 
interaction energies of the system, Eqs. (13) reduce to 


(dropping the primes 
€,a(0; f)-+ JL a(0; 
. M[ al I, 1 


f+j)+a(0: -2a(0: f } 


a(f,l 


(17b) 
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A. Small Interactions 


We shall first solve these equations for the coefficients 
a(0; f), a(f,1), and e(f, —1) only, assuming ail other 
coefficients are zero. This will yield the results obtained 
by Slater valid when the interaction energy (resulting 
in the term M) between the unperturbed ground state 
wave functions a(0; f) and the excited polar wave 
functions is small. We shall then expand on this method 
and obtain a general solution valid for all values of M. 

Thus, subtracting Eq. (15c) from (15b), we get the 
result 
(18) 


a(f—1, 1)=a(f, —1). 


Using this and putting f= f+1 in Eq. (17c), we again 
subtract Eq. (17c) from Eq. (17b), and substituting 
this result in Eq. (17a) obtain 


€,a(0; f)+(J+[2M?/(e—-W+C—3/) }} 


x [a(0; f+1)+a(0; f—1)—2a(0; f) j=0. (19) 


But this equation is of the same form as that solved by 
Bloch® for the case of nonpolar states. The only differ- 
ences are that in our case J is always positive as it 
contains only the Coulomb interaction potential as the 
perturbing energy term, and that we have the extra 
term 2M?/(e,—3/—W+C). Thus, we can immediately 
write the exact solution to this equation, 


a(O; f)=e", k=2xp/N, p=0,1---N—1, (20) 


which yields for «, the energy of the system with 
respect to its energy when all electron spins are lined 
up, the equation 


e=}(W—C+5J—2J cosk)+4[(J+2/ cosk+W—C)* 


+16M?(1—cosk) }!. (21) 


We note the following: (1) when the term M (which 
arises from the interaction of the unperturbed polar 
and nonpolar states and which is discussed in the 
second paragraph of Sec. IIT), is zero, ‘he ground-state 
energy reduces to ¢,= 2/(1—cosk), the original expres- 
sion obtained by Bloch. (2) For M*<J? we may expand 
the square root obtaining the solution (see Fig. 1) 


€) 2(1 —cosk) 


x {J —[2M2/(W—C+J (142 cosk))]}, 


(2?) 


for the minus sign in Eq. (21). We may compare this 
equation with the result obtained by Slater’ using 
perturbation theory. He obtains the expression [his 
Eq. (31) for one dimension } 


€,:= 2/ (1—cosk) —4W x*(1—cosk)/J;, (23) 


where J, is the difference between the energy of the 
unperturbed polar and nonpolar states. We may 
connect our term M? with his W,’ while the factor 
J(1+2 cosk)+W—C may be written as the difference 
between the unperturbed polar energy 3J/+W—C 
and the unperturbed nonpolar energy 2/(1—cosk) and 
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| 
} 
| 
4} — 3 
is thus equivalent to his /,. Thus, we have essentially 
the same form. 


B. General Solution 


We now obtain a general solution to Eqs. (17) valid 
for all values of M. We do this by first solving (17a) 
through (17e) simultaneously but neglecting coefficients 
of the type a(/,3) and a(/, —3). Following a procedure 
very similar to that just used, we obtain the results 


a(f—1, 1) (24) 
(25) 


a f - 1), 
a( f—2, 2) —a(f, —2), 
and an equation analogous to that of Eq. (19), ie., 


2M? 
€,a(0; f)+} J+ 


2M°7(1 me) 


e,—3J—-W+C e,—2J--W 


xLa(0; f+1)+a(0; f—1)—2a(0; f)]=0, (26) 
where we have used the standard notation for continued 


fractions, 


and where k, independently takes on the same values 
as kin Eq. (20), i.e., ko= 24p2/N, and p2=, 1---N—1. 

We now solve Eqs. (17a) through (17g) simulta- 
neously, neglecting coefficients of the type a(/,4) and 
a(f/, —4), and obtain the results of Eqs. (24) and (25) 
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above, the additional relation a(f—3,3)=a(/f, 
and the equation 


—3), 


2M: 
€,a(0; f)+ E + 


3J—-W+C 
2M?*(1 ee] 


€ 
2M*(1—cosk:) 
2] —W 2J —W 


[a(O; f+1)+a(0; f—1)—2a(0; f)]=0. 


€ - ym 


(28) 


Thus, since further equations, (15h), (15i), etc., are of 
the same form, we may write for the general solution to 
the system of N equations given in (15), 


2M? 2M?(1—cosk:) 
6e—3J/-W+C— «e—2/J-—W 
2M?(1—coskw/2) 
0. (29) 
6.—-2J—W 


é,—2(1 ~cosk) J 4 


2M?*(1—cosk;) 
- @—-2J/-—W 


For k,=0, the solution to Eq. (29) is ¢,=0 as is to be 
expected. We have already considered the case M*&<J? 
in Sec. IITA. For the case M*>>J", i.e., the case o} 
strong interactions between the energy states of the 
unperturbed wave functions, we must sum this con- 
tinued fraction and solve the resulting equation in ¢;. 
If |M | >J, W, and C, we may drop the terms containing 
these quantities in Eq. (29). If we now assume that all 
k, have the same value, (this is an added restriction 
inasmuch as the k; take on any one of the N values 
given in Eq. (20) independently), then the continued 
fraction is summable with the result, for NV not small, 

—2v2|M | (1—cosk)!. 
Further, it is apparent that Eq. (30) yields both an 
upper bound (i.e., k=0) to the root of ¢,; corresponding 
to the ground state as well as the more interesting lowest 
energy value corresponding to cosk= —1. Thus, there 
exists the lowest energy state 

—4\M\, (31) 


and we see that for a large absolute value of M [where 
the nature of M is discussed in the paragraph following 
Eq. (11) ], the energy of the state r 


€) 


(30) 


€min™ 


1 is less than that 
vi(0: f,’+- 


H\W(f;, —1; fire 


PAUL 


when all electron spins are oriented in the same direc- 
tion. Thus, the ferromagneti 
stable state even 
positive, (see Fig. 1 

For the W>\iMi>J and C, 
the continued fraction is still summable if we again 
assume that the k 
obtain 


the most 
the exchange integral is 


State not 


1S 


though 


intermediate case, 


have the same value, and we 


1 
all 


1 cosk)[{ J -~(2M W) | (32) 


In this equation, the sign of «,, determines 


whether the energy of the single reversed spin is greater 


which 


or less than the ferromagnetic state, is determined by 
the quantity J/— (2M*/W). If W, the difference between 
the energy of the excited polar states and the un- 
perturbed ground states is sufficiently large, then, 
even when the electrons are quite close and the Fermi 
energy or electron-nuclei energy is larger than the 
exchange energy, the ferromagnetic state is still the 
most stable state 

As Slater' points out in his paper, his formula, Eq. 
(23), being derived from perturbation theory, is not 
very accurate for large perturbations, and so cannot be 
compared with our results (29) through (32). Neverthe- 
less, it should be pointed out that the predictions made 
by Slater on the basis of his results for small We 
are borne out by the above calculations 


IV. 7 N 


We now consider the general case where no limit is 
placed as to the number of electrons whose spins may be 
parallel or antiparallel. This was first considered by 
Bethe and Hulthén?’ for nonpolar states. We here 
extend the theory to include polar states, keeping J 
always positive, and finding conditions for the lowest 
energy state. However, we restrict ourselves to the case 
of small interactions between the unperturbed wave 
functions of the ground state given by Eq. (2) and those 
es of the type in Eqs. (3). Thus, 
as explained in Appendix A, we only consider the wave 
functions given by Eqs. (2 
equal to one 


functions (2 


of the excited polar stat 


ind (3 
Multiplying Eq. (5) 


where i is put 
by each of the 


and (3) in turn, our secular equations are 


f/ HWA; fie 


Tr) +a(O; fi---/ 


f/)|HIWG As fi 


v(f;/-1,1 
-f)(¥(f/—1, 1; 

and 
> 


— 
fi-+Si- 


+a(f;, Be 3 


[a( fj; fi---f, fis 71; 
FUL, 1; 


+a(0; fi--- fei, -1; 


fi fA, -ishi 

fi ++f/)| HW; fi-- 
fils+ fe’) i V(fi1; fi-- 
fis ++ f,)| HIW;, —1; fief, 
fi’-++f,’)|H|¥O0; fief, 
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We note that Eqs. (33) and (34) are representative equations for functions whose spin distributions, indicated by 
primes, are identical. We expand the antisymmetric functions ¥, in terms of the one electron atomic type functions 
@, and using the definitions given in Eqs. (7) through (12), reduce Eqs. (33) and (34) to 


«,al0: ree fp 4S {La(0; ses fst1---)—a(0; -- fy) 0 ~$4j4;/1*) 
=! 


+[a(0; ---fj—1---)—a(0; +++ fj) 1-84) — MEA Ce fj 1, 1; «fee ) 
+a(fi, igs vee fees) 1b ye ')\—[a(fj,1; peafiecsd +a(f;+1, —1;---fy--: )}(1—8454.,/7*")) =0, (35) 


(e,-—W+C—2J)a( fi—1, 15 «+ fers) —Jal fj, <A fe AI XD (Lal fp—t, 15 -+ + fet t+) 
tl (ipty) 


—alfj—-1, 15 +++ fare) Ab fegs™) (1-874) +a fp—, 15 fed a fy, 15 fee) 
* (1—8%-)} — M[a(0; «+ f;---)— a0; fy 1+) JA — by) =0, (36a) 


and 
(e-—W+C—2J)a(fj, —1; +++ fers -)—Ja(fj-1, 15 +++ fer DAT Doel Col fi, —15 +++ fet 
—al fj, —15 °° + fees) Jb peg) 1-8) + [al fj, — 15 ++ fe +) — al fj, 15 °° fare) 
X (1-64 ")} — MLa(0; «+ «fj +) — a0; - fp—- 1 JA — byt") =0, = (36b) 


where we have made use of the delta function to take into account those configurations having electrons with plus 
spins adjacent to each other or to the polar atoms. Thus, 4/;,;/**' is unity if the /i4, plus spin is at position f;+1 
and is zero otherwise. Rembering that the f; are the same in Eqs. (36a) and (36b), we subtract the second equation 
from the first to get the relation 


(6—W+C—J)d_(f53 +++ fer DAT Leah Dd_Uyj fit a fy fe 8) (1-8) 
+[d_(fy; +++ fi-1- + )—d_ fy; «fer J A—b4¢_¢-)) =0, = (37) 
where 
d_(fj3 +++ fere)=a(fj—-1, 1; °° fee )—al fy, —1y efor), (38) 
is a function which is antisymmetric in the position coordinates of the polar atoms. Recognizing Eq. (37) as the 


equation for the energy of the excited polar states, we note that the solution is analogous to that given by Bethe 
and Hulthén for the energy of states with no polar atoms, i.e., 


> ingd_( fj; +++ fit ---)=d_U 
(39) 
Dd ind (fi3 °° Si -{- d ir 


Ceet+C—W—J—2d ¥ p¢j(1—cosk,’) \d_(f;; +++ firs +) =O, (40) 


where the &,’ are determined by the boundary conditions, (see Appendix B). We use the solution d_(f;; «++ fi --) 
=(, or 


and thus 


a(f;—1,1; +--+ fi--+) a(f;, —1; --+fer<-). (41) 


Noting that, except for the case where f;+1= /j4:, Eq. (36b) is also valid for configurations where f; is put at 
f;+1 and all other plus spins are made to retain their original positions, we make this substitution and subtract 
the resulting equation from Eq. (36a). If we further observe that the terms 


(6¢-—W+C—3S)d( fj; +++ fire DAT Dies (1d fet dfs; «fe JU be) (1-8) 
+[d( fj; --- fe— 1s )—d fy; ++ fers) Abe) = (42) 
and their counterpart for f; placed equal to /;+1, where 
d(fi3 +++ feer-)=alfy, —15 +++ fers) tal fy—-1, 1; °° fi 
may be represented as (see Appendix B), 


Ce—W+C—3I—2J ¥ pe; (1—cosky’) fj; +++ fire *) 
and 


[e—W+C—3J—2) Epes (1—cosky’)](1—Srjpftd( feds «++ fee) 
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respectively, then, we obtain after summing over all j, the equation 


(.—-W4+C-3J-27 5 .,, (i- 


+2M >; {([a(O; --- fj+1---) 


+[a(0; doles 
Finally, using Eq. (41), we substitute Eq. (43) into Eq. 


2J dpi (1- 


fy) Abe, 27*)4+(e 0; see fs—] 


€a(0; «++ fy+)+{I+[2M?2/(-W+C-3) 


—a(Q: - 


But this equation is of the same form as that solved by Bethe and Hulthén for the 
| 3 


cosk,’) ] > ; [di fii; oo ° Ig 


-)—(1 


—a(O: - 


f;—1 


(35) and get 


cosk,’')) }} X; {La(0; 


al(QO: f ”) t<=(). 


; (44) 


ise of nonpolar wave functions. 


The only difference is that J is always positive and there is the extra term 


2M2/[e, 


which, compared with the extra term in Eq. (19) for only one spin reversed, contains 


W+C—3J—2) ¥ ys; (1- 


cosk,,’ 


(45) 


the additional sum over p 


part. From Bethe and Hulthén’s work, we can write down the exact solution as 


(1 cosk,’)+J > (1 cosk,)+ {| 3 J+J 


7 


We note the following: (1) when M is zero (i.e., no 


interaction between the unperturbed wave functions), 


the energy ¢, reduces to the original expression 


€, IZ (1 


~ 


obtained by Bethe and Hulthén. (2) For M*<J?, (weak 
interaction between the unperturbed wave functions), 


cosk,) 


we may expand the square root in Eq. (46) obtaining 
the solution 


2) > (1—cosh 


* {1—[2M?/(/?(14+2 cosk) +JW—JC)]} (47) 
neglected the small difference between 
\ppendix B), and written & for ;. 

desirable at this point to consider the 
nteractions, M*>>J?, as in Sec. IIIb. 
pointed out in the Appendix, when the 
interaction terms represented by M the 


solution for r Thus, we 


where we have 
k, and bs (sec 
It would be 


case of strong 


Howeve r, as 


are large, 


becomes questionabl 
merely indicate the general trend by noting that for 
M*>>J* and W, the energy expression given by Eq. (46) 
becomes 


( osk, 


(48) 


and we see that the ene rgy continues to decrease as r 
For 


increases, hing its lowest 


W>M>J, 


~25 


value at r= 4A 


(2M?) |, (49 


t, 


between the 


and M/W 


we again get a criterion for stability 
ratios J/|M 
as we did in Sec. IIIB for just one reve rsed spin. 

We conclude with tl that 
sideration of the polar states allows the use of orthogonal 


relative magnitudes of the 


th 


e general statement con- 


functions, (impli most 


lerromagnetic 


and antiferromagneti and thus a positive 


exchange integral wl still 5 ling conditions for a 


ferromagnetic or ant neti tate, bearing out 


Slater’s statements concerning this matter 
APPENDIX A 
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A more general ur symmetric wave 


P(r 


Al 


where m | 1 num ( 
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the symbols 
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plus spin from 
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considered in our paper ever, wave functions 
having two or more pol 
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have no dire: nt oO with nonpolar 
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Also, there 


nen mpolar 
wave functions and those wave functions consisting of 


one polar migrated 


further than or 
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MAGN riISM AND GROUND 
where we are using the conditions discussed in the 
paragraph following Eq. (11). Similarly, wave functions 
of three or more polar atoms, of one polar atom whose 
electron has migrated more than two interatomic units, 
and of two polar atoms with both electrons having 
migrated further than nearest neighbors have no 
direct interaction with the wave functions considered 


in Eq. (4) for i<1. It is true of course that wave 


'H,—E, 
Hu, 
0, 

0 


Hip, 
H,—E, 
Hx, 
0, 


0, 
Hy, 
H.—E, 
H 3, 


, 


where 


Hn= (®_(r)|H|®,(r)), 


Xa( Pre + pms tre* ims fief 


} 


XY (pies: Pm tre + stm; free’ fr). (A7 
Neglecting all but the first two elements in rows one 
and two (as well as terms contained in these elements 
such as 7; 2 2) is equivalent to assuming the interaction 
terms between the unperturbed states are small. It 
would of course be desirable to obtain:a general solution 
for both large r and large interaction terms. Work is 
proc eeding along these lines. 


APPENDIX B 


Equation (37) is identical in form with Eq. (II1,15) 
of Hulthén* except for the added restrictions with 
respect to the two atomic positions for the polar and 
ionic atoms. Essentially, one could consider Eq. (37) 
as the problem of a linear chain with fixed end points 
occurring at f;+1 for one end and f;—2 at the other 
end. Further, that there are r—1 electrons with plus 


H;—E, 
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functions consisting of one polar atom whose extra 
electron has migrated from an atom further than one 
interatomic distance and of two polar atoms whose 
extra electrons come from neighboring atoms do have 
interaction terms of the type M with our one polar atom 
wave functions given in Eq. (3) for i=1, and this 
modification, in turn, may influence the ground-state 


energy. In fact, the secular equation is of the form 


0, 
0, 
Ao, 


0, 

0, 

0, 
Hu, 


| 


H,—E 


spin and a total of V—2 electrons. A solution to this 
problem may be obtained by a typical application of 
Born-Von Kd4rman boundary conditions, i.e., we add a 
hypothetical atom having an electron with a minus 
spin on each end and impose the requirement that the 
hypothetical electron of minus spin at position f; have 
the same phase as the electron at f;—2. If N is a large 
number and the interaction is short range (both factors 
true in this case), the additional atoms cannot affect 
the nature of the frequency distribution and at the 
same time they take proper account of the number 
degrees of freedom. Thus, the solution is the same as 
that obtained by Bethe and Hulthén, except that 
Eq. (I11,21) of Hulthén, i.e., 


Nkjy+2mrj +d yn, A; 


J 


0,1, 2---N—A, 


where the ¢; represent the phases in the solution is 
replaced by 


Nk +20dj+Di1¢;', 2j=0,1,2++-N—3. (BI) 


Since, in this paper, we are not concerned with Aj>4N, 
we may assume, as the only significant difference in the 
solution of Eq. (37) from the usual Bethe-Hulthén 
solution, the fact that we have only r—1 spin waves. 
In Eq. (47) we even neglect the small difference between 
k; and k,’. 
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Experiments have been performed in which observations have been made in the presence of dec electric 
field bias of: (1) hysteresis loops, (2) double loops above the Curie point, (3) Kerr electro-optic effect above 
the Curie point and (4) capacitance above the Curie point in BaTiO,. The purpose of these experiments was 
to determine field distributions in the crystal under an externally applied difference of potential and to 
examine the extent to which space-charge surface layers cancel the bulk field. The first three types of observa 
tions were qualitative in nature. The biased hysteresis loops show normal behavior with no evidence of field 
cancellation. Double loop measurements show some evidence of field cancellation, while Kerr electro-optic 
measurements show strongly nonuniform fields indicating anomalous space-charge fields. The measurements 
of capacitance above the Curie point indicate that surface layers build up in the presence of a dc field, and 
these surface layers have a capacitance that varies with applied voltage. The results can be understood 
qualitatively if simple Schottky exhaustion barriers are assumed at the two metal electrode-crystal con 
tacts. Observed asymmetries with respect to the applied fields are discussed 


I. INTRODUCTION 


VARIETY of experimental results have been re- 

ported in which the existence of charged surface 
layers has been invoked to explain anomalies in the 
behavior of BaTiO, crystals: 1. Observation of a te- 
tragonal surface layer above the Curie point,’ 2. Thick- 
ness dependence of the coercive field,? 3. Frequency 
dependence of the dielectric constant during switching,’ 
4. Asymmetric pyroelectric effect,‘ and 5. Asymmetrical 
hysteresis loops.°® 
_ In addition, it has been reported in conversations 
among experimentalists in the field that application of 
de electric fields to BaTiO; for an extended time results 
(at least in some samples) in surface layer space-charge 
accumulations. The charged layers, in turn, shield the 
bulk so that no macroscopic electric field exists in the 
body of the crystal even though there is a difference of 
potential across two opposite faces. 

The experiments reported here were directed at ac- 
quiring an understanding of the character of such 
charged layers and their method of generation. Two 
favorable properties of BaTiO, were used to this end: 
(a) the highly nonlinear character of the dielectric 
constant of a ferroelectric exhibited in the temperature 
region just above the ferroelectric to paraelectric transi- 
tion temperature; (b) the large Kerr electro-optic 
effect exhibited by BaTiO, in the same temperature 
region 


Il. PRELIMINARY EXPERIMENTS 
Several preliminary experiments were performed to 
examine the question of the stability of BaTiO; under 
de electric fields. The first experiment involved the 


application of a 60 cps switching sine wave superposed 


'W. Kaenzig, Phys. Rev 
?W. J. Merz, J. Appl 
*M. E. Drougard, H. L. Funk, and D. R. Young, J. Appl. Phys 
1166 (1954); and private communication 

‘A. G. Chynoweth, Phys. Rev. 102, 705 (1956) 

* Kugasu, Husimi, and Kataoka, J. Phys. Soc 

1957). 
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on a dc electric field. Figure 1 shows the hysteresis loops 
observed under these circumstances. The purpose of the 
experiment was to ascertain whether or not there would 
be any drift in time of the apparent switching voltages 
(associated with each reversal direction) as would be 
expected if the dc field were to be cancelled by some 
surface space-charge field. Over time intervals of the 
order of twenty-four hours no such effect was observed. 
This is strange in the light of subsequent experiments 
above the Curie point which showed marked effects in 
times of the order of minutes. 

The second experiment was performed above the 
Curie point in the double loop region.* In this case a 
biased ac signal was again applied so that the voltage 
swing was Vo+V, where V; is greater than the bias 
voltage, Vo, and (Vo+V;) was large enough to drive 
the crystal from the paraelectric to the ferroelectric 
state but (Vo— V;) was not. The polarization vs electric 
field characteristics that result are shown in Fig. 2. 
Again, several crystals were cycled under these condi- 
tions for periods of about twenty-four hours with no 
apparent change in the observed curves. Others showed 
a shift of apparent transition field with a time constant 
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Crystal is 0.008 cm thick. 
cos(120xt). Vertical line in loop 


Fic. 1. Biased hysteresis loops 
Field is given by V=Vo+V; 
represents V =0 point 
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SPACE CHARGE 
of the order of three minutes. Note that photographs 
(b) and (c) are taken under identical conditions except 
that the signs of V» are opposite to each other. The kind 
of asymmetry of behavior demonstrated in these two 
traces showed up in most crystals examined, but was 
most pronounced when V;¢ Vo. In fact, when V» was 
set equal to the average value required for the induced 
transitions from the ferroelectric state to the para- 
electric state and back and V, was made less than Vo, 
cycling between states (ferroelectric and paraelectric) 
ceased. 

A third experiment was performed similar to those 
reported by Meyerhofer’ and Koelsch.* The induced 
birefringence above the Curie point was observed under 
de conditions. The reason such an experiment is of 
interest is that this phenomenon (quadratic Kerr elec- 
tro-optic effect) represents the only means we have of 
arriving at a direct map of the macroscopic field distri- 
bution in the solid. This comes about because the in- 
duced birefringence is proportional to the square of the 


BoTiO, CRYSTAL 1208-2 
122.3°C 
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Fic. 2. Double loop traces. P vs V. Crystal 0.008 cm thick, 
temperature = 122.3°C, V = V»+V; cos(120xt). Vertical line repre- 
sents V =0 point. 


local electric field. In the absence of an applied field the 
crystal appears completely dark. Figure 3 shows typical 
results when a dec field is applied. In this case (as con- 
trasted with the first two experiments described above) 
the electric field was applied in a (100) direction in the 
plane of a crystal plate rather than through the plate. 
The nominal field applied was considerably smaller 
than that required to induce a transition to the ferro- 
electric state. The two photographs differ only in the 
sign of field applied. The conclusion drawn from these 
latter experiments is that the field distributions cannot 
be understood unless the existence of gross inhomo- 
geneities are assumed to exist in the crystals. This 
technique appeared quite interesting and would be 
most fruitful if applied to studies of imperfections. 
The qualitive conclusions that were drawn from the 
three experiments discussed above are: (a) Contrary to 
our initial expectations the space-charge fields induced 


7D. Meyerhofer, Phys. Rev. 112, 413 (1958). 
* A.C. Koelsch, IRE Natl. Conv. Record 5, Part 3, 169 (1957) 


FIELDS IN 


Ba riO, 


Fic. 3. Induced birefringence pattern in BaTiO; crystal at 
125°C. Crystal is 0.3 cmX0.3 cmX0.016 cm with electrodes on 
0.30.016 face. Field=1500 v/cem. (a) and (b) differ only with 
respect to field direction. 


by the application of a dc field to BaTiO, are not of 
such a nature as to completely cancel the applied field 
in the bulk. Evidence of some cancellation was ob- 
served. In general, behavior is not symmetric with 
respect to the direction of the applied field. (b) The 
actual field distributions as judged from the Kerr 
electro-optic effect can be quite complex. In unfavor- 
able geometries induced strain patterns confuse the 
interpretation, but this technique can be quite useful 
in studying macroscopic field configurations. 


Ill. OPTICAL EXPERIMENTS 


Further optical experiments were performed to study 
changes with time of field distribution in BaTiO, after 
the application of a step function of voltage. The 
geometry used was similar to that described in con- 
nection with Fig. 3. Again, the crystal was taken above 
its Curie point (into the cubic phase) and viewed be- 
tween crossed polaroids. In the absence of fields the 
crystals appear dark (as expected). Upon application 
of an electric field, the induced birefringence causes a 
uniform brightness. In the course of time, space-charge 
fields build up and partially cancel the applied field so 
that the brightness decreases. As indicated above, the 
brightness pattern represents a map of the macroscopic 
field distribution. 

Figure 4 shows typical results. It is noted that 
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Fic. 4. Induced birefringence in BaTiO; crystal at 126°¢ 
Crystal is 0.1 cm X0.1 cm X0.025 cm with electrodes on 0.10.025 
face. Field is 2000 v/cm. Counting clockwise from gap, the first 
photograph is taken at instant field is applied and the next six 
at two second intervals. The 8th and 9th photographs are taken 


after 1 and 2 minute intervals, respectively. (a) and (b) differ only 


with respect to field directior 
nitially, with either sign of field, the birefringence 
appears to be fairly uniform. In time, as evidenced by 
the birefringence pattern, the field distribution changes. 
As seen in the photographs and as observed in virtually 
every experiment performed in connection with this 
work, a decided asymmetry with respect to the direction 
of the field is evident. With the field in either direction, 
a noticeable decrease in bulk birefringence is observed ; 
however, the effect is decidedly stronger with one 
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direction of applied field compared with the other. The 
time constants associated with t} space-charge build- 
up appears to be of t! 


order of o1 ( two minutes as 
determined from \ 


observatior time during 
which noticeable changes 


As indicated in Fig. 4, tl 
was 2000 v/cm. It 


he crystal 
for the condition 


> amp, and Fig. 


was obse rved ul 
of Fig. 4(a) the current 3.610 


4(b), 2.610 


sistance was higher when the 


was 
> amp, indicating that the apparent re- 
field in the bulk was re- 
duced due to charge effects. This is consistent 
with an assumption of the formation of a broad barrier. 


Since the field applied was approximately one half of 


spac f 


Is to 


that necessary to induce the tetragonal phase,® it 


be expected that for the case of Fig. 4(b) the field in 


some region would be large enough to induce such a 
transition. Such a region was not seen within the resolu- 
tion of the photograph of Fig. 4. However, in some of 
ons were observed, 


dark- 


typically, for example, in thi 
bright boundary in Fig. 3 
] 


aemons 


the experiments performed such reg 
I cinity of the 
trated the build-up in 
reduction in the 


hese experiments 
time of space-charge resulting in the 
bulk of the samples of externally applied fields; the 
method could be adapted for actual quantitativ e field 
distribution plotting by measuring birefringence as a 
function of position on the crystal 


IV. NONLINEAR DIELECTRIC BEHAVIOR 

The dielectric constant of a ferroelectric in the tem- 
the Curie point represents a 
sensitive indicator of the field in the ferro- 
electric. This has been discussed by several authors? and 

for BaTiO; and tri-glycine 
If a di 
region, one of a number 


perature region just above 
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calculated in some detail 
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field is applied to a 


observed The most obvious be- 


t of an ideal crystal, 
namely the field would be uniform and given by the 


applied voltage divided by the distance between elec- 
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The 


free 


trodes (in the case of plane parallel electrodes 
measured ¢ would then be that calculated from a 
energy function of the form"! 


F(P,T)=AP*+BP*+CP*+ ---, (1) 


and the relations: 


E=0F /0P=2AP+4BP*+6CP*, 


and 
4or/(e—1) 


0F/dP=2A+12BP?+.30CP*, (3) 


where P is the polarization, E the electric field, and 
A, B, C the expansion coefficients. Experiments per- 
formed on tri-glycine sulfate demonstrated that this 
method of analysis gives excellent quantitative agree- 
ment with the experimental results." 

A second possibility is that immediately after the 
application of the de feld (in the form of a step func- 
tion), ¢« would change to the value predicted by Eqs. 
(2) and (3), but, as space-charge appeared near the 
electrodes, the field in the bulk would be reduced to 
zero and ¢ would be restored to the unbiased value. The 
apparent e would then be somewhat smaller than the 
unbiased value due to the fact that the equivalent 
circuit would include one or two surface layer capacitors 
in series with that represented by the bulk. The effective 
bulk thickness would be reduced by a negligible amount 
unless the sample is extremely thin, but the lower di- 
electric constant (as discussed below) of the space- 
charge layer(s) would more than compensate for this. 
Since the thickness of such layer(s) would be a function 
of the applied voltage, the apparent high frequency di- 
electric constant after equilibrium has been reached 
would depend on this voltage. 

Actually it is found that both of these effects occur, 
namely: variation of dielectric constant with field as 
predicted by Eqs. (2) and (3), and finally, deviation 
from theory due to build-up of surface layer capacitance. 


Experimental Results 


The samples on which the measurements reported 
below were made were prepared by etching a “butterfly 
wing” of BaTiO," in hot phosphoric acid and then 
evaporating Ag, Au, or Pt on the two major faces. From 
this large plate small rectangles were cut in such a 
manner that the two major opposite (100) faces were 
completely electreded. 

Capacitance, as measured with very small rf signal, 
was recorded as a function of time after a step function 
of voltage was applied to the sample. The circuitry used 
is shown in Fig. 5. Typical traces taken from the re- 
corder are shown in Fig. 6. The horizontal axis repre- 
sents time while the vertical axis is capacitance. Sensi- 
tivity is as indicated in the diagram. The response time 
of the recorder was approximately two seconds. 

Figure 7 shows the equilibrium values of the dielectric 


' See A. F. Devonshire, Phil. Mag. 40, 1040 (1949 
J. P. Remeika, J. Am. Chem. Soc. 76, 940 (1954) 
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Fic. 6. Capacitance vs time. The small arrows indicate the 
time at which the indicated voltage was applied. Capacitance is 
plotted vertically and time horizontally. 


constant plotted as a function of electric field together 
with the theoretical curves calculated from Eqs. (2) 
and (3). A comparison of Fig. 6 and Fig. 7 reveals that 
for the voltages at which theory and experiment agree 
in Fig. 7, the final value of capacitance is reached im- 
mediately (Fig. 6). The fields for which a noticeable 
drift with time appears in Fig. 6 coincide with those 
for which deviation from theory occur in Fig. 7. 


V. DISCUSSION 


The results reported can be explained at least quali- 
tatively by assuming the existence of Schottky barriers” 
at the two metal-crystal interfaces. The thickness and 
height of such barriers depends on the type and con- 
centration of impurities, the dielectric constants, and 
of course, the band structure of BaTiO ;. Because of 
the lack of detailed information on these properties, a 
detailed model cannot be presented which could be 
supported by a large body of experimental results. How- 
ever, the semiquantitative analysis given below shows 
14, 210° 
¢ | 
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“80 sO 4 
E (stot vor /c 
Fic. 7. Apparent « vs applied field and current vs applied field. 
"See, for example, H. K. Henisch, Rectifying Semiconductor 
Contacts (Clarendon Press, Oxford, 1957), Sec. 7.3.4. 
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Fic. 8. Suggested band structure of BaTiO, crystal 
showing unequal barriers. 


that the simplest of models is reasonably consistent 
with the data reported here. 

From the results published by Remeika”® and 
Nishioka et al.,“ BaTiO, as grown by the former’s 
technique is an m type material with a concentration 
of the order of 10 donors per cm’. The latter’s work 
indicates an activation energy Since the 
effective density of states in the conduction band itself 
is ~10"/cm* one would expect BaTiO; to have a 
density of carriers close to that expected in intrinsic 
Ge. If the electron mobility were of the order of mag- 
nitude exhibited by electrons in Ge, BaTiO; would have 
a bulk conductivity considerably higher than that 
actually observed. The fact that this is not the case 
probably indicates, as is to be expected, that the 
electron mobility is quite small. 

With such large donor concentrations, it is to be 
expected that the position of the Fermi level would be 
quite sensitive to the value of that concentration. 
Furthermore, from the various pieces of evidence in the 
literature,**'® a considerable impurity concentration 
gradient is not unexpected. That is to say, the crystals 
are grown by a cooling process of BaTiO; in a KF flux 
in a Pt crucible. In general, the solubility of donor im- 
purities (whatever their form) will be temperature de- 
pendent. Correlation has been observed between the 
actual inside and outside of so-called “butterfly wings” 
and the direction of the asymmetry of hysteresis loops.® 
From these arguments it can be assumed that space- 
charge surface layers exist (a reasonable assumption for 
any insulator-metal contact) and these layers are not 
identical at the two electrodes. A possible band struc- 
ture is illustrated in Fig. 8. This is consistent with that 
hypothesized by Chynoweth"® to explain his results. 
Figure 9 shows how the potential distribution will 
behave for zero applied volts and potentials applied in 
each direction after equilibrium is established. 

From the results on nonlinear dielectric measure- 
ments by Drougard et al.’ and our results at small fields, 
it can be concluded that no appreciable field normally 
exists in the bulk materials before the application of an 
external field. If this were not the case, a linear rather 
than quadratic dependence of ¢ on field would appear 

“A. Nishioka, K. Sekikawa, and M. Owaki, J. Phys. Soc. 
(Japan) 11, 180 (1956). 

i A. G. Chynoweth, J. Appl. Phys. 30, 280 (1959) 
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Fic. 9. Suggested potential distributions with no 
applied field and fields applied as shown. 


for small fields. We were able to induce linear depend- 
ence in some samples, but the results depended in a 
variety of ways on the previous history of these samples. 
Coming back to the band model represented by Fig. 
8, it is clear that electric fields generated by the ex- 
haustion barriers shown at the two contacts can be 
quite large. As first proposed by Kaenzig,' such fields 
can be large enough to induce the tetragonal phase 
well above the Curie point, or at least a large measure 
of saturation of polarization. In these circumstances the 
dielectric constant will be closer to that of the te- 
tragonal phase (~ 200) than the cubic phase (10* near 
the Curie point). In order to estimate the effect of 
such a layer on the measured capacitance of the 
samples, a more detailed model is necessary. Kaenzig 
actually discusses a surface ionic vacancy model, but 
to be consistent with the model discussed in connection 
with Fig. 8, we shall assume a simple Schottky” ex- 
haustion barrier. In this case the layer thickness is 

given by 
A= (V pe/2xN pe)', (4) 


where Vz is the barrier height, ¢ the dielectric constant, 
Np the donor concentration and e the charge on the 
electron. If we take V~1 volt, Vp~10"%/cm', and 
e= 200, then the barrier thickness turns out to be 
5X 10-* cm. Such a layer would have a capacitive im- 
pedance of about 7 that exhibited by the bulk crystal. 
When an external field is applied to the crystal, Vp 
must be replaced by (Va+V.x:’) where Vix’ is the 
additional voltage drop across the barrier caused by 
the application of the external field. The exact manner 
in which V.«:’ is related to Vx. (the applied voltage) 
is a nontrivial problem which depends for its solution 
on details of the model which are unknown. Qualita- 
tively, it can be expected that as the external field is 
increased, V,.x:’ will increase causing the barrier at one 
of the contacts to broaden to the point where the 
capacitive impedance of that barrier competes strongly 
with the bulk impedance. When this happens, the 
measured impedance will be higher than theoretical, or 
the measured capacitance will be lower and the experi- 
mental points in Fig. 7 fall below the theoretical ones. 
The asymmetry in the current-voltage characteristic 
was observed to some degree in every crystal examined. 
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The general behavior of the current is consistent with 
a model of tunneling of carriers through the reversed 
biased barrier. Such a barrier becomes broadened, but 
sharply peaked. Again, it is required that the barriers 
be of different height in order to explain the difference 
in behavior with difference in sign of voltage. 

It is to be noted in comparing Figs. 6 and 7 that for 
values of de bias for which the equilibrium value of « 
coincides with the theoretical value in Fig. 7, the 
equilibrium value is reached instantaneously as shown 
in Fig. 6. Where experimental points in Fig. 7 fall below 
theoretical values, there is an observable delay between 
application of electric field and final value of capaci- 
tance taken from Fig. 6. This corresponds to the fact 
that time is required for space-charge ‘ayers to build up. 
Initially (in time) after application of the electric field, 
the normal dielectric constant is observed. As the space- 
charge layer broadens, the observed capacitance (or 
apparent €) decreases. 


VI. CONCLUSION 


Unraveling the assorted anomalous effects that have 
been reported in BaTiO; which have been attributed to 
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some form of surface layer has not led to any consistent 
picture of the layer except in the most qualitative terms. 
The results reported here are representative of measure- 
ments made on a number of crystals in which evidence 
of space-charge layers whose thickness is voltage de- 
pendent may be seen. The detailed quantitative in- 
terpretation of results is hampered by complicated 
electric field distributions and our general ignorance of 
BaTiO, surfaces. On the other hand, the observations 
indicate that further work in which impurity concen- 
trations and dielectric constant are varied (the latter 
by varying temperature) as well as thickness of samples 
would be worthwhile in trying to understand details of 
surface layers and fields in insulators and BaTiO, in 
particular. 

It is felt that measurements of this kind will shed 
light on the general problem of mapping of space- 
charge regions in insulators. It is clear that experiments 
that actually probe such regions are difficult to imagine 
on the general insulating material. The special property 
that makes a ferroelectric amenable to such probing is 
the sensitivity it exhibits to reasonably attainable fields 
in its Kerr effect and dielectric constant. 
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Effect of the Lattice on Dielectric Properties of an Electron Gas* 


Davin S. Fatxt 
Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 


(Received October 19, 1959) 


A system of N electrons in the presence of a rigid periodic background of positive charge is considered. 
Following Martin and Schwinger, an inverse dielectric operator, K’, is introduced. An approximate equation 
which takes into account the long-range nature of the Coulomb field is derived for K’. A representation 
is used where K’ is a matrix with rows and columns labeled by vectors of the reciprocal lattice. Poles and 
zeros in the dielectric operator are found to be manifestations of Bragg’s law. Assuming these to be the 
major effect of the lattice, the equation for K’ is solved. The result is examined in the weak-binding limit 
and seen here, except at the Bragg reflectioris, to agree with that of Noziéres and Pines. Finally the ground 


state energy of the system is exhibited. 


INTRODUCTION 


GOOD deal of attention has been devoted lately 

to the properties of a gas of interacting electrons 
in the presence of a uniform background of positive 
charge. Much of the interest in this system stems from 
the hope that it will, for some applications, be a good 
model for the electrons in a solid. Now in a solid, of 
course, the positive charge is not uniformly distributed 
but rather concentrated on ions which vibrate about 
equilibrium positions that form a lattice structure 
containing various kinds of defects. The existence of 


* The work reported in this 
Laboratory, a center for researc 
Institute of Technology with the joint support of the U. S$ 
Army, Navy, and Air Force. 

t Now at the University of Washington, Seattle, Washington. 


was performed at Lincoln 
operated by Massachusetts 


the lattice as well as the defects in it and the vibrations 
about it may be expected to have some effect on the 
dielectric properties of the electron gas. It is the 
purpose of this paper to investigate the effect of the 
lattice, ignoring defects and vibrations, in order to see 
where the free electron gas results are valid and where 
and how they must be modified because of the presence 
of the lattice. To this end the inverse dielectric operator 
of Martin and Schwinger will be considered here and 
techniques suited to the weak but long-ranged nature 
of the Coulomb field will be used to derive an approxi- 
mate equation for it. This equation will be solved and 
the effect of the lattice on this operator and hence on, 
say, the ground-state energy of the system, will be 
seen. 

Consider a system of volume 2 containing N electrons 
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imbedded in a rigid periodic background of positively 
charged ions which we shall describe by the potential 
Vi(r). The spatial structure of the positive lattice 
may be described by means of a set of N lattice vectors, 
typified by R, which go from one (arbitrarily chosen) 
ion to each of the others. In terms of these vectors the 
periodicity is expressed by 
} 1(r) 


Vi(r+R). (1) 


An electron at (r,/) has a direct interaction with one 
at (r’t’) described by 


o(r—r’)d(i—1’) 


We then describe the system by a Hamiltonian 


H fav r,t)[ h?V?/2m)+Vi(r) Wr! 


HE dnd (2,04 (e, 00 WUH¥ (0), (3) 


where the operators ¥(r,/), Vt (r,t) obey the anticom- 
mutation relations 


{y(r,t), ¥'(0',0) 


{y(r,0), ¥(r',d)} 


. , 
o(r—r), 


O= (¥'(r,0),¥' (8,0). (4) 


We want to determine the effect of the detailed 
electron-electron interaction on the energy of a degen- 
erate electron gas at zero temperature. We calculate 
this energy change as a perturbation on the energy of a 
system of N electrons subject to the same average 
Hartree potential and occupying the lowest NV single- 
particle levels. The highest filled level is called the 
Fermi level. The eigenfunctions and eigenvalues of 
the Hartree problem are assumed to be known and 
to satisfy 


[ — (h?V?/2m)+Vi(4r)4 Vn (re) Wa(k,r) 


= E,(k)y.(k,r), (5) 


where m is the mass of the electron. The Hartree 


potential is given by 
f v(r—r’)p(r’)dr’, 


where p is the density of electrons, 


V w(r) 


v,.*(k,r)y, (k,r). 


(2r)* 


(7) 


and the notation on the integral is intended to convey 
that we sum over only those levels below the Fermi 
level (at band m, momentum P), i.e., only over occupied 


levels. 


S 


FALK 

Using the techniques for the many-electron system 
developed by Martin and Schwinger,' we should like 
to calculate the effects of the electron-electron interac- 
the exchange and 
correlation energies. This problem has been considered 
, a uniform back- 
be our purpose here 
to see how the presence of the pe riodi« pote ntial, Vy(r), 
affects the usual result 

It is worth noting that 


tion on the energy, that is, we want 


in detail for the free electron gas? i.e 


ground of positive charge. It w 


while the presence of V1(r) in 
general tends to complicate things, it may in some 
cases simplify the interpretation. Thus consider the A 
electrons to consist of N—1 electrons filling the atomi 
core and valence levels of an insulator or semiconductor 
and one electron with momentum k in the conduction 
band which is separated from the valence band by an 
energy gap of width £, 
energies for excited states (k#0 prov ided the excitation 


energy is less than E,. In the f 


In this case there will be real 
ree electron gas, for any 
uct 
with the same momentum but smaller excitation energy 


excitation energy, E., one can always const States 


by distributing the energy and momentum over more 
than the one electron. Thus any single-particle excita- 


tion will have a finite decay time, or, crudely, a complex 
energy. With the ene rgy gap, however, for E.<E 
may unambigously con th 
particle excitation as there are no 


to which it can deca, 


9, one 


der e€ excitation as a one- 


multipart le states 


THE APPROXIMATE EQUATION 
weak 


ulations 
It is 


due to 


In an electron gas, where the interactions are 


1 


but long ranged, divergences occur when cak 


are performed by standard perturbation theory 


well known, however, that these d 
of the field, 
polarization effects'; a charge placed in 


field 


ivergences 


the range Coulomb ire cancelled 


by 
is, the 


medium has its iltered by the medium which 


tends to shield the charge. Equivalently, if an external 
t] 


potential, U(x), is applied to the medium, an effective 


yotential, V’(x), consisting of the external potential 
’ 


together with the induced change in potential produced 
by the medium, will be experienced in the medium. 


Let us therefore consider the operator K’ (x,x’) 


1P. C. Martin and J i Rev 
2 E.g., J. Lindhard, Kg nsk idenskal 
Medd. 28, No. 8 (1954); ir lid-State 
F. Seitz and D. Turnbull 
Vol. 1; J. Hubbard, Proc. Ro 
P. Noziéres and D. Pines, Ph 
3 It will be noted that this case i 
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below the level with momentu 
paper may still be used pr 
the class of unoccupied 
level with momentum k is cor 
sum over levels there 
plus the contribution from 
level, whatever it might b 
4M. Gell-Mann and K 
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lpied conauction 
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and V’(x): 


V' (x J x awyucry, 


To recognize K’, assume that the potential U’ is set up 
by a charge distribution p. Then the Fourier transform 


which relates U(x’) 


in space and time of U’ is given by 


(kw) = (427/k*) (kw). (9 
If we, for the moment, specialize to the case of spatial 
(as well as temporal) translational invariance, we may 
write the Fourier transform of (8) as 

V' (kw) = ’ (kw) (49r7/k*) p (kw). (10 
Now, classically the potential, ¢, at large distances from 
a static-charge distribution, p, in a dielectric medium 
is given by 

o(k (4a ek’) p(k), (11) 
where ¢ is the dielectric constant. Equation (11) is 
just the Fourier transform of Poisson’s equation in ¢ 
dielectric. We may generalize (11) to include small 
distances and temporally varying charge distributions 
by letting « depend on space and time, so that its 
Fourier transform depends on momentum and _ fre 
quency.® Then we have 
V’ (Kye 


[4x e(k.w)k? \o(k). (12 


Comparison of (10) and (12) shows X’ to be the 
inverse of e. Even without translational invariance, if 


we consider both K’ and ¢€ as operators,® we may write 
aol ? 
K : (13 


Thus X’ tells us the dielectric properties of the medium 
It is more useful than ¢ in that it also allows 
calculation of the inelastic scattering of fast charged 
particles by thin solid foils’ and of the ground-state 
energy of the medium.* Further, it may be used to 
develop single-particle equations to improve the results 
of the Hartree equation in band-structure calculations.* 

Martin and Schwinger' have shown that X’ satisfies 


the 


K’ (x.x’)=8(x—2’)— (i nf dx!'dx'" 0(x—x’’) 


"0"-+0) fx x’), (14 


J. Lindhard, reference 2; P. Nozitres and D. Pines, reference 
2; J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1959 
*U. Fano, Phys. Rev. 103, 1202 (1956) 
P. Nozitres and D. Pines, Phys. Rev. 113, 1254 
* J. Hubbard, reference 2. 
*G. W. Pratt, Jr. (to be published) 
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where G(x,x’) is the Green’s function which describes 
the propagation of an electron (or hole) through the 


medium from x’ to x and satisfies 
rv? 


al 2m 


x1 


-6(x—x’). (15) 
The Hartree approximation consists of neglecting the 
last term in (15), from which it easily follows that 


6G (x,x")/6V" (2) = Gy (x,2")Gy(x"",x’). (16) 
If we then insert (16) into (14) as a first approximation, 


we arrive at 


” LAVA , ” 


sit ’ ; - , ~ 
KG iy (x x" Gry (20° —13 aC" (0 =e’). (17) 


The Hartree Green’s function is given by” 


dk 
1G ws ( rijr’t } 


v,.*(k rw, (k,r’) 


lr 


" £>F (16) 


k 
v,*(k ry, (k,r’) 


A Enleyit-t 


xe 


SOLUTION OF THE EQUATION 


Let us introduce some alternative forms of the 
Hartree wave functions y,(k,r). As both V;(r) and 
V(r) have the periodicity of the lattice, we may 
write the y, in Bloch form: 


y.(k,r) =e™-'u,.(k,r), (19) 


where the u, are periodic 


u,,(k,r+ R) =u, (kr). (20) 


We may therefore expand the u, in a Fourier series 


ux (k,r) =>" x x, (k,Kje*™*, (21) 


where the reciprocal lattice vectors K are defined by 


eK Re]. (22) 


Some properties of the chosen wave functions and 
P. C. Martin 


reference 2 . J 


and R 


and J. Schwinger 
Quinn and R 
Prange, Phys. Rev 


reference 1; J. Hubbard, 
\. Ferrell, reference 5; A. Klein 
112, 994 (1958) 
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energies are 
Lin Xn*(k, K)xn(k,K’) = 5x, x, 
¥ x xn*(k,K) x(k, K) = 5,4’, 
xn(k—K, K’)= x,(k, K’+K), 
xn*(k,K)=x,(—k, —K), 


and 


E,.(k) = E,(—k) = E,, (k+K). 


We may expand X’ as 
" dk dw 
K (rie )=> f € 
i (2r)* 2x 


Then inserting (28) and (18) in (17) and performing 
the integrations in analogy with the free electron case,’ 
we obtain 


x’ (kK; w) + z. a(k -K’, K - K’ ; w) 


K 


*K’(k,K;w). (28) 


<0’ Ch. K’: w)=5x 0, 


where 


a(k—K’, K K’ ; w) 


4 ~P dk’ 
ry } 
o's etele GC 


£r)° 
Lf 


E,(k—k’)— E,-(k’)— in} 
<o(k—K) penn” "(K) py 


x 


ho)" 
.” n* K’). 


where 7» — 0+, 


o(k— K) = 4re?/ |k— K}?, (31) 
and 
(32) 


K)= © x,*(k, K+ KR’), (k’, KR’). 


K 


If we expand ¢ in a manner analogous to (28), we 
may write (13) as 


> e(k K’, K K’ sw x’ (k, K’; w) =5x 0. 


(33) 


Comparison with (29) then shows 
e(k, K: w) =$, n-t+ a(k, K; w). 


(5) and the definitions at 


(34) 


the beginning of 
equation for 


From 
this section one may easily derive an 


px.x”” (IK): 
2m) (k'+ Ky’ —k* | 
~ Ey (i) owe” UR) 


~ [E(k 
i(h?/m)(k—k’— K)- © K’y,,*(k,K’) 
K 


{ (h? 


xa (k’+K, K’). (35) 
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Hence, for k—k’— K - 


> 0 it is easily seen that 

pv.ne”” (KK) — 6, [1+ (k—k’— K)- f(k) ]+(1 

(ih®/m)(k—k’—K)->- K’y,.*(k,K’)x,.-(k, K’) 
K 


x . (36) 
E(k v(k 


Onn’) 


where f(k) is a function of k, the x,’s and E,’s. From 
(36), (32), (30), (27), and (24) it follows that fork — K 


a(k—K’, K K’ ; w) 
(k— K) 
k—K/? A 


l6re’ 
s Me 


—~ 


XK (1/w*) (th?/m) ¥ Kx q-*(k’ Kx, (k’ .K”) 
4 


KX (1—Saw) DL x0*(k’— K’, K’” 
K 


Xxn(k’— K, K’’)+[terms finite for k= K 37) 
Since the summation over K’”’ in (37) yields 6,..° for 
K’=K, we see that a(k—K’, K—K’:w). and hence 
e(k— K’, K— K’; w), has a simple pole for k= K¥ K’. 
For k — K’ everything is of the same form except for 
the factor of |k—K/? in the denominator arising from 
v(k—K). Hence we see that e(k— K’, K— K’: w) has a 
simple zero for k= K’+K 


To understand these poles and zeros let us consider 


an electromagnetic wave (e.g., an x-ray beam) in a 
vacuum impinging on the surface of a dielectric medium. 
The reflection coefficient, R, (the 
incident intensities 


ratio of reflected to 


is given as 


R=| i+] (38) 


Thus, for «=O and e=« we have R=1, i.e., the 
reflected intensity equals the incident intensity; there 
is total reflection at the zeros and poles of « Evidently 
we may understand these zeros and poles to be simply 
manifestations of Bragg’s law 

Explicitly exhibiting the zeros and poles, we may 
write 


a(k—K’, K—K’; w) 
8(k—K’, K—K’:w), (39) 


where 6(k— K’, K—K’;w) is finite and non zero for 
k= K’ and k= K. We may reasonably expect that these 
poles and zeros constitute the major effect of the 
lattice and that to a good approximation we may 
neglect the K’ dependence of 8 in (39). Then (29) 


4E.g., J. A. Stratton, Electromagneti heory 


Book Company, Inc., New York, 1941 


(McGraw-Hi 
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becomes 


B(k, K; w) 
x’ (k,K; w)+— |k— K’| x’(k,K’; w) 
K| «’ 


= bx 6, (40) 


which has the solution 


i+ > 8(k,K’; w)) 
K'-® | 


K’ (kK; w)=dx,0' re | 
1+2 B(k,K’; w) 


| k| B(k,K; w) 
—(1—5x 0) =e , (Al) 
ik—K| 14+3.6(k,K’; w) 
K’ 


as may be verified by direct substitution. 

Let us discuss this result in the weak-binding limit. 
Here the electrons are almost a free electron gas and 
we may expect the contributions from K’#0 in the 
summations to be small (since for free electrons these 
contributions are zero, only the K=0 term contribut- 
ing). Then we may write 


1 
K(k, K; w)~dx 5 : . 
1+-8(k,0; w) 


ik! B(k,K; w) 


— (1—dxg 0) ' 
\k—K!} 1+8(k,0; w) 


(42) 


The first term (42) is just of the form of the free electron 
gas result? [note: 8(k,0;w)=a(k,0;w)], while the 
second term is small with respect to the first except at 
the Bragg reflection. For |k|<|K} the second term is 
negligible, a result conjectured by Noziéres and Pines.’ 
Thus in the weak-binding approximation the form of 
x’ is essentially that of the free electron gas result 
except at the Bragg reflection. In general, even away 
from Bragg reflections, the form of XK’ is modified 
somewhat by the lattice. 

It should be noted that in obtaining (41) the only 
details of the form of ¢ that have been used are the 
nature and positions of the poles and zeros. Since we 
have seen these to be simply manifestations of the 
Bragg reflections, they must be a generally valid 
property of ¢, not at all restricted to the use of (16). 
Thus the result (41) should be valid no matter what 
approximation is taken for 6G/6V’ in (14). 


ELECTRON 


DIELECTRIC CONSTANT 


THE ENERGY 


Hubbard? has related the ground-state energy of the 
system to Kk": 


P dk dk 4ré 
E« x f Ea(k)—4v f noth sed 
nlm 0 (2r)* (2r)* k? 


_ if p(r)o(r—r’)p(r’)drdr’+ &, 


where 


ih pr? dé 
&= f f e000 lim [X’(x,x")—8(x—2’)]. 
23%, € . 


zs 


. Using (28) we have 


ih @ dé dk dw 
Pa of : f [x’(k,0; »)—1}, 
2a% (2x)* 2x 


which, by (41), becomes 
ih f —f dk dw B(k,0; w) 
6=-—2 ——., 
2. ~*~. ¢ (2r)* 2 14+. 8(k,K; w) 
K 


Noting that 8~é, we may perform the é integration 
and obtain finally 


2 2 


& —f dk dw B(k,0;w) 


(2e)® 2x > 8(k,K; w) 


XInf1+¥ 6(k,K;w)], (47) 
wm 


a rather simple generalization of the free electron gas 
result. 
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'? The transition to Hubbard’s notation is simply made noting: 
F (x,x')= KR’ (2,x')—8(x—72’), 


VI ex’) f K(x" (x x’ \dx”. 
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l'ransmission and reflectivity measurements on GaP in the wavelengt! 


region 1t 


to obtain information on the lattice vibrations. The fundamental reflectior nd has | 


theory and the strength, width, and resonance wavelength (27.34) determined. The 


to be 8.5+0.2 in the range 1<< 


124 and 10.2 for \>40u. The background a 


due to free carriers was reduced by copper diffusion to make possible accurate trar 


the lattice combination bands. Ar 


1 assignment scheme using five frequencies is pro 


nation bands. The temperature dependence of the bands is consistent with the 


One band 


is observed which appears to be due to molecular vibrations of an impur 


the integrated absorption it is concluded that the principal mechanism for the « 


anharmonic potential energy 


I. INTRODUCTION 


HE intrinsic absorption edge' of gallium phosphide 

at 300°K occurs at a wavelength ~0.55yu (2.24 
ev). The purest crystals are transparent and orange in 
color; less pure samples may appear dark green or 
opaque. The optical properties of GaP have been 
studied by Folberth and Oswald,' Oswald,? and Spitzer, 
Gershenzon, Frosch, and Gibbs.’ The effect of pressure 
on the absorption edge has been studied by Edwards, 
Slykhouse and Drickamer.* The work of Oswald? 
revealed lattice absorption bands in the 13- to 15-u 
region, although the details of these bands are obscured 
by a background absorption increasing with wavelength 
which is probably due to free carriers. The fundamental 
infrared absorption has not been previously reported 
at this writing. 

We have investigated the infrared properties in the 
region 1 to 40u in polycrystalline samples of low carrier 
concentrations. This range includes a broad transmis- 
sion window from 1 to 12.5u, the lattice combination 
bands from 12.5 to 24u, and the fundamental band at 
27.34. The fundamental band was studied by reflection 
and the other bands by transmission. 

It has been cusotmary to report optical data in 
terms of the so-called optical constants, the index of 
refraction m and the extinction coefficient k, which are 
the real and imaginary parts of the complex index of 
refraction n—ik. Actually, nm and & are not constants 
but rapidly varying functions of wavelength in the 
neighborhood of absorption resonances. A discussion of 
the problem of obtaining » and & from optical measure- 
ments, with particular application to semiconductors, 
has been given by Oswald and Schade® together with 
references to earlier published work. We 
approached the problem from a different point of view 


have 


QO. Folberth and F. Oswald, Z. Naturforsch 9a, 1050 (1954) 
? F. Oswald, quoted by H. Welker, J. Electronics 1, 181 (1955). 
* Spitzer, Gersher Frosch, and Gibbs, J. Phys. Chem 
Solids 11, 339 (1959 
‘ Edwards, Slvkhouse, ar 
140 (1959 
F. Oswald and R 


zon, 


| Drickamer, J. Phys. Chem. Solids 11, 


Schade, Z. Naturforsch 9a, 611 (1954 


in which we attempt to fit the reflectivity exactly 


(within experimental error) by classical dispersion 
theory. This involved the trial and error adjustment of 
four parameters which are: the 


resonance 


resonance Irequency, 
resonance width, high-fre- 

al > ‘ ‘ } } Pt . A 
quency dielectric constant. Once the bulk reflectivity 


strength, and 


or the transmission of a thin film has been fitted in tais 


way the optical constant cnown as a by-product 
of the calculation. In a cubi ystal like GaP the 
optical properties ar rt c and the fundamental 
band is due to a the long-wavelength 
transverse optical mo vibration of the lattice. This 
method of analysis ol refi vity has been success- 


fully applied to SiC ° a1 


Il. EXPERIMENTAL PROCEDURE 


The material for these measurements from 
polycrystalline rods prepared by Frosch by using the 


reaction of gallium with phosphoru 


came 


at elevated temper- 
ature and a pressure of 20 atm. The material as grown 
10'7—-10'8 
reflectivity of two samples at 
that free 
measurements 


was m type with a carrier density in the rang 


cm~*. By comparing th 
the limits of this range it 


was determined 


carriers had no effect on the reflectivi ; 
reported here The refi ivit sam] ; were about 
7X15X1 mm in size ground front and back 


with 600-mesh abrasive powder. The 


al d wert 
front surface was 
polished and the reflectivity measured; the surface 
was then etched for 5 min in concentrated bromine and 
the reflec tivity remeasured. It was observed that after 
the Br etch about 5% of the surface was pitted. The 
average size of the pits was about 20u. The distribution 
of pits over the samples was not perfectly uniform and 
the maximum reflectivity, , was found to vary 
2% to 39% over the surface 


The measured reflectivity « 1ed specimen is 


shown by the points in Fig solid curve is 
*W.G 

127 (1959 
7R. J. Co 

190 (1959 


Spitzer r r i s. Rev 113, 
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the theoretical fit to be discussed in the next section. 
Figure 2 shows an enlarged view of the reflection peak 
for three surfaces treatments. There is a significant 
difference between the polished surface and the polished 
and etched surface. Presumably the polished surface 
before etching is sufficiently damaged so that it does not 
give a reflectivity characteristic of the bulk material 
The difference between the two samples which were 
polished and etched is typical of the differences over 
the surface of any sample and is therefore not significant. 
The surface treatment affects only the peak of the 
reflectivity..At lower reflectivity all samples agree. 
A similar effect of polishing and etching was also 
observed® for SiC. 

Three transmission samples were prepared starting 
with n-type material of about 10" cm™ carrier density. 
The transmission measured from 1 to 24.5u 
Although there is an appreciable absorption back 
ground, due presumably to free carriers, it is possible 


was 
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Fic. 1. Reflectivity of GaP. Data shown by points and theoret 
ical fit by solid curve. The spectral resolution is indicated at 
several wavelengths 


to identify a number of absorption bands. The trans 
mission is shown in Fig. 3. To reduce the carrier 
concentration and the absorption background we acted 
upon a suggestion by Hrostowski. Previously Hrostow- 
ski and Fuller* had shown that background absorption 
in GaSb can be reduced by an order of magnitude by 
compensation with lithium. Hoping to achieve similar 
results in GaP, Fuller diffused copper into two of our 
samples. One of attempts particularly 
successful and the background absorption was greatly 
reduced. This sample of thickness 0.0419 cm yielded 
the transmission curve shown in Fig. 4. Careful compari- 
son of Figs. 3 and 4 shows that the same absorption 
bands appear in each. The dropoff in transmission for 
A> 16z is due to the fundamental absorption at 27.3y. 

To study the temperature dependence of the lattice 
absorption the copper-diffused sample was measured 


these was 


*H. Hrostowski and C. Fuller, J. Phys. Chem. Solids 4, 155 
1958) 
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lic. 2. Effect of surface treatment on the measured reflectivity 
Polished and etched samples are given by the solid curves, 
polished and not etched by the dashed curve 


in transmission at 200°C. It was observed that with the 
sample at 200°C, the transmission decreased with time. 
This effect made it impossible to measure accurately 
the regions of high transmission. The regions of the 
absorption maxima could be measured, however, with 
fair accuracy, and this is shown in Fig. 4 by the dotted 
curve. The change of transmission with time suggests 
that copper is precipitating on grain boundaries or 
dislocations. The decoration of grain boundaries and 
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Fic. 3. Room temperature transmission of GaP samples 
without copper diffusion. The curve is discontinuous because 
two samples of different thickness were used. 
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Fic. 4. Transmission of GaP after copper diffusion. Solid curve, 
room temperature; dashed curve, 200°C 


dislocations by impurities has been observed in ionic 
crystals’ and in silicon." Under microscopic examination 
lines of precipitation were clearly visible in the interior 
of the sample. Figure 5 shows a photograph of a typical 
decoration. 

A transmission measurement of the compensated 


‘1G. 5. Copper precipitation at 200°C in GaP X1000. 

*S. Amelinchx, Dislocations and Mechanical Properties of 
Crystals, edited by Fisher, Johnston, Thomson, and Vreeland 
(John Wiley & Sons, Inc., New York, 1956). 

” W. C. Dash, reference 9. 
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sample was made at room temperature at higher 
resolution. Except for the region near 16.5y, the 
absorption and shape of the bands remained unchanged. 
The transmission between 16 and 19y is shown in Fig. 6. 
It will be observed that the band at 16.55y appears 
much sharper than the other bands, which are essen- 
tially the same as in Fig. 4. 

It was considered possible that some of the absorption 
bands in the 12- to 24-4 region may be due to the 
molecular vibrations of an impurity. Absorption bands 
have been observed in silicon which are characteristic of 
atomically dispersed oxygen" and precipitated Si;N,.” 
Oxygen, if present, might be in the combinations 
PO, or Ga2O;. We have measured the transmission 
of a pellet of GayO; powder in KBr and the result is 
shown in Fig. 7. It will that 


be observed GazOs; is 
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Fic. 6. Transmission of copper-diffused sample with 
higher resolution 
characterized by two sharp bands at 9.7 and 10.3,, 
neither of which is observed in our GaP samples. 
From a consideration of a large number of inorganic 
phosphates” one would expect PO, to produce a 
sharp band near 10u and another near 6.8u, neither of 


which is observed in our samples of GaP. 


Ill. ANALYSIS OF THE REFLECTIVITY 


The reflectivity from 13 to 424 shown in Fig. 1, 
has been fitted within experimental error by classical 
dispersion theory. The method is the same as described 

“W. Kaiser, P. H 
1264 (1956) 

2 W. Kaiser and C. Thurmond, J. Appl. Phys. 30, 427 (1959). 

3H. H. Landolt and R. Bérnstein, Zahlenwerte und Funktiones 
aus Physik Chemie Astronomie Geophysik und Technik (Springer- 
Verlag, Berlin, 1955), Vol. 4, Part 1, p. 464 


Keck, and C. F. Lange, Phys. Rev. 101, 
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in reference 6 except that the IBM-704 computer was 
used and the program has been enlarged’* to accom- 
modate 10 resonances. Only a single resonance was 
needed in the present case, the transverse optical 
vibration for zero wave vector which will be called the 
fundamental resonance. The fit gives the following 
values: 

ho = (27.340.05)y, 

vo= (1.098+0.002) x 10" sec i 

4rp= 1.725+0.01, 

vo=0,00340.0005, 

>= 8.45740.2, 
where Xo is the resonance wavelength, vo=c/Xo, 4p 
is the resonance strength, y is the width, and ¢ is the 
high-frequency dielectric constant. The definitions of 
y and p are the same as given in reference 6. The origin 
of €9 is primarily the polarization of the valence band 
which becomes anomalous in the region of the intrinsic 
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Fic. 7. Transmission of GazO;-KBr pellet. 


absorption edge ~0.55u. Therefore the dielectric 
constant for \<)po is not strictly constant, and the 
variation may contribute to the error indicated for ¢o 
in (1). A number of the values are given to more figures 
than errors would warrant because these are the values 
actually used to calculate the theoretical curve shown 
in Fig. 1. 

Figure 8 shows the optical constants, m and k, as 
obtained from the reflectivity calculation. 

The estimates of error given in (1) were obtained in 
the following manner. The error in po arises from the 
resolution of the measurements. The error in 4p is 
estimated on the basis of the sensitivity of the theoretical 
fit to variations in this quantity. Two methods for 
estimating the error in €9 have been used. The first is 
to relate it to the experimental error, AR, in the 
measured reflectivity at short wavelength (~ 13,); 
this leads to the relation Aeo~44A4R. The second way 
concerns the position of the reflectivity minimum. 


“ We are endebted to Dr. J. Hopfield for use of a subroutine 
which was incorporated in the program. 
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Fic. 8. Optical constants, m and k, as functions of wavelength 
The minimum is quite sharp so we assume its position, 
24.6u, is exactly known; the various errors are then 
related by the formula Aco— 5A(49p)+83(Ado/Ao) = 0. 
Both methods give Aegp~0.2 which is indicated in (1). 
The analysis shows that, within the indicated error, 
€) is constant between 13 and 24.6y. 

The width y requires more discussion since the fit is 
relatively insensitive to y except near the top of the 
reflectivity peak. It will be seen in Fig. 1 that, right at 
the top, the theoretical curve does not fit the experi- 
mental points. There is, in fact, no value of y which 
fits the measurements exactly in this region. It will be 
recalled from the experimental] details of the previous 
section that the peak reflectivity varied by 2% to 3% 
from place to place due to the presence of etch pits. 
This suggests that the true reflectivity is higher than 
any of our measured points in the peak region. We have 
adopted two criteria which serve to define 7 to the 
extent indicated in (1). The first is that y should be 
chosen to give the best fit of the left (short wavelength) 
side of the peak subject to the restriction that the 
theoretical R must never fall below the measured R. 
This narrows y to the range 0.003 to 0.004. The second 
criterion, which concerns the transmission in the 12- 
to 24-y region, is that the transmission for the funda- 
mental absorption alone must not be less than the 
observed transmission. This criterion is satisfied by 
7 = 0.003 and not by y>0.0035. On this basis we adopt 
+ = 0.00324-0.0005 as our fina! value. 

An explanation may be given for the polishing- 
etching effect shown in Fig. 2. We assume that polishing 
produces a thin damaged layer in which the resonance 
width y is very much larger than in the bulk material. 
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As long as the penetration depth of the radiation is 
much larger than the thickness of the damaged layer, 
the layer has little effect. But very near the resonance 
wavelength the penetration depth would be small and 
the large y of the damaged layer would cause the 
reflectivity to be much reduced. We can estimate the 
thickness of the layer by assuming that at the wave- 
length (25.74) where the reflectivity of the polished 
sample first begins to drop below that of the etched 
sample, the pene tration de pth equals the layer thick- 
ness. The depth of penetration at this wavelength can 
be obtained from the calculated extinction coefficient &. 
In this manner the thickness of the damaged layer is 
estimated to be ~0.9u. 
The 
has the value 


static or long-wavelength dielectric constant 


€,. = €o9+4rp= 10.182+0.2. (2) 


At the present time no other measurement of ¢, has 
been reported. The measurement of €, by microwave 
techniques would be very difficult on the high-conduc- 
tivity samples that have been available up to the present 
time, It may be hoped, however, that compensation by 
copper diffusion may make microwave measurements 
possible. 

The pronounced fundamental reflection band shows 
that GaP is an ionic crystal in the sense that a charge 
resides on the atoms of Ga and P in the lattice. It is 
presumably not an ionic crystal in the sense that the 
Madelung energy is the major part of the cohesive 
energy. A value may be obtained for the ionic charge 
e* from the dispersion parameters on the basis of the 
theory of Szigeti'® 


4x? omy," 
i (3) 
Né éo+2 


where m is the reduced mass of the ion pair and NV 
is the concentration of ion pairs. The appropriate 
values for GaP are V=2.49X10" cm™*'® m=3.56 
x10-*  g, 1.725, vy=1.098XK10" sec, and 
€o= 8.457, which give 


4p 


e c 0.58. (4) 


The effective number of other III-V 
compounds have been discussed by Picus, Burstein, 
Henvis, and Hass"’ 


charges of a 


on the basis of measured reflectivities 
and a simplified dispersion analysis. According to a 
suggestion made by Slater and Koster'* one might 
expect the effective charge in ITI-V compounds to be 
small compared to unity. This idea has been used by 
Folberth and Welker'® to account for the energy gaps 
Faraday Soc. 45, 155 (1949 

Geisecke and H. Pfister, Acta 


B. Szigeti, Trans 
®a=5.4505 A, G 
369 (1958 
G. Picu ' Burstein, B. W. Her 
Chem. Solids 8 282 (1959 
* |. Slater G. Koster, Phys. Rev. 94, 1498 (1954 
! 1). Foll h and H. Welker, J. Phys. Chem. Solids 8, 14 


Cryst. ll, 


vis, and M. Hass, J. Phys 
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sequences of 
ré ported y 


and binding energies of ectroni 


III-\ 


have varied from 0.34 for InSb to 0.60 for InP. 


compound The effective charges 


IV. ANALYSIS OF THE COMBINATION BANDS 


A. Determination of Absorption Coefficient 


that 
iT le veils one of 
nce band The 


that 1eéy 


Woodbury and Tyler have shown 


germanium has thr uccept 
only 0.04 ev above tl \ 


copper in 
which is 
present 
inte rpretation of these leve y are assoc iated 
with the tetrahedral bonding of substitutional copper 
in the lattice. This | onsistent 
that gold also has three acceptor lev 
nickel, cobalt, and mangar have 
fore, we expect that subst 


with the observations” 
ls while zinc, iron, 
There- 


il copper should give 


two levels. 


three acc eptor levels in of which is close to 
the valence band. It |! yet been established that 
copper enters GaP substitutiona y; but the present 
work shows that copper introduces at least one acceptor 


level. Any level lying | er than the lowest copper 


level will be 
On the 
Fermi iS-f 
occupied. lherefore, there should be 


unoccupied n 1 compensated sample. 


other hand, any ying lower than the 


level in the type samples will be 
a great difference 
between the uncom] ympensated samples 
as regards the occupatiot1 mpurity levels in the 


The ' ibab \ of the 
between impurity 


energy gap ionization of 
impurity level 
levels should be 
of the 
bands in the 12- to 


incompens ted samples indicating 


of the occupations 
levels. It was ) ved, however, that the same 
24-4 region are observed in the 
compensated and 
that these bands are due to ab 
The possibility of observing bands in this regi 
the molecular vibrations of impurities has not 
ruled out. We believe that tl inds are 
oxygen, since we Vv 
of PO, 
present about the optical 


rption by the lattice. 
on due to 
been 
not due to 
serve bands 
that case. We 


effects of 


characteristic 
can say nothing at 
nitrogen, carbon, or 
observed bands (with one exct ption, see Sec. 
due to the lattice is supported by th 


conclusion that the 
IV C) are 
following analysis 
and by the observed temperature dependence 


The transmission T is given by 


where R is the reflect ibsorption coefficient, 
and x the thickness of the 
the absorption coefficient 
plotted in Fig. 9. It 
absorption coefficients, a 
infrared lattice absorpti 
combination bands of 


From this expression 
ated and is 
> sum of two 
fundamental 


® H. Woodbu W. Tyler, Phys. Rev. 105, 84 (1957 
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the fundamental! resonance is given by 


1 = AoA? 
ay 8x py 


n (de?—A?)? 


The requirement that ay<a for all ’ has already 
entered into the choice for the value of y. A plot of 
ay is also shown in Fig. 9. Subtracting the two curves 
gives a,, the absorption coefficient for combination 
bands which is also given in Fig. 9. 


B. Nature of Combination Bands 


Combination bands are so called because they are 
due to processes in which two or more phonons combine 
to interact with the radiation field. The mechanism of 
the interaction has usually been assumed*™ to be the 
anharmonic part of the crystal potential. In this case 
the combination bands are part of the fundamental 
resonance absorption. The interaction with the field 
arises from the dipole moment of the fundamental 
resonance, in the sense that the interaction of the 
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F1G. 9. The experimental absorption coefficient a, the absorption 
coefhcient for the fundamental] resonance ays, and the absorption 
coefficient for the combination bands a,=a—ay 


* M. Born and M. Blackman, Z. 
M. Blackman, Z. Physik 86, 421 
(London) A226, 102 1936); L. L 
F. Seitz, Phys. Rev.'48, 582 (1935) 

It should be mentioned that the possibility of one-phonon 
absorption bands arising from a breakdown of periodic boundary 
conditions has been considered by H. Rosenstock, J. Chem. Phys 
23, 2415 (1955). The bands considered here, which extend to 
about twice the fundamental frequency, cannot be explained in 
this way. 


Physik 82, 551 (1933); 
(1933); Trans. Roy. Soc 
Barnes, R. R. Brattain, and 
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crystal with the radiation takes place through the 
dipole moment of the fundamental oscillations. The 
absorption may be regarded as a second order process 
in which a photon is absorbed and two phonons are 
created through an intermediate stare in which the 
fundamental excited, Neither of the 
two phonons ultimately produced is a fundamental 
phonon. This mechanism evidently could not operate 


oscillation is 


in homopolar crystals such as silicon in which the 
fundamental resonance has no dipole moment. To 
explain the observed absorption in such cases it has 
been suggested™ that two phonons can interact directly 
with the radiation field through terms in the electric 
moment of second order in the atomic displacements. 

The mechanism of the second order electric moment 
may be important in crystals of the zincblende structure 
such as GaP and in ionic crystals as well as in homopolar 
crystals. Lax and Burstein” point out that in the 
sequence MgO, Lif, NaF, NaCl, and KCl, the ratio of 
the main reflection side band to the main reflection 
peak follows the same trend as the strain polarizability 
and the deviation from the Cauchy relation. From this 
they conclude that charge deformation, which implies 
the existence of second and higher order moments, may 
be an important absorption mechanism. 

Recently Johnson™ has analyzed the lattice absorp- 
tion in silicon. He has obtained a reasonably good fit 
to the locations of eleven absorption maxima and to 
their temperature dependence on the basis of only four 
frequencies.. These frequencies he designates in a 
conventional way as longitudinal optical (LO), trans- 
(LA), and 
TA). Actually, the combination 
bands are a continuous absorption, but singularities” 
in the phonon frequency distribution give rise to 
absorption peaks. These singularities arise from critical 
points** in the phonon Brillouin zone where the fre- 
quency as a function of wave vector is flat. We expect 
such points to occur at or near the edge of the Brillouin 
zone. The circumstance that a whole branch can be 
represented by a single frequency such as (LA) is 
probably fortuitous for silicon and not to be expected 
generally. In general each branch might have several 
important critical points. 

According to the theory™ for the second order 
moment mechanism a selection rule forbids combination 
bands in which both phonons belong to the same 
branch. Johnson™* obeyed this selection rule in his 
assignment of two-phonon processes. This selection 
rule holds only in homopolar crystals and would not 
hold in GaP. The anharmonic mechanism also has no 
such selection rule for GaP. Thus, we may assign the 


verse optical (TO), longitudinal acoustic 
transverse acoustic 


™M. Lax and E. Burstein, Phys. Rev. 97, 39 (1955). 

*F. Johnson, Proc. Phys. Soc. (London) 73, 265 (1959) 
Also see B. Brockhouse and P. Iyengar, Phys. Rev. 111, 747 
1958) 

27> FE. Montroll, J Chem 
Phys. Rev. 89, 1189 (1953) 

* J. Phillips, Phys. Rev. 104 


Phys. 15, 575 (1947). L. Van Hove, 


1263 (1956 
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TABLE I. Summary of combination bands in GaP. A(z) and 
b(cm™) are. the wavelength and wave number of the observed 
absorption bands. The third column gives the assignments of 
the bands. The expected is determined from the assignment and 
the phonon values given at the bottom of the table. fix» is the 
ratio of a-(200°C) to a-(25°C), and fueor is the ratio of f(T) at 
the same two temperatures. /(7) is defined in Eq. (7) 


i(cm™) Assignment* fexpected fexp 
3-phonon 
LO+LO 
LO+TO 
TO+TO 


wun 


LO+LA 
: TO+LA 
(18.60) 
(20.3) 
20.95 
22.40 
23.50 426 


LO+TA,; 
TO+TA, 
LO+TA, 
TO+TA: 


*LO=-378, TO =—361, LA 197, TA; #115, TAs =66 


process LO+LO. Even in silicon the assignment 
TO+TO is allowable since there are two transverse 
branches. 


C. Assignment of Bands 


From the absorption curve a, in Fig. 9 we have 
selected thirteen combination bands, the wavelength of 
which are listed in the first column of Table I. Some of 
those we have selected are only shoulders on the curve 
are therefore doubtful; these are indicated by paren- 
theses. The second column in the table gives the wave 
numbers of the bands. The bands 755, 738, 722 cm™ 
have a uniform spacing of 16 or 17 cm™ which suggests 
the assignments 2 LO, LO+TO, and 2 TO, respectively. 
The values would then be TO=361, LO=378 cm“. 
The bands 575, 559 also have the spacing 16 cm“ 
which suggests the assignments LO+LA, TO+LA, 
respectively and the value LA=197 cm™. To fit 
the last four bands it is necessary to use two more 
frequencies TA,= 115, TA,=66 cm™. A summary of 
the assignments is given in the third column. The 
wave numbers at which the assigned bands would be 
expected are listed in the fourth column. A comparison 
with the second column shows that the assignments are 
within 1 cm™ of the measured bands except for the 
22.40-4 band which is off by 2 cm”. This must be 
considered very agreement. The assignment 
scheme is successful in that a large number (nine) of 
the bands are accounted for, all the bands that would 
be predicted are observed, and the locations of the bands 
are accurately given. 

The theory of two-phonon combination bands by the 
mechanism of the anharmonic potential is considered 
in a separate paper.”’ It is found that the temperature 
dependence is the same for the anharmonic and second 


good 


7D. A. Kleinman, following paper [Phys. Rev. 118, 118 
(1960) }. 
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order moment mechanisms, and, for processes where 
phonons of frequen ies » 


f(T) 


1, Mg are created, is given by 


1+ F (hv;/kT)+F (hve/kT), (7) 
with 


e*7—1) l 


The measured temperature dependences obtained from 
Fig. 4 are listed in the fifth column of Table I, where 
fexy is the ratio of f(7) at 200°C to its value at room 
temperature. The corresponding theoretical quantity 
is listed in the sixth column. In obtaining the experi- 
mental values it was assumed that the absorption of 
the fundamental resonance did not change in going 
to 200°C. The error of this assumption only affects 
the last four bands, and is not expected to be larger 
than other errors in the measurement. The agreement 
between columns five and six is generally satisfactory. 

It may also be noted that the combination bands 
shift to longer wavelength with increasing temperature 
(see Fig. 4). Within experimental error the frequency 
shift for all the bands is given by 


(1/v)(Av/AT)~—5X10-°°C, (8) 


This effect will be discussed in more detail in a following 
paper.”’ 

Four of the bands listed in Table I do not fit in with 
the proposed assignment scheme. The band at 12.73, is 
weaker than the others, as may be seen in Fig. 9, and is 
higher in frequency, so we assign it to some unspecified 
three-phonon process. The bands at 14.15 and 18.60u 
are doubtful, and therefore perhaps need no explanation. 
They are not quite as prominent as the doubtful band 
at 20.3u which is part of the assignment scheme. The 
only real problem is the prominent band at 16.55y. We 
submit that this band is not due to two-phonon 
processes on the ground that any scheme sufficiently 
enlarged to account for this band would predict many 
bands that are not observed, or else fail to explain 
other bands that ar¢ It cannot be a three- 
phonon process because of its temperature dependence 
(see Table I). A three-phonon process would be expected 
to have a temperature dependence f= (1+F;)(1+F:) 
x (1+ F;)—FiF2F; which would give a ratio of about 
2.5 for a temperature rise of 200°C from room tempera- 
ture. Also on the grounds of its strength we would rule 
out explanation as a three-phonon process. As explained 
in Sec. II it is probably not due to oxygen impurity. 
In Fig. 6 we see that this band is much narrower than 
the other bands, and therefore it seems reasonable to 
suggest that it is not a lattice combination band. The 
most plausible explanation is that it is due to molecular 
vibrations of an unidentified impurity which is not 
oxygen. 


obse rve d 


D. Integrated Absorption 


The shape of the combination bands is determined 
by the shape of the frequency distribution of the 
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phonons. The integrated intensity, however, is re- 
latively insensitive to the frequency distribution. From 
Fig. 9 we can obtain an integrated intensity for 
the three optical branch processes LO+LO, LO+TO, 
and TO+TO which give absorption peaks well sep- 
arated from the other processes. For GaP the dimension- 
less quantity {add has the value 


ff aar~7x10- (9) 


If we now consider Johnson’s silicon data™ for the 
corresponding processes we find that the integrated 
intensity is about 3X10~. (In diamond and ger- 
manium*** the level of absorption is similar to that of 
silicon so that this value may be taken as representative 
of the homopolar crystals.) We must remember, 
however, that a selection rule is operating in silicon 
which allows only three of the six possible kinds of 
transition between the three optical branches. Supplying 
a factor of two gives 6X10~; this is about what one 
would expect the integrated intensity to be in GaP if 
the same mechanism operated as in silicon. Since this 
is an order of magnitude lower than what we observe, 
we conclude that the principal mechanism for the 
combination bands in GaP is the anharmonic potential. 
In SiC * the integrated intensity for optical branches 
is 2X10-*. In this case it is particularly difficult to 
see how the integrated absorption in SiC could be ~60 
times larger than in either silicon or diamond. In a 
separate paper®’ it is shown that the anharmonic 
mechanism is consistent with the observed integrated 
apsorption. 


E. Sum Rule for Frequencies 
Recently Brout® has given the sum rule 
6 1 18 


» w:(q)?=- —T0, 
ml B m 


(10) 


* R. J. Collins and H. Y. Fan, Phys. Rev. 93, 674 (1954). 
* W. Kaiser and W. L. Bond, Phys. Rev. 115, 857 (1959). 
* R. Brout, Phys. Rev. 113, 43 (1959). 
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where 8 is the compressibility, m the reduced mass, fo 
the interionic distance, and w=2rv. This relation is 
derived on the basis of Coulomb attractive forces and 
nearest neighbor repulsive forces. 

At the center of the Brillouin zone the frequency 
of the transverse optical branches is given by (1). 
According to the Lyddane-Sachs-Teller®™ relation the 
longitudinal branch has a frequency v= (€./€0)'vo 
= 1.20710" sec. Therefore we can evaluate the 
left side of (10) at q=0, 


we+ we? = 1.52 10" sec. (11) 


From the frequencies LO, TO, LA, TA, TA: of Table I 
we can also calculate this quantity for some q near or 
at the boundary of the Brillouin zone, 


wio'+ 2wro’*+wra*t+erart+ora? 


= 1.63 10% sec*. (12) 


At the present time the compressibility 8 of GaP is 
not known. If we assume that (10) holds at q=0, 
we calculate the compressibility to be 


B=7.8X10-" cgs. (13) 


This value is probably a little small in view of the 
compressibility ® of silicon, 1 10~", and of germanium, 
1.3K10-" cgs. We see from (11) and (12) that the 
constancy of >> w? required by (10) holds only approxi- 
mately. The discrepancy is outside of the experimental 
error. On the other hand, the assumptions underlying 
(10) probably do not apply very well to GaP which is 
primarily a valence crystal. 
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nfrared properties and the thermal expansion of gallium phosphide 
ple model of the anharmonic forces. In this model the anharmonic f 
The value of this parameter f 


grated absorption recently measured for certain infrared combination bands. It 


width of 
bands aré 


the fundamental resonance (reststrahl 


consistent with the absorptior 


and the observed shift with ter 
This is presented as evidence that the 


predominantly responsible for the infrared absorption in the combination bar 


ved thermal expansion is consistent with the same anharmonic model 


1. INTRODUCTION 


N the preceding paper,' hereafter referred to as (I), 

data is presented on the infrared absorption bands 
of GaP. The bands in the region 12-24 yw are interpreted 
as two-phonon combination bands, and a scheme based 
on five lattice frequencies is given which accounts very 
well for the frequencies observed. From a consideration 
of the integrated absorption it is concluded that these 
bands are due primarily to the anharmonic forces in 
the crystal lattice. The role of anharmonic forces in 
infrared absorption was first pointed out by Born and 
Blackman,’ 
sional model that the absorption spectrum of a polar 
cry stal should contain combination frequen ies of the 
form w)-tws a as the fundamental infrared fre- 
the frequency of long wavelength transverse 
optical vibrations 


who showed on the basis of a one dimen- 


we lI 
quency, 
More elaborate discussions for three 
dimensional crystals have been given by Blackman’ 
and by Barnes, Brattain, and Seitz.‘ 

It has been pointed out by Born,® Burstein ef al., 
Lax Burstein’ that combination 
ilso be caused by second order and higher order terms 
in the electric dipole moment of the crystal as a function 
of the ionic displacements. The detailed theory for the 
two phonon processes arising from the second order 
moment has been given by Lax and Burstein.’ On the 
basis of this theory and a theoretical® vibration spec- 
trum for diamond Stephen® has calculated the shape of 


and and bands can 


the absorption spectrum of diamond. In crystals like 


diamond which have no ionic charge and no first order 


moment" the teraction of the lattice with the radia- 


tion must come (in a perfect crystal) through higher 


'D. Kleinma \W 
118, 110 (1960 
*M. Born and M. Blackman, Z. Physik 82, 551 
M. Blackman, Z. Physik 86, 421 (1933 


Barnes, R. R. Brattain, and | 


Spitzer, preceding paper 
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Seitz, Phys. Rev. 48, 
Born, Revs 

* E. Burstein, J. J 

28, 388 (1948 

M. Lax and ein, Phy 

* Helen Smitl ran l 

+ M. Stepher 


Modern Phys. 17 
Oberly, and E. K 


245 (1945 

Plyler, Proc. Indian Acad 

el 
97, 39 (1955 

ondon) A241, 105 (1948-9 

London) 71, 485 (1958 

131 1958 


order terms in the In ionic crystals 


and heteropolar val GaP both anhar- 
oments could cause 
both 
temperature dependence 


" 1 
mec. 2), and ¢ 


monic forces and thi 
two phonon combination bands. Furthermore, 
mechanisms predict the same 
same 


for the absorption (see sentially the 


shape for the absorption ch is determined primarily 


by the frequency distribution of the lattice vibrations. 
Lax and 
crystals the second 


Burstein’ have iggest that even in ionk 


order mechanism may be 
the 
combination bands, except for the homopolar crystals, 


has therefore not been 


important. The question as to the mechanism of 


re solved 


1 


ither the a rmonk the 


ent yf cry ct ils are quanti- 


In general ne forces nor 
second order electri 


tatively known. It 


mon 

sing therefore that no 
quantitative estimates have been published for the ab- 
sorption coefficient I ibsorption of 
m. And yet it 


quantitative 


combination bar 
seems probabl con- 


siderations can the question of the mechanism be re- 
The subje t was pened it | 


out that the inte 


solved by pointing 


GaP should only 


be about twice great a I n if the second order 


moment mec! support of this 
lattice 


argument it n con- 


Stants are gh-ire 


struc 


about equal, 
and the 


le for the heteropolar character 


yuency dielectric 


constants are similar, ures are similar if 
obvious allowance is ma¢ 
of GaP. Act 
times larger in GaP than in on, ich suggests that 
In the 


is carried further by show- 


ually the grated ibsorption is about 20 


anharmonic forces ar met 


nanism 
present paper the 


that the width of the fur nental resonance and 


ing 


the shift with temperature of the combination bands 


observed in (I) are consistent with the integrated 


absorption, on the sumption that all three effects are 


due to a simple orce des« ribed by 


a single paramet 


tained for 


expal n nfortunatel n locity ol 


the therma 


sound which occurs been 


measured. However to the 
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measured thermal expansion a reasonable estimate is 
obtained for the veloc ity of sound. 

As a material on which to carry out such an analysis 
GaP presents both advantages and disadvantages. The 
mechanical and thermal properties are relatively un- 
known due to the difficulty in obtaining large single 
crystals. Presumably these disadvantages are only 
temporary. The advantages are that the fundamental 
resonance can be accurately described by a single reso- 
nance dispersion formula, the combination bands can 
be accounted for by a simple assignment scheme, and 
the optical-optical combination bands are separated 
sufficiently from the other bands (optical-acoustical) to 
permit the integrated absorption for these bands to be 
determined. It is especially this last advantage which 
makes possible a quantitative test of the anharmoni 
theory of infrared absorption. 


2. THE INFRARED ABSORPTION 


We consider a single mode of the electromagnetic 
field in a medium of volume V and dielectric constant € 
which is the high-frequency dielectric constant of the 
crystal. The vector potential may be written 

A( r) | 


k-r) 


tw (ae**+ate (1 


where p is a unit vector, k is a wave vector, and the 
destruction and creation operators a and a* have the 
commutator 


[a,at |= 2ehc/keo!. 


We denote the positions of atoms of type o by r, and 
the displacements of atoms by u(r,), which can be 
written! 

N13 


u(r.) at, geargee*t +B, g:*a ite 4). (3) 


Here N is the number of unit cells, q¢ denotes the wave 
vector and branch of the phonon, a, and a,;* are 
destruction and creation operators normalized to unit 


commutator, and the polarization vectors b,,, satisfy ' 


the orthonormality relations 


> ws (De gt) z(be qt?) aMe= (h, 2w ot) 514", 


(4) 
de (be gt)2(b. gt) 2'W at 


(hy 2m. )be0bcx’, 
where m, is the mass of the atoms of type o and w,,; is 
the angular frequency of phonons q/. The momentum 
conjugate to u(r,) is 

p(r.)=NOD> o: maoyi(b, tagte 4 

—b, ace Gte). 


(5) 


The interaction of the crystal with the electromagneti 
field is'? 
H!’ = S50 (€./m.c) A(t.) - p(t.) 
= V-in} > > (eeone/ chip: (b,ic*ai;*a 
+h, ba nm a — b,.aia* — b, eel—_*7), (6) 


'F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, New York, 1940), Secs. 21, 22 
”® Reference 11, Sec. 42 
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where e, is an effective charge so defined" that the 
‘electric moment produced in the crystal by displace- 
ment of an ion is e,u(r,). In a crystal with two kinds 
of atoms the effective charges must be equal in magni- 


tude and opposite in sign, so that we may write | ¢,| =é. 
The wave vector k of the radiation is very small so 

that we may use H’ in the limit k — 0. In this limit the 

three acoustical branches satisfy" 

(bexs— Dyas) — 0. 


iin (7) 


k--0 


The acoustical branches therefore do not contribute 
to H’, because (6) contains the factor - ¢,=0 when 
(7) is satisfied. We now limit the discussion to cubic 
crystals with two kinds of atoms. In such crystals 
there are three optical branches which for very small 
wave vectors may be considered to be one longitudinal 
and two mutually perpendicular transverse branches. 
The longitudinal branch cannot interact with the trans- 
verse radiation field, and one of the transverse branches 
may be chosen perpendicular to the field. We shall refer 
to the transverse optical vibration of zero wave vector 
polarized in the direction yp as the fundamental vibra- 
tion designated by “/.”’ The polarization vectors for 
the f vibration satisfy'® 

b.,— b,-¢= (h/2mw,)*y, (8) 
m,°) is the reduced mass. Thus 
the interaction of the crystal with the radiation re- 
duces to 


where m= m,m,-/(m,4 


H'= VN‘ (hé*w 


2m *) i 


Xt(asta—ayat+a;tat—aya). (9) 

For a crystal of the zincblende structure (like GaP) 
the anharmonic forces can be introduced into an ideal 
harmonic model by connecting purely anharmonic 
springs between each atom and its four nearest neigh- 
bers of the opposite type. The potential energy of the 
purely anharmonic Gx, where x is the 
extension and G is a parameter whose value we hope 
to determine from a comparison of theory and experi- 
ment. The anharmonic potential energy of the crystal 
in this model is 


spring is 


A" = —G > w{j-La(r,) — u(r) jy, (10) 
where r is the position of one kind of atom and j is a 
unit vector in the direction r;—r, and the sum is over 
the four neighbors of atom r and over all atoms r. 
Combining (3) and (10) gives 

H"=-GNAY C> al F 


a e** ’ 
* 
T F jqt Aa € te *)?, 


H. Callen, Phys. Rev. 76, 1394 (1949) 
‘M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
Oxford University Press. New York, 1954), Sec. 26 : 
* Reference 14, Secs. 7, 34 


(11) 
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where 


F ja j- (by .e'** ji— bo), (12) 


where p= |r;—r! is the interionic distance and @ refers 
to the atoms r. It is convenient to define the operators 
Bia where s takes on one of two values (+) and 


Biagt' F jqttg, Big = F jq*agi*. (13) 


The anharmonic potential can then be written 


H" = om 6GN , yd j ie oe oF" es ” Big Big Big” 
K A(sq+s’q’+s"q"), (14) 

where 
A(q)=1 if q= zero or any reciprocal lattice vector, 15 
=() otherwise. (19) 
The triple summation over phonons has been written 
6 >>, where 6 is the redundancy factor, and >> is a 
nonredundant summation over the phonons gt, q't’, qt” 
in which each combination without regard to order 
occurs once. The validity of (14) depends upon 
being very large so that terms with repeated indices 
can be neglected. 

The matrix element M,,, for a process involving 
several phonons and one photon is 


(n’| H’’\ g)\g| H’|\n) 
nn ¥ ( 


onn’ E,—E, 


(n’| H’| @)(g\ H"’ | n) 
+ ), (16) 


where E, is the energy of the initial state, E, the energy 
of the intermediate state. The transition rate is 


E,—E, 


Qan= (2/h) | M wn|75(Ew— Ez). (17) 


The conservation of energy may be written 


+hwthwst+ >> shw=0, (18) 


where the sum is over the three phonons generated by 
H”, and in the other terms (+) refers to emission and 
(—) to absorption of the respective quanta. In the 
general process the three H” phonons are distinct from 
the f-phonon, so that the general process is a four 
phonon process. A process of this kind is diagrammed 
in Fig. 1(a) for the case in which a photon k is absorbed 
with creation of phonon f (the H’ vertex) followed by 
the creation of three more phonons (H” vertex). We 
shall use the convention that diagrams are to be read 
from right to left, and arrows pointing into a vertex 
represent destruction while arrows pointing away repre- 
sent creation of a particle. The diagram shown corre- 
sponds to the left term on the right side of (16); 
a similar diagram with H” preceding (to the right of) 
H’ corresponds to the right term. Disconnected dia- 
grams such as Fig. 1(a) do not represent physical 
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Fic. 1. Diagrams 
for infrared ab- 
sorption. (a) Dis 
connected diagram 
which cancels. (b), 
(c) Photon absorp- 
tion. (d), (e) Photon 
emission [see Eq 


(16) }. 











-qt’ 


effects."* In this case the diagram shown is cancelled by 
its counterpart with H”’ preceding H’ for processes 
obeying the conservation of energy (18). This comes 
about because the matrix elements in the two terms of 
(16) are the same unless 1” destroys the phonon created 
by H’ or creates the phonon destroyed by H’. Therefore 
the third order anharmonic potential H” produces only 
two-phonon processes in which the fundamental phonon 
is an intermediate state. 

In Figs. 1(b), (c), (d), and (e) are shown diagrams 
for the two-phonon processes in which both phonons are 
created or both destroyed. These are the processes 
which cause the combination bands observed in GaP. 
Not shown are the counterpart diagrams with H” 
preceding H’. As an example consider (b) representing 
photon absorption through 8/8 ,:+8_,.* in H” and a;*a 
in H’. For an initial state with V, photons and m, 
phonons (prescribed for all gf) and a final state in 
which a photon is destroyed and phonons qt, — qf’ are 
created the value of the diagram is 


6ZN 3 (mp +1) X geee* (Mor t+1)! 


X (m_ ge +1)*/ (tw— hwy), (19) 


qt 


where 


Z= —iGV—“* rh®e/2m wee |! (20) 


contains the constant factors from (2), (8), (9), and 
(10). The quantity iw— fw, is the energy denominator. 


16 J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957) 
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The sum over j in (10) is contained in the quantity 
X ew = 23 (j-w)F jqeF joe’ (21) 


The counterpart diagram to (b) has a similar expression 
except that (m;+1) is replaced by my and hw—hw, by 
hiiwy — hw ; the result of adding this to (19) is to cancel the 
number of fundamental phonons m,. Diagram (c) repre- 
senting absorption of radiation through 8/*8 ,:*B_q* 
in H” and —aya in H’ has the value 


—6ZN J ngX giv (nt) *(n- gt l)h (hw+hw,), (22) 
and its counterpart is obtained by replacing mn, by 
(ny +1) and hw+hw, by —hw—hw;. The total matrix 


element for absorption is 


6Z Ww 
M,(qtt’)=— — 


w*—w,? 


X gee *N Mngt)! 
X (mee +1)%. (23) 


Similarly we find the total matrix element for photon 
emission 


6Z 2w 


M,(qit')=— X gu (No+1)! 


XK (mt g)*(n_ ge)! 


w— Wy , 
(24) 
from diagrams (d) and (e). 

The total rate of photon absorption is 2=02,—Q, 
where Q, and 2, are the rates for absorption and emission 
processes, respectively. Combining (17), (23) and (24) 
gives 


2= 288x(|Z|2/h®)[w2/ (w*—w2)* JX |X gue |? 
K LN u(t get 1) (ng +1) —(Nu+1)n nm at’ | 
Kb (fiw— hw gt— fw gv), (25) 


where 5° is a nonredundant summation over two 
phonons q/ and — qi’. We obtain the real conductivity 
by equating the classical expression for Joule heating 
to the quantum mechanical expression for the absorp- 
tion of energy 


o E?=2V hw. (26) 


The electric field E can be eliminated by equating the 
classical and quantum expressions for the energy density 


(€o/4r) E?= NV hw. (27) 


Use of the correspondence principle in this way is valid 
if ¢/w<1 and if the polarizability due to the interaction 
is much less than ¢o/49. These conditions are satisfied 
in the wavelength regions where combination bands are 
usually observed, i.e., far out on the wings of the funda- 
mental resonance. As pointed out by Schmidt"? the 
transition rate 2 in (26) should not contain spontaneous 
processes, so that in (25) we retain only the part pro- 
portional to V,. The absorption coefficient * a = 44ra/ce! 


7H. Schmidt, Z. Physik 139, 433 (1954). 
8 Reference 11, Sec. 147. 
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is then given by 


288re'| Z| * w? 


2)2 


q= 
hic (w*—wy 


X (Mott ot + 1)5 (thes — few g¢— The gt”). (28) 


The thermal average over initial states can now be 
carried out simply by giving n. the value”® 


gp (eAve/*T—1)-!, 


(29) 


We now restrict ourselves to processes involving two 
optical phonons. A simple and reasonable approxima- 
tion is to set 


LX cee] 2~ (h,/2omed ot) (h/ 2c ge), (30) 


where m is the reduced mass appearing in (8). In this 
way we obtain 
NGHE? w 1 
a~36r* = 
m'ceg' (w*—w,*)? N 


a (nortnge +1) 
ae — 
@ gt® gt’ 


XK 5 (fiw — thew gi — Ihe gt’), (31) 
where No is the number of unit cells per unit volume. 
A dimensionless integrated absorption may be defined 
as follows 


Pw = f andr = (2c ‘w?) f ewe, 


where a, is the absorption coefficient for processes 
involving a phonon of branch ¢ and one of branch /’. 
This quantity is of experimental interest in GaP, be- 
cause it was shown in (I) that the two-optical-phonon 
combination bands are well separated from he optical- 
acoustical combination bands permitting their inte- 
grated absorption to be measured directly. We may 
assume that the six possible optical-optical processes 
have approximately equal integrated absorptions, so 
that the quantity of experimental interest is Pop~6P 4. 
From (31) and (32) 


Pop 249°G1(N ohé?/m'wy"eo4) (14+ 2n), 


(32) 


(33) 


where for the phonon frequencies we have put w gi~w 4 
~wy~w/2, which is a good approximation in GaP. 
The effective charge é is greater than the ionic charge e* 
defined by Szigeti® by the factor (€o+2)/3. The relevant 
experimental quantities' are 
w= 6.9010" sec! 
€o = 8.457, 
é=2.0le, 
m= 3.5610", 
No=2.49X 10%, 
Pop = 7X10. 


” Reference 11, Sec. 18. 
» B. Szigetti, Trans. Faraday Soc. 45, 155 (1949). 


’ 
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By equating the experimental value of P,, to the 
, | | 


expression (33) we obtain the estimate 


G=3 X10" g cm sec (35) 


i 


for the anharmonic parameter. It 


is of the order of magnitude of 


may be noted that G 
an elastic constant, 
which is what one would expect, since the harmonic 
and anharmonic energies should be comparable for a 
displacement of one lattice constant. We shall now use 
this value to compute theoretical estimates of the width 
and of the 
shift of the combinations bands. 


of the fundamental resonance temperature 


3. WIDTH OF THE FUNDAMENTAL RESONANCE 


In (1) the parameter Y desc ribing the width of the 
fundamental resonance in GaP was determined from 
an accurate dispersion analysis of the reflectivity. In 
terms ol ¥ the relaxation time 7 for the dec ay of energy 
(yw We shall that the principal 
relaxation mechanism is the anharmonic perturba- 
tion H”. A typi i decay process is the destruction of 


IS T assume 


an f phonon and the creation of a pair of phonons 
of sum wy and wave vectors of sum 
shall restrict 
absolute zero temperature, so that no other decay 


having frequencies 


zero. For simplicity we ourselves to 


process is possible. The relaxation time may be written 
hi » H ytt ™ 5 (fiw, he: at 


where HT ots ” is the 
stroying f and creating qf and — qf’ 


1/r= (29 hwo), (36) 


HH" 


when the initial 


matrix element of for de- 


state has a single f phonon present. 


a OGN-*(h/2mw,)*X oie. 


Thus we find 


362 (G?/mw;) (1/N)S- X ote’ |? 
«Kb ( hw 


hw ot hr ot \ 38) 
(1) of the combination bands in GaP 


that critical points?! 


rhe analysis in 
hows in the vibration spectrum 
which in terms of wave 
66, 115, 197, 361, and 378. The 
undamental resonance is 366. If we imagine simple 
shapes for the dispersion curves w(q), in which the 


critical points occur at the zone boundary, we conclude 


occur at five trequencies, 


numbers (cm ire 


that the only decay process is the decay into two 
longitudinal acoustic phonons of frequency 183. This 
frequency is far enough from the critical point fre- 
quency 197 that the perturbation treatment leading to 
(38) should be valid. The wave vector q may also be 
assumed to be not too near the zone boundary, which 
permits us to make the approximation 


Bee: g|—*(h/2Mw.1)', 39) 
where M=M,- 


then obtain 


unit cell. We 


mass of the 


X ote)? (h/ Mw (40 


Rev. 104, 1263 (1956). 
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by considering the sum over 21) for several typical 


directions of q. The relaxat time « written 


in now be 


(41 


where D(w) is the norma distribution 


for the LA branch define: 
Du j w). $2) 


The numerical coefficient ikes account of the 
fact that the 
only half of q-space for the 

It is difficult to estimate the 
In the absence of more ac« 


> 


nonredundant n! tion in (358) 1S over 


D(w, 2). 


information we 


value of 
irate may 


suppose that lispersion relation is of the form 
W™~ Wmax SIN bgN and identily ax With the critical 
point frequency WLA, 2)~1.6/wra. 


Therefore we obtain fi formula 


1/r~45(G*I ” ‘ iP +3) 


Using M=1.7X10 
the critical point fre 


obt Ll! 


(34), 


ind G given by 


given in 


(35) we 


whic h corre- 
Tr} | i to 


bhid is 
3<X10-*. Thi 


sponds to the width parameter y~5 10-4 
be compared with the XT { Liu 
is satisfactory agreement W the uncertainty of 
estimating D(w 


4. TEMPERATURE SHIFT OF THE 
COMBINATION BANDS 


The contribution of the anharmonk potential to the 


energy of the crysta ding to ordinary second order 


perturbation theory 


Wi : : $4) 


thermal dis- 
shall define the fre- 


where an averag over the 
tribution of initial states 


quency shift dw, of a pl 


hdw,=Vi (45) 


} 
| 


where all phonon occupati except for gq are 


We shall obtain 
of a one dimensional 


leads to 


the same in W®(n,+1 
an expression for dw, o1 
model, since the 
formidable difficulty 

The frequenci¢ Ss ( t ngitudinal vibrations 


three dimens il treatment 
of a 
linear chain'! are given by 1 1 “normal dis- 


persion” relatior 


where M is the mass 
stant of the connecti 


(47 


The anharmonk 
14) except that 


where p 


potential can written in the form 
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Fic. 2. Diagrams for the shift of phonon frequencies 


[see Eq. (49)]. 
the sum over 7 is omitted, and 
B, (h/2Mw,)'"f aa, 
B,' (h/2Mw,)'f ,*a 


{ 48 
7 
which contribute to 6a 
are those in which a g phonon is created or destroyed. 
From (14), (44), (45), (46), (47), and (48) we obtain 


Che intermediate states |g 


9G*hw, 1 


W@ o4q/ (1+ 9+ 949’) 
, 
q r3 a 7 
4 K* N —W 9 Wg! —Wo49’ 


i 
<> 
| 


Wag’ (Atty +g a’) B@Wosrq: (Marg —Nq’) 
— + . (49) 


Wg Wg’ ~ W q—q’ Wg We TWo+¢’ 

where the summation is over all q’ (first Brillouin 
Zone), and the redundancy of this summation has been 
taken into account in the numerical coefficient. We may 
regard (49) as the sum of the diagrams of Fig. 2. The 
two diagrams of Fig. 2(a) give the first term in brackets; 
the diagrams on the right and left differ only in the 
order of creation and destruction of phonons. Likewise 
Figs. 2(b) and (c) show the processes of the second and 
third terms, respectively, in (49). Henceforth the tem- 
perature independent part of éw, will be dropped, since 
it would not be observable in the experiments described 
in (I). 

The combination bands in GaP exhibit maxima which 
can be related as shown in (I) to five frequencies corre- 
sponding to critical points, We may presume that these 
critical points occur at or near the boundary of the 
Brillouin Zone. Therefore we consider the case = Qmax 

x/p for which (49) may be readily reduced to a 
simpler form. For g on the boundary of the Brillouin 
Zone the wave vectors g+q’ and q’—g are equivalent, 
cos} pq’ . We denote w y 
=n’, Mosq =n" and note the identity 


, 
sO that Wotq’ Weg Wg @, 
7 

» Na 


=o 


=@ 
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The sum of the first two terms in (49) is then found to 
— (n'+n"’)(w'+w"’) while the third term reduces to 
-(n"—n’)(w'’~w’). Therefore we obtain for the fre- 


quency shift 


be 


bw q/ Wg 


Y(GR/K)NOD ¢ ngwe. (50) 


There is no difficulty in this case with the convergence 
of the sum (49). The method breaks down, however, 
when one tries to calculate 6w,/w, in the limit w, — 0. 
The difficulty arises because of the presence of inter- 
mediate states which conserve energy and cause (49) to 
diverge. Since the combination are due to 
phonons at or near the boundary of the Brillouin Zone, 
the present treatment is adequate. 

The frequency shifts are closely related to the 
phenomenon of thermal expansion.** The Hamiltonian 
of the linear chain is 


H = (K/2)¥.(x;- 


bands 


1)?+ 2 (p?/2M) 

-— G (Bs — Xs 1)’, 
where x, is the displacement, p, the momentum of the 
ith particle. If we now displace the equilibrium positions 
by adding 6 to the interparticle spacing, the new Hamil- 


tonian is 


H (6) 


(51) 


i(K- 666) >> (ay aX 1 +>. (p.*, 2M) 
~G6 ¥(xi—x:-1)°+N QKE—GP), 


—’ ' 


(52) 


where now x, is the displacement from the new equi- 
librium positions, Periodic boundary conditions x; = x44 
are assumed in (52), which cause the terms in 6*x,; to 
cancel out; in any case we would not want linear terms 
in x, in the Hamiltonian if x, represents a displacement 
from equilibrium. The first three terms of (52) represent 
a set of oscillators with anharmonic coupling similar to 
the undistorted crystal (51) except for a modified 
spring constant. The frequency shift resulting from the 
modified spring constant is 

~3G8/K, 


b/w (53 ) 


which is constant for all g. To relate 6 to thermal 
expansion we compute the free energy of the distorted 


crystal. The free energy to the lowest order in 6 and G is 
V=L Lhhw,thT In(1—e*e'*") + 4N KS, (54) 


where the summation is the free energy of the crystal 
oscillators with the anharmonic interaction neglected 
except for the frequency shift (53), and the second term 
is the energy of stretching the springs. The equilibrium 
06=0 reduces to the formula 


6= (3G/K*)(1/N)> o(n_+4)hw, (55) 


Gruneisen, Ann. Physik 39, 257 (1912); Handbuch der 
Physik, edited by S. Fliigge (Verlag Julius Springer, Berlin, 1926), 
Vol. 10, p. 1; M. Born, Atomtheorie des festen Zustandes (B. G 
Teubner, Leipzig, 1923); J. C. Slater, Introduction to Chemical 
Physics (McGraw-Hill Book Company, Inc., New York, 1939); 
R. Peierls, Quantum Theory of Solids (Oxford University Press, 
New York, 1954); J. S. Dugdale and D. K. C. MacDonald, Phys 
Rev. 96, 57 (1954); 89, 832 (1953 


condition dy 


SE 
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giving the expansion of the unit cell in the linear chain. 
When 4 is substituted back into (53) the frequency 
shift becomes 


bw/w 9(G*h/K*)N“ > —o(ngt4) hwy. (56) 


In obtaining the perturbation result (50) we neglected 
the temperature independent terms, so that (50) and 
(56) are in agreement. The derivation of (50), however, 
applies only to the zone boundary, whereas (56) applies 
to all phonons. . 

The analysis presented shows that (50) is equivalent 
to (53) when 6 represents the thermal expansion. For 
comparison with experiment we therefore use (53) 
since the thermal expansion coefficient of GaP is known. 
The spring constant K may be eliminated by the rela- 
tion Wmax=2(K/M)! and amex identified with wra 
reported in (I), which gives the result [however, see 
comments above (60) | 


Gada 
12 : (57) 


"Men a* 


1 Aw 


where a denotes the lattice constant and a the coeffi- 
cient of linear thermal expansion. Using the same M 
and wra as in (43), G from and the values™ 
a=5.310-°°C-! and™ a=5.4X10~-* cm we obtain 

w'(Aw/AT)~4X 10°°°C—'. This is in agreement with 
the experimental value' (5+2)x10~°°C~'. Therefore 
the anharmonic mechanism for the infrared absorption 
seems to be in agreement with the temperature shift 
of the combination bands. This conclusion, however, is 
based upon the simple model of a linear crystal with 
nearest neighbor interactions. 


a 
(35), 


It will be recognized that (53) is equivalent to the 
relation 
Y¥o= 3Ga/K 


(57) 


for the dimensional Gruneisen constants® y, 

—d(logw)/d(loga) of the linear chain. When the 
Gruneisen constants of a system are all equal to a 
single constant y the thermal expansion coefficient is 
given by the Gruneisen relation”? 


one 


a yC 8 V, (58) 


where C, is the specific heat of the crystal at constant 
volume and £ is the isothermal compressibility. This 
relation holds in one, two, or three dimensions with 
appropriate definitions of y and @. In three dimensions 
is defined 


¥Y —d logw/d logV. (59) 


From the observed frequency shift and the coefficient 
of linear thermal expansion we obtain y~3+1 for the 
Gruneisen constant. This 
data are lacking to compa 


reasonable result, but 
98) with experiment. The 
3H. Welker 
F. Seitz and D 


Vol. 3, p. 51. 
™ G. Geiscke and H. Phster, Acta Cryst. 11, 369 


and H. Weiss, ial 
Turnbull (Acaden: 


\lale Physics, edited by 
Press, Inc., New York, 1956), 


1958) 
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thermal expansions of germanium, silicon, and indium 
antimonide have recently been measured by Gibbons*® 
from 4.2° to 300°K. Silicon has a very pronounced 
negative thermal expansion in the neighborhood of 80°K, 
with normal behavior setting in above 120°K, although 
the expansion coefficient is quite small. The Gruneisen 
parameter defined by (58) is found to be negative for 
silicon below 120°K. These are a dramatic 
demonstration of the limitations and short comings of 
the linear chain model for anharmonic effects in real 
crystals. It is quite clear that the linear chain model can 
only account for normal thermal expansion and positive 
Gruneisen parameters. Blackman*® has observed that 
reasonable choices for the interatomic forces in ionic 
crystals can give negative y. for the low-frequency 
transverse Barron” has carried detailed 
analyses of cubic lattices and shown that the resultant y 
which should appear in (58) can be negative at tem- 
peratures below 0.3@p (@p>= Debye temperature). We 


results 


waves. out 


may conclude that qualitative features can come into 
essentially three 
expect that the linear chain 
model is applicable to well behaved cases in which the 
thermal expansion is positive, normal in magnitude, 


the thermal which are 


dimensional. We may still 


expansion 


and the Gruneisen parameter is approximately con- 
stant. One might anticipate just from the abnormally 
small thermal expansion of silicon at room temperature 
that it is an abnormal But 
abnormal materials recognized so easily, 
because InSb 


material in general the 
cannot be 
normal coefficient at 
room temperature and negative expansion below 50°K. 


Therefore we can only hope at this writing that GaP is 


has a expansion 


a normal material to which the linear chain model may 
be applied. The fact that (57) agrees with experiment 
using a G obtained from infrared absorption may be 
used as an argument in favor of the anharmonic 
mechanism for the absorption, which is the position 
taken here, or as an argument in favor of the linear 
chain model. 

The very close agreement is apparently 
fortuitous, however, because the quantities G, 6, K 
appearing in (53) refer to a linear chain whereas in 
(57) G, a, M, wia refer to GaP. Somewhat poorer 
agreement is obtained if one proceeds in the following 
way which actually seems more plausible. We see that 
(53) is proportional to the ratio of 
potential energy to the 


obtained 


the anharmonic 
harmon 
stored in the restoring springs. The same expression 
will apply to GaP if 4 is the extension of the nearest 
neighbor distance, G and K is the 
spring constant for the nearest neighbor forces assumed 
to be the predominant restoring forces. It is true that 


potential energy 


is given by (35), 


a crystal of the GaP structure with only nearest 
neighbor springs would be unstable with respect to 
shear along (111) type planes, but we may still imagine 
* [D. F. Gibbons, Phys. Rev. 112, 136 (1958 
%¢ M. Blackman, Proc. Phys. Soc. (London 

7 T. H. K. Barron, Ann. Physik 1, 77 


B70, 827 
1957) 


1957) 





ANHARMONIC 


longitudinal waves in the [111] direction in such a 
structure. Accordingly we regard the particles of the 
linear chain as the planes of Ga atoms and planes of P 
atoms. One can show that the spring constant between 
neighboring planes is then just K and the masses are 
Ma, and Mp. The frequency at the zone boundary for 
such a chain of two kinds of atoms is"! wia= (2K/Ma,)'. 
In this way one obtains 


1 Aw 3vV3 Gaa 


_ ~ 


wAT 2 Mewra’ 


(60) 


’ 


which has the value 1.4X10-*°C (experimental' 5 
 10-*°C). The conclusion already reached on the basis 
of (57) that the anharmonic mechanism for the infra- 
red absorption is consistent with the temperature shift 
of the combination bands still holds, at least insofar as 
a one dimensional model can be. used to discuss the 
problem. 


5. THE THERMAL EXPANSION 


We have already made. use of both the theory and 
the observed magnitude of the thermal expansion in the 
preceding section. Although there we were concerned 
with the temperature shift of frequencies rather than 
the thermal expansion itself, it is clear that there is no 
violent disagreement between the observed thermal 
expansion and theoretical predictions based on (35). 
For we would expect that if such a disagreement exists 
it would show up in (57) or (60). In this section we 
shall calculate the thermal expansion on the basis of 
the three dimensional GaP anharmonic model described 
in Sec. 2. 

We shall use a direct perturbation method which 
does not require explicit knowledge of the dependence 
of phonon frequencies on volume. Consider a simple 
anharmonic oscillator with the potential energy 4Kx* 
—Gz2x*, and define the expansion 6 by the relation 


bn= (Wa? |x|pa"), 


where y," is the wave function to first order in the 
perturbation —Gzx’ corresponding to the mth quantum 
state of the harmonic oscillator. A simple calculation 
gives 


(61) 


bn= (3G/K)(n+4) ho. (62) 


When 6, is averaged over the thermal equilibrium distri- 
bution of quantum states it may be called the thermal 
expansion of the oscillator. According to this view an 
expansion can be defined for each quantum state; if the 
perturbation could be turned on adiabatically one 
would expect to observe the expansion 4, for any 
initial state m. This approach can be readily applied to 
the linear chain by defining 


ba=N Da |i 2-1| Hn), 


where the sum is over the N atoms of the chain. 
A simple calculation gives the result (55) for an arbi- 


(63) 
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trary assignment of occupation number #,. The thermal 
expansion is obtained by assigning the equilibrium 
values (29) to n,. 

For the GaP structure the expansion of the cube 
edge is 
5,= (4/V3)N-! Sn? | j/- Laley)— alr) ive), (64) 


where the notation is that of Sec. 2, and j’ may be any 
one of the four nearest neighbor directions. In terms of 
unperturbed states this becomes 


(n| (8,-or+Byor*) | gg] H”| m) 
E,—E, 


4 
6,=>—NAYS: Down 
3 


V 
(n| H’'| g)g| (8B j-o0+Byor*) | m) 
} -, (65) 
E.—E, 


where H” is given by (10). For each branch ¢ there are 
two intermediate states corresponding to creation and 
destruction of a phonon of zero wave vector. 

Diagrams for the processes responsible for expansion 
are shown in Fig. 3, with (a) representing the first 
term in (65) and (b) the second. The intermediate 
states are single phonon states (i.e., differ by one 
phonon from the initial state), so that two of the H” 
phonons must be the same phonon created and de- 
stroyed at the H” vertex as indicated by the closed 
loops. The single phonon vertices are labelled 8 to 
represent the “expansion operator” (89+ fot). The 
relevant part of H”’ which contributes to 4, is 


Hn” _ 3GN p> > ae i B joe’ Bj qt (o’ Byqre'' “ (66) 
It may be noted that (14) is not valid for repeated 
indices such as occur in this case. 

A simple calculation involving (13), (65) and (66) 
gives 


4 1G - CF yok joo +F yor*F jor | 
5,= : > rT 
v3 N Iino, 


KD oe | Pie *(Q2nav+l). (67) 














Fic. 3. Diagrams for thermal expansion [see Eq. (65) ]. 
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From (7), (8), and (12) we have 


F jo. 


(ju) (h 2m)! optical branches 


(jew) (h 2M wor lipq:j acoustic branches. (68) 
This shows that the optical branches make no contribu- 
tion to the sum }-,; in (67) because the sum > yy is 
independent of j while >>(j-w)=0 for any phonon 
polarization yp. The optical branches still contribute to 
D qt’, but the occupation numbers ny» strongly favor 
the acoustical branches at ordinary temperatures. In 
order to obtain the linear thermal expansion we neglect 
the optical branches entirely and make the high-tem- 
perature approximation ny.~kT/hw, for the acoustic 
branches. The thermal! expansion then becomes 


4 3Gp'kT 
\ 


v3 M? 


G-w-@) 
Xlim Ff > jx , (69) 
#0 a 
where j has been summed and a compensating factor } 
supplied. In (69) the unit polarization vectors pw are 
functions of q/. A simple formula can be obtained if it 
be assumed that the acoustic branches can be repre- 
sented by a single velocity of sound c¢, 
W gt™ Crd. (70) 
This is the simplest Debye approximation. The summa- 
tion over phonons then reduces to 


G-u)*G-a’)’ ‘ 
(71) 


Peli 


where ¢, is related to the longitudinal and transverse 
velocities by the formula 


IC] . 3cr’ ( L 


The summation over } is carried out by means of the 
identity 


5 G-w) Gq) =4u-q, (73) 


which shows that only the longitudinal branch con- 
tributes to this summation. The final formula is 


3v3 GatkT 
—, (74) 
16 M*c,! 
where a=4p/v3 is the cube edge or lattice constant. 
This gives 
3v3 Ga®k 


16 M*<,' 


KLEINMAN 


for the coefficient of linear thermal expansion, which 
must be compared with the 
x 10-°°C 

In making the comparis tween 
ment it he effective ve locity 
of sound ¢ 
power. In the ab 


observed value* 5.3 
theory and ¢ xperi- 
is necessary 
s the inverse fourth 


, which come 


ence information on 


ol experiment 
of sound or the elast ynstants we can 
from the 
critical point frequencies! wr, an we shall ignore 
111)x/a on the 
dispersion relation (46) 


the velociti« 
only make rougl 


estimat CI ind 


WTA2). li the 
Brillouin Zone 
holds we have c7 
(72) gives 


critical points 
and the norma 
3.4 105, « 5.8 10° cm/sec, and 


~5.0 10° cn ( (76) 


The use of the normal dispersion approximation prob- 
ably*® underestimates cr and overestimates c;, although 
this is not certain and litt in be said about the error 

theoretical expansion 
experiment the required 
iich is probably not in 
ve can tell at present, 
is consistent with the 


made in ignoring wr, the 


coefficient (75) is to agree w 
value of c, is 6.1 10° cm/sec wv 


As be st 


€ xpansion 


disagreement with (76). 
therefore, the thermal 
infrared absorption on th 
model 


basis of the same anharmoni 


6. SUMMARY 


A summary of results is shown in Table I. The first 
column lists in order the infrared absorption (1.A.), the 
width y of the fundamental resonance, the temperature 
shift of frequencies w~'(Aw/AT), the coefficient a of 
nd the effe 
sound c, defined by (72). The second 


the experime ntal 


linear thermal expansion, a tive velocity of 


ind third columns 
theoretical 


give, respec tively , and 


values. When these two agree it means a parameter in 


the theory listed in the fourth column has been de- 
the anhar- 

and the 
The 


and 


term ned ire 
[.A. 


from a. 


termined. The parameters so di 


parameter G determined from 


sound velocity letermined 


moni 
effective 
experimental c, is not a direct measurement, 
represents only a guess | sumed dispersion 


relation. This invest carried out to 


TABI 





ANHARMONIC 


ascertain whether or not a single anharmonic model 
could account for the infrared absorption and a number 
of other anharmonic effects. On the basis of the results 
summarized in Table I we reach an affirmative con- 
clusion. A consequent conclusion is that in the case of 
GaP it is not necessary to invoke the second order 
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electric moment mechanism (charge deformation) to 
explain the observed infrared combination bands. 
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Critical Field Curve of Superconducting Mercury* 


D. K. Foxnemore, D. E. Mapotuer,t anp R. W. SHaw 
Physics Department, University of Illinois, Urbana, Illinois 
(Received October 26, 1959) 


The critical field curve of mercury has been precisely measured in a range of reduced temperature, 
t=T/T-., from 1 to 0.27. The observed H, values show an appreciable deviation from a parabolic tempera- 
ture dependence, lying above the parabola which passes through the experimental values of HM» and T-. 
The general behavicr is similar to that previously observed in the case of lead. Values of the temperature 
coefficient of the normal electronic specific heat, y, are derived, but are somewhat uncertain since the H, 
data indicate an appreciable entropy contribution from the superconducting electrons at the lowest tem- 
perature of measurement. The qualitative behavior of H,(T7) for lead and mercury is in accord with recent 
infrared measurements which give direct indication that the energy gap value for these elements is anoma- 


lously large. 


NE of the best known regularities of supercon- 

ductivity is the fact that the critical field curves 
of all superconducting elements can be approximately 
represented by the “parabolic law” 


HA(T)=H(A—?f); t=T/T., 


where Ho and 7, are, respectively, the critical field at 
T=0°K and the critical temperature. Precise measure- 
ments of H.(T) for a particular element generally 
exhibit small deviations from (1) which may be de- 
scribed by the function 


D(7)=(HAT)—H.*(T) Ho, (2) 


where H.(T) is the experimentally observed critical 
field and H.*(T) is the value computed for the same 
temperature from (1) using the experimental constants, 
H, and T,. The maximum value of D(T) is never 
greater than a few percent and, until recently, D(T) 
also seemed to be negative for all superconducting 
elements—a circumstance attributed to the fact that 
the superconducting electronic specific heat, C,,, had 
an exponential dependence on T [rather than the well 
known 7* dependence which follows thermodynamically 
from (1) }.! 

Recent measurements of Pb show this element to be 
exceptional in exhibiting a positive D(T).? From this 


(1) 


* This work partially supported by the Office of Ordnance 
Research, U. S. Army. 

t Alfred P. Sloan Foundation Fellow. 

1W. S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 
(1956); also M. A. Biondi, A. T. Forrester, M. P. Garfunkel, and 
C. B. Satterthwaite, Revs. Modern Phys. 30, 1109 (1958). 

?D. L. Decker, D. E. Mapother, and R. W. Shaw, Phys. Rev 
112, 1888 (1958). 


behavior it follows that C,, for Pb cannot be exponential 
above a reduced temperature ‘= 7/T,~0.3. It was also 
noted that the maximum value of D(T) for various 
elements shows a correlation with the ratio T./@p, 
where @p is the limiting value of the Debye temperature 
as T+ 0°K. The same correlation indicated that Hg, 
hitherto considered to be the one true “parabolic” 
superconductor,’ should also show a positive D(T). We 
have measured D(T) for Hg and find it to be not only 
positive but of greater maximum amplitude than 
expected from the empirical correlation with T./@p. 
Specimens of reagent grade Hg* were cast in graphite 
molds as nearly single crystals in the form of cylinders 
(0.160 cm diam 3.05 cm long). After removal from 
the mold, the specimens were annealed for 8 hours 
about 20°K below the melting point of Hg. The speci- 
mens were freely suspended in a liquid helium bath 
and the critical field measured by a ballistic induction 
method.® Values were obtained down to a temperature 
of about 1.1°K (¢~0.27) by pumping over the helium 
bath. The specimen temperature was determined from 
a vapor pressure thermometer bulb with large copper 
fins which sampled the temperature of the helium bath 
immediately adjacent to the specimen. This procedure 
eliminates some of the uncertainty due to the hydro- 
static head correction required when the vapor pressure 


* E. Maxwell and O. S. Lutes, Phys. Rev. 95, 333 (1954). 

‘Obtained from Goldsmith Brothers Smelting & Refining 
Company, of Chicago, Illinois. Stated purity: Au, Ag, less than 
0.0005%, other base metals less than 0.0001%. 

* J. F. Cochran, D. E. Mapother, and R. E. Mould, Phys. Rev. 
103, 1657 (1956) 
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Fic. 1. Experimental determinations of D(T) for four mercury 
specimens. The open circles indicate the points for sample Hg-4 
D(T) behavior of three other elements is shown for comparison. 


is measured over the bath.* Absolute temperatures were 
computed according to the 1958 vapor pressure tem- 
perature scale.’ 

The magnetic transitions were characterized by an 
experimental demagnetizing factor of 0.005, in satis- 
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Fic. 2. Temperature dependence of the molar entropy difference, 
S,—S,, for mercury. The dashed portion of the curve is a linear 
extrapolation of the experimentally determined curve below the 
lowest temperature of observation. The light dashed curve shows 
AS expected for a parabolic critical field curve. 


*F. E. Hoare and J. E. Zimmerman, Rev. Sci. Instr. 30, 182 
(1959). 

™F. G. Brickwedde, Physica 245, 128 (1958). We are indebted 
to J. R. Clement for providing us with a more complete table 
prior to publication. 
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factory agreement with the value expected on the basis 
of the specimen dimensions. There were no hysteretic 
effects of the sort which gave difficulty in the Pb 
measurements.’ 

Results of measurements on four different specimens 
are given in Table I, and the shape of D(7) vs # is 
shown in Fig. 1. One specimen shows a slightly lower 
D(T) than the other three, but this specimen (Hg-4) 
showed a clear anomaly in its magnetic transition (a 
strange and incompletely understood flux trapping 
effect). However, it is clear that even for a specimen 
with obvious peculiarties neither the critical field 
constants nor D(T) are seriously affected. 

The values of y are deduced following the analysis 
of Daunt and Mendelssohn*® which is based on the 
thermodynamic relation 


AS=—(V/4r)H.(dH./dT), (3) 


where AS=S,—5S, is the difference in molar entropies 
of the superconducting and normal phases, and V is 
the molar volume (13.85 cc/mole in the case of Hg).® 
In the limit as T — 0°K, AS is dominated by the normal 
electronic entropy with the result that 


lim AS=yT, 
T-0"K 


where y is the temperature coefficient of the normal 
electronic specific heat. 

Unfortunately it appears that the present data do 
not extend to sufficiently low temperatures to permit 
a reliable estimate of y from (4). This can be seen in 
Fig. 2 where values of AS computed from (3) are 
A tangent to the AS curve at the 
lowest temperature of measurement extrapolates to a 


plotted against /. 


point significantly larger than zero, indicating that an 
the super- 
temperature. 


from 
this 


appreciable entropy contribution 


conducting electrons remains at 


Under these circumstances, the value of y deduced 
will depend on the way in which the critical field curve 
is extrapolated to 0°K. Assuming a parabolic extra- 
polation of H. to 0°K, the values y listed in Table I 
obtained. However, while between 


are agreement 


different specimens is within 1.4%, the uncertainty 
Taste I. Critical constants for superconducting mercury. 


Ne H 
(°K) gauss 


Y 
millijoules/mole°K? 


Sample 
Hg-1 35+0.0006 415.44-0.5, —1.5 2.103+0.01, 
Hg-3 53 +0.001 415.1+0.5 2.088+0.01 
Hg-4 31+0.0005 414.9+0.5, —1.5 2.108+4-0.01, 
Hg-5 32+0.0005 414.4+0.4 2.079+0.01 


—0.04 
—0.04 


* J. G. Daunt and K 
A160, 127 (1937). 
*C. S. Barrett, Acta Cryst. 10, 58 


Mendelssohn, Proc. Roy. Soc. (London) 


1957) 





CRITICAL FIELD CURVE 
of this extrapolation may be as much as 7%." No 
reliable calorimetric determination of y is available of 
Hg because of the very large low-temperature lattice 
specific heat of this element. 

The temperature dependence of the superconducting 
electronic specific heat, C,,, may be deduced from the 
relation? 


C..(T)=7T+ (VT /49) (HA 2)/dT*. 


However, the aforementioned uncertainty in y leads 
to a rapidly increasing uncertainty in C,,(7) below 
t=0.5. The only definite conclusion is that, in the 
temperature range immediately below 7., C., for Hg 
drops much more rapidly than the nearly exponential 
behavior predicted by the theory of Bardeen, Cooper, 
and Schrieffer." 


“Tt should be pointed out that lim(dH,./dT) as T — 0°K is 
much more sensitive to the extrapolation error than is Ho. Thus 
the present ambiguity regarding 7 does not have a serious effect 
on the form of D(T) shown in Fig. 1. This problem with y did not 
arise in the earlier measurements on Pb (reference 2) because of 
the lower value of ¢ attained in that work. 

1 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). 
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Hg 


The critical field measurements on Pb and Hg 
establish that these elements are (a) qualitatively 
similar, and (b) conspicuously anomatous among the 
superconducting elements in the character of their 
electronic excitation spectrum. A more detailed thermo- 
dynamic analysis suggests that the positive values of 
D(T) arise from values of the superconducting energy 
gap which are substantially larger than the BCS value 
of 3.52 kT.. Thus the present results seem to com- 
pliment recent observations on Pb and Hg by infrared 
techniques which show that the sudden onset of absorp- 
tion in these superconductors occurs at anomalously 
high frequencies." 

Precise measurements of D(T) are being made on 
other superconducting elements and will be extended 
to the temperature range below 1°K. Further results 
will be reported shortly. 

We are pleased to acknowledge the assistance of 
D. C. Hopkins with these measurements, and also D. M. 
Ginsberg for valuable discussions. 

# P. L. Richards and M. Tinkham, Phys. Rev. Letters 1, 318 


(1958); D. M. Ginsberg and M. Tinkham, Phys. Rev. (to be 
published). 
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Harmonic Spin Coupling in Ruby 


J. E. Gevsic 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received October 19, 1959) 


A new mode of maser pumping which makes use of harmonic spin coupling in ruby has been demonstrated. 
In addition higher order harmonic spin coupling effects in ruby have been found experimentally. 


N ruby a new mode of maser pumping has been 

demonstrated. This new mode of pumping makes 
use of harmonic spin coupling in ruby and indicates 
the possibility of operating a maser with pumping at 
frequencies lower than the signal frequency. Coupling 
between spins possessing the same transition frequency 
has been demonstrated by Feher and Scovil'. They 
found a reduced relaxation time associated with a 
gadolinium transition if the transition frequency 
coincides with that of the cerium transition, both ions 
being simultaneously present in a diamagnetic ethy] 
sulfate host crystal. Harmonic spin coupling in ruby 
was found by Mims and McGee? They found an 
accelerated relaxation rate associated with a resonance 
transition in ruby whenever orientation and magnitude 
of the applied magnetic field were such that there was 
a 1:1, 2:1 or 1:2 ratio between two transition fre- 
quencies in the energy level scheme. In addition Mims 


1G. Feher and H. E. D. Scovil, Phys. Rev. 105, 760 (1957) 
2 W. Mims and J. D. McGee, (unpublished). 


and McGee* suggested that the harmonic spin coupling 
effect they observed in their relaxation experiments was 
only the first in a sequence of higher order processes 
and they further suggested that harmonic spin coupling 
might be used to advantage for pumping masers at 
frequencies beyond the range of existing signal sources. 

This note contains experimental results which verify 
the existence of the higher order harmonic spin coupling 
processes as suggested by Mims and McGee.’ Also we 
have demonstrated that harmonic spin coupling 
processes can be used in maser pumping. Consider four 
energy levels in ruby with transition frequencies as 
indicated in Fig. 1{a). For simultaneous observation of 
essentially all ruby transitions, a ruby sample in the 
shape of a rod was placed inside a shorted X-band 
waveguide with a helical transmission iine wound on 
the sample. Signal transmission through the helix 
permits the study of lower microwave transition 
frequencies whereas transition frequencies in the 


*W. Mims and J. D 


McGee, Bell Telephone Laboratories 
private communication ). 
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Fic. 1. (a 
diagram in ruby 


I'ypical energy level diagram for ruby. (b) Energy level 
for @=90° and a magnetic field of 1700 gauss. 


X-band range and higher can conveniently be observed 
by studying the signals reflected from the shorted 
waveguide. Both methods together allow for a prac- 
tically continuous coverage of the microwave frequency 
range. Using this technique, it was observed that if 
saturating power was applied at v3 then partial or 
complete saturation of the »:4 transition was achieved 
whenever the condition v14=ve3, with m an integer, 
was satisfied. In particular for the @=40° orientation 
in ruby effects were seen for n= 3, 4, and 5 and for the 
6= 90° orientation an effect was seen for n= 2. 

For the case of @= 90° in ruby at a field of 1700 gauss 
the energy levels are shown in Fig. 1(b). In this opera- 
transition at 
9.7 kMc/sec produced complete saturation of the v4 


tion the complete saturation of the v2 


transition at 19.4 kMc/sec and spin inversion (emission) 
at v= 1 kMc/sec. Normally, if this condition 14 
were not satisfied, pumping at v2, would have produced 
(enhanced absorption) rather than 


2v23 


spin refrigeration 
spin inversion. The signal frequency region over which 
maser action by harmonic spin coupling was achieved 
for @= 90° in ruby for this mode of operation is shown in 
Fig. 2. The refrigeration ratio plotted is defined as the 
ratio of the absorption at vi2, when v2; is saturated, to 
the absorption at v:2, when the spin system is in thermal 
equilibrium. Negative refrigeration ratios indicate neg- 
ative absorption or emission at Pie. 

At present the mechanism responsible for harmonic 
spin coupling in ruby has not been established ; however, 
direct spin-spin 
interaction or a If the 
magnetic dipole-dipole interaction is responsible then 
harmonic spin coupling takes place entirely within the 
spin system. If, on the other hand, a spin-phonon-spin 


mechanisms are the 
spin-phonon-spin 


two possible 


proc ess. 


process is involved then it is imagined that the an- 


PAT 
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ratio versus signal 


harmonic terms in the lat 


harmonic or multipli 
the spins by a phonon-spin interaction. The temperature 
and dependence of the 

relaxation Mims and 
to favor the interaction 


tice potenti il carry out the 
tion effects which are coupled to 
accelerated 
Me Cree 
model at 


concentration 


rate observed by seems 


direct spin-spin 
present. 
ts described indicates 


that one may pump a maser at a frequency lower than 


The demonstration of the effe« 


the signal frequency by taking advantage of harmonic 
spin coupling. One would apply pump power at some 
By virtue of harmonic coupling, 
a higher frequency 
would lead to maser 
subject to the usual 


transition frequency 7; 


this would lead to saturation at 


transition vo=mv,;. Saturation at 3 


action at a third frequency »;< 


conditions with regard to frequency and relaxation 


time This 
required in addition, how that 


ratio. possibility V3> Vj. It is 


imp 1es 
is not related ina 
simple rational ratio This type of maser 
operation would be f value especially for maser 
amplification in the millimeter wavelength region where 


ordinarily submillin sources would be 
needed. 

The information 
about his results prior to publication. 
Higa studied ruby at the 90° orientation at 1700 gauss 


observation of py. 


eter pump 


author is indebted to Higa‘ for 


experimenta 


with equipment permitting the 


and ve; only. Disregarding 


:, he expected to find spin 
ration of v3. The maser 


refrigeration at 3 
action found instead i 
identified < 


he presence of an effect 


which can be spin coupling. 


‘W. Higa, J. Appl. Phys 
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Paramagnetic Resonance of Impurities in CaWO,. I. Two S-State Ions 
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(Received October 26, 1959 


Paramagnetic resonance measurements have been made on Mn** and Gd? 


ions in single crystals of 


CaWO, grown from the melt. In both cases the four different possible substitutional sites in the unit cell 
lead to identical resonance spectra with tetragonal symmetry. The splitting of the electronic levels in zero 


magnetic field is much greater for Gd** than for Mn?**, 


e.g., by is 6.7 times greater and 5, is 13 times 


greater. (b,” is the coefficient of an operator function having the same transformation properties as the cor 
responding spherical harmonic Y,” used in expanding the crystalline electric field.) The large value of 
6s (—0.0917 cm™) for Gd** makes it a potentially useful material for three-level masers. The lines are 
narrow, and the hfs due to Gd!**."*’ js well resolved: the ratio A™*/A‘*’ of the hyperfine splitting constants 


for the two isotopes was determined as 0.7634-0.006 


1. INTRODUCTION 


WE are investigating the paramagnetic resonance 
spectra of various paramagnetic ions introduced 
into a CaWO, host lattice. The principal advantages 
of using CaWO, are: 


(1) It accepts ions of both the 3d and the 4/ transi- 
tion groups, and by adding a small amount of Na, it 
accepts not only divalent but also trivalent ions. 

(2) As long as the paramagnetic ion substitutes for a 
Ca ion, the four possible positions for the paramagneti« 
ion in the unit cell all lead to identical paramagnetic 
resonance spectra. There is thus just a single spectrum 
for each paramagnetic impurity introduced into the 
host lattice. Furthermore the spectrum has tetragonal 
symmetry about the morphoiogical tetragonal axis if 
S>2, and axial symmetry about this morphological 
axis if S<2. The resonance spectrum is thus especially 
easy to interpret. 

(3) The limiting linewidth is very small, since the 
width contribution from the nuclear magnetic moments 
of the neighboring atoms is practically negligible. The 
nearest neighbors to the paramagnetic ion are oxygen 
atoms, of which over 99.9% have zero nuclear magneti 
moment, and the effect of the small abundances of 
odd Ca and W isotopes is tiny. 

(4) CaWO, is a hard and very stable material. 


In this paper we give the results for the two S-state 
ions Mn?*(®S;,2) and Gd**(*S7,2). Results on other ions 
will be described in future publications. 


2. CRYSTAL STRUCTURE 


The crystal structure is discussed by Wyckoff': the 
space group is C,,°(/4,/a) with four molecules in the 
unit cell. There appears to be some uncertainty about 
the positions of the oxygen atoms in CaWO, and so, 
following Wyckoff, we shall use for illustrative purposes 
the positions deduced for KIO,. It should however be 
emphasized that our main deductions are based solely 


'R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1948), Vol. II, Chap. 8 


73. 


on the symmetry of the crystal, and not on the positions 
of particular atoms. 

Each Ca atom is surrounded by eight O atoms, 
with the Ca—O distance close to 2.5A. The four Ca 
sites are equivalent in pairs, one pair being derived from 
the other by body centering. Figure 1 shows the 
projections of the eight O atoms on the (001) plane 
through the Ca atom for the two sites: we see that 
they are related to each other by reflection in the (001) 
plane, and from this it follows that the paramagnetic 
resonance spectra for the two sites will be identical. 
This diagram also indicates that the two principal 
axes of the crystal field which lie in the (001) plane 
will not coincide with the axes of the unit cell, and 
hence not with the morphological axes. 


3. EXPERIMENTAL PROCEDURE 


The experiments were performed at low temperatures 
(77°K and ~2°K) using radiation of ~23 kMc/sec. 
The microwave spectrometer which was used is conven- 
tional except for a special absorption cavity with 
adjustable coupling to the waveguide? This coupling 
was adjusted to be very near to critical (with the 
sample in place), and in this way high sensitivity is 
obtained to small changes in either absorption or 


UNIT CELL 1 ANGSTROM 


AXES 


Fic. 1. Projection on the (001) plane through the Ca atom of 
the positions of the eight neighboring oxygen atoms. These 
projections for the two different sites are related to each other by 
reflection in the plane of the paper 


2 J. P. Gordon (to be published 
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dispersion. This system is similar to a balanced bridge, 
but easier to adjust: a “balance” of about --60 db is 
readily obtainable without introducing appreciable 
instability A superheterodyne receiver was 
used; to increase its sensitivity for weak signals, two 
phase sensitive detectors could be used. One employed 
small amplitude modulation of the magnetic field, and 
the other utilized the 60 Mc/sec intermediate frequency. 
Oscilloscope display is, however, more convenient and 
was used when measuring the stronger lines, and 
following them as the field direction was changed. 

Magnetic field strengths of up to 10.5 koe were 
provided by a modified 12-inch Varian electromagnet 
rotatable about a vertical axis. Large Helmholtz coils 
provided field modulation of up to 50 oe at 100 cps 
while maintaining excellent homogeneity over the 
sample volume. Simultaneous slow sweep of the field 
was controlled by a function generator. 

The crystal habit of CaWO, is a tetragonal bipyramid 
having an apex angle of 49°40’. This shape provides a 
convenient method of orienting a sample. A steel rod, 
ground to the appropriately shaped point, is heated 
and then pushed into an accurately machined piece of 
Lucite. The resulting hole holds the sample in place 
and orients it automatically. The Lucite is supported 
in a polyfoam plug in the cavity. 

Measurements of both the microwave frequency 
(actually a subharmonic) and the magnetic field (using 
a ‘“‘Numar”’ nuclear resonance probe) were made with 
a 10 Mc/sec decade counter whose clock was the Bell 
System frequency standard. Thus all data are referred 
to a very stable base, and the main limitation of 
accuracy is the width of the paramagnetic resonance 
lines themselves. With sufficiently strong lines, position 
measurements were made by displaying simultaneously 
on an oscilloscope the line itself (using field modulation) 
and the resonance of the “Numar” probe. Measure- 
ments were easily repeated to a precision of about 4 
of a linewidth, by simply bringing traces into superposi- 
tion. With weaker lines, magnetic field modulation 
with phase sensitive detection was used to locate the 
center of a line. The excellent dc stability of the 
magnetic field permitted repeating of measurements 
again to about } of a linewidth. 


noise. 


4. MANGANESE Mn** 


The paramagnetic resonance spectrum due to Mn** 
was investigated in a crystal for which Ca/Mn> 10+. 
Unless stated otherwise, the measurements described 
were made at 77°K. 

The spectrum consisted of just 2S(27+1)=5X6=30 
lines, indicating that the various paramagnetic com- 
plexes in the crystal all give identical resonance spectra. 
The lines were quite narrow: for the M=} 
transitions, the peak-to-peak separation of the deriva- 
tive of the line was only 0.34 oe; the M=+3<++} 
lines were about twice as wide as this, and the M=+ 3 
«+ +3 lines nearly four times as wide. These width 


+ —4 
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variations may be explained by statistical fluctuations 
in the local crystalline field caused by strains in the 


crystal. Transitions associated with larger quantum 


numbers are more dependent on crystalline field. Some 
of the M=4+«+ —} lines were observed carefully to 
determine their shape. They appeared to be closely 
Lorentzian from the center to about a full line width on 
either side. Beyond this the “tails’’ dropped more 
rapidly, as if of Gaussian shape. 

The applied magnetic field was first rotated in a 
plane through the [001] axis, and the spectrum was 
observed to reach an extreme in this direction, which 
we shall denote by 6=0. Next the field was rotated in 
the (001) plane. It was found that the 
spectrum repeated precisely every Ag=2/2, reaching 
two different extremes at ¢’=6 and ¢’=5+7/4, where 
¢’ is the angle in the (001) plane measured from the 
edge of the bipyramid and 6 was determined as 9°+2°. 
The fields at which the lines occurred were measured 
for the three extremes, i.e., 9=0; 0=/2, 
6=2/2, ¢’=54°. 

The results can be interpreted in terms of the spin 
Hamiltonian, 

K=g, 8H.S.4+2.8(H.S.+H,S, 

+ (a/6)(SA+S,4+S,'—707/16)+D(S2—35/12) 

+ (7/36) FUS,A— (95/14)S2+ 81/16 ] 

+ASJ,4+B(S2I2+S,l,), (1) 

with S=]=§. The first two terms give the interaction 
with the applied magnetic field, and the last two the 
nuclear hyperfine structure. The middle three terms 
relate to the splittings of the 
magnetic field produced by the crystalline electric 
field: the term in a corresponds to a cubic field, and 
the terms in D and F correspond, respectively, to 
tetragonal fields of the second and fourth degree. For 
our purposes it is probably more illuminating to rewrite 
these three terms as 


or 6=7/2 


gy’ =9°; and 


electronic levels in zero 


BLO0L+BfOf+ BLO¢", 
where each O,” is an operator function* having the 
same transformation properties as the corresponding 
spherical harmonic Y,” and the coefficients B,” are 
parameters be determined by experiment. To 
simplify the expressions, these and other constants to 
be used below are redefined as follows: 
b.°/BY=3, 
be! Be = 60, 
be B= 1260. 


to 


b,° By =b,* B¢ 


Then the two expressions for the middle three terms 
of Eq. (1) are equivalent when 

D=b,°, 
+-2F = 6),°, 


Sa 2b,' 


> 
3a 


* The operators are giver 


explicitly by J. M. Baker, B. Bleaney, 
and W. Hayes, Proc. Ro 


Soc. (London) A247, 141 (1958) 





PARAMAGNETIC RESONANCE 


Under our experimental conditions, the effect of the 
applied field is so dominant over all the other interac- 


tions that only the AM=+1, Am=O0 transitions are’ 


observed, and that it suffices to use second order 
perturbation theory. With H at 6=0, these transitions 
occur at fields given by 


M=+$¢> 49 : g,8H =hv¥[4b+46/) 
—[Am+ B*(35—4m*+ 16m)/8hy ], 

M=+}$<> +} : g, 8H =hyF(2b/—5d/)] 
—[Am-+ B*(35— 4m*+ 8m) /8hy |, 
M=+}4< —} : g, 8H=hy—[Am-+ B*(35—4m")/8hyv ], 

and with H at @=2/2, at fields given by 


M=+ $+ +3: ¢.8H 
= hy 4[—4by°+ 36+), cose |+ (b2")*/hy 
—[ Bm+- (A?+ B*)(35—4m*) (16hv) +24 Bm/hy }, 
M=+3+> +34: ¢.8H 
= hy4[—8b.°— 156,°— 5b, cos4g J— (5/4) (b2")?/ hy 
—[ Bm-+ (A*+ B*)(35—4m*) (16hv) + A Bm/ hy), 
M=+}3< —}: g 8H=hv—2(b,')*/hy 
—[ Bm+ (A*+ B*) (35—4m*)/16hyv ]. 


The measurements at 6=0 thus effectively determine 
£1, 52°, by, and A; b,* is determined from the variation 
with ¢ in the 6=2/2 plane, and measurements in this 
plane also give g, and B, as well as checks on b,° and 
b,°. The results are summarized in Table I. The relative 
signs of 5,° and 6,° were determined from the equations 
given above; the relative sign of 5,‘ is really indeter- 
minate, as we have no means of knowing which direction 
in the 6=2/2 plane corresponds to g¢=0, as opposed to 
g=n/4. If we arbitrarily assign g=0 to the direction 
in which the spectrum reaches an extreme, 9° from the 
edge of the bipyramid, then 5,‘ would have the same 
sign as b,° and b,°. The relative signs of b,° and A were 
deduced by comparing the second-order shifts in the 
separations between the hyperfine components for the 
various electronic transitions. The absolute sign of 
b.° was determined at ~2°K, where it was observed 
that when H is in the 6=x/2 plane, the low-field 
lines lose intensity. The measurements at ~2°K 
showed incidentally that |b,°| is 2% less at this 
temperature. 

We note here that for a cubic environment we would 
have b,4=+56,°, whereas we find experimentally that 


Tasie I. Mn** in CaWO, at 77°K. 





1.99987 +0.0001 

1.99980-+-0.0002 

— 137.640.3X10™ cm" 
bf=a/2+F/3 — 1.240.310 cm™ 
b¢=5a/2 (—)*11.540.3K10~ cm™ 
A — 88.93+0.1K10™ cm™ 
B —89.5340.1K10* cm™ 


gi 
6f=D 


* See text. 
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Taste Il. Gd** in CaWO, at 77°K 


1.9915+0.0004 
1.9916+0.0004 
—916.7+1XK10™ cm™ 
~24.0+0.2K10™ cm™ 
(—~ )*145.141K10™ cm™ 
~0.640.3 10™ cm" 
0.0+0.3X10™ cm™ 


* See text. 


b-~108,°. This indicates that the arrangement of the 
eight oxygen atoms surrounding the Mn** ion must 
differ considerably from that of a cube—in agreement 
with Wyckoff’s discussion of the crystal structure. 


5. GADOLINIUM Gd** 


The paramagnetic resonance spectrum due to 
Gd** was investigated in a number of crystals for 
which Ca/Gd>10*. These crystals also contained a 
small amount of Na(Na/Gd~1) but the experimental 
evidence indicates that the Na atoms do not affect 
the results. Unless stated otherwise, the measurements 
were made at 77°K. 

The angular variation of the paramagnetic resonance 
spectrum was the same as for Mn** (see previous 
section) : the paramagnetic complexes all gave identical 
resonance spectra, which reached extremes when the 
field was (a) parallel to [001], and (6,c) in the (001) 
plane 9° and 54° from the edge of the bipyramid. 
We shall again arbitrarily assign g=0 to the direction 
9° from the bipyramid’s edge. 

The spectrum consisted of 2S=7 widely spaced 
strong lines, and a number of weaker ones. Some of 
these weaker ones were especially prominent when the 
field H made a large angle with the @=0 direction, and 
correspond to AM=-+2 transitions; such transitions 
are to be expected here as 5,’ is so large as to be compar- 
able with g8H. Other weak lines flanked the strong 
ones, and represent the hfs due to the odd Gd isotopes; 
the hfs will be described later. 

The fields at which the strong lines occurred were 
measured for the three extreme directions (a,b,c) in a 
crystal for which Ca/Gd~10*. The width of these 
lines varied from 0.4 oe (half-width at half power) 
for the M=4+«> —} transition when H is parallel to 
6=0, to about 4 oe for transitions very dependent on 
zero-field splittings. 

The symmetry of the observed spectrum suggests 
that the results be interpreted in terms of the following 
spin Hamiltonian: 

K= g,.8H,S,+¢.8(HS.+H,S,) 
+ BYfOP+ B&OP+ BYO§+ BPOE+ BLOG,” 
with 
S= $. 
The first two terms give the interaction with the 
applied magnetic field, and the remaining terms relate 
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Fic. 2. The hfs due to Gd'* and Gd'*"*; M=4« 


with H parallel to 6=0. 


4 transition 


to the splittings of the electronic levels in zero magnetic 
field. The operators and coefficients B,” are 
defined in the preceding section. If the symmetry were 
cubic, we would have b,‘=58,°, and bg*= —0d,°. 

Since b,° is so large, second-order perturbation theory 
is applicable only when the field H is applied parallel 
to 6=0. For this direction, the AM=-+1 transitions 
occur at 


U,* 


fields given by 
> gi BH = hy (6b2°+ 20b,°+- 6b,") 
~ p{[0.35/ (143¢) ]—0.75/ (1+ q)}, 
g. BH = hv (4b.°— 106,°— 14b¢°) 
+ p1.5q/(1— 9"), 
: g BH = hy (2b.°— 12b4°+ 146,°) 
— p{[0.75/ (1 q) J—0.35/ (1 3q)}, 
; b : gi 8H =hv— p0.7/(1—9¢°). 


>+5 


Here p= (,')?/g, 8H, and q=2"/g,,8H, and we have 
omitted the insignificant corrections for bg‘. 

With the help of a rough estimate for 5,‘ obtained 
from the variation in the @=7/2 plane, we can thus 
determine g;;, be", 64°, and b¢’. The remaining parameters 
gi, by‘, and bg! are determined from the data obtained 
with H in the 6=2/2 plane. Unfortunately 5,° is too 
large for second-order perturbation theory be 
applicable here, and the secular determinant is accord- 
ingly solved numerically for various values of b,‘ and 
be‘ (and also g,) with H parallel to @=x/2, g=0 and 
x/4, until the fit with the experimental data is reason- 
ably good 

The relative signs of b.°, 54°, and b¢° are determined 
from the equations given above, and the relative signs 
of 6,‘ and b,' from the fit in the @ 
choice for the ¢ 


to 


7/2 plane. With our 
0 direction, this fit also demands 
that b,° and 6,‘ have the same sign. The absolute sign 
of 62° was determined at ~ 2°K, where it was observed 
that when H is in the 6=2/2 plane, the low-field lines 
lose intensity. We note here that the signs of 5.°, ,°, 


and 6,‘ are the same for Mn** and Gd*; also that for 


AND K D BOWERS 
Gd*, as for Mn**, the environment must differ con- 
siclerably from that of a cube, since the relation b,4= 55,° 
is nowhere near being satisfied 

The large value of 5.° for Gd**, 
excellent qualities of 


together with the 
the crystal, 
make this a potentially useful material for a three-level 
maser. It may be remarked here that the often heard 
argument against using materials with high values of 


mechanical host 


S—that radio-frequency susceptibility is lost because 
is in 
transition probabilities are 
If 2¢3HS< 


M(M+1 


the spins are divided amongst too many levels 
fact 
higher when 5S is large 


fallacious, since the 
kT, we can use 
F=f S| 


S+1 (2S8+1), 


for the figure of merit for tl 
S=f, M —§ gives F 
gives F=1. A comparison at 
g8H~kT, when only the lowest levels are appreciably 
populated, would make the look 
still more favorable 


transition M «> M+1; 
whereas S=3, M =—} 


temperatures such that 


higher values of S 


5.1 Hyperfine Structure of Gd'* 
With the field H parallel the M=45 — 


transition was sufficiently narrow for the 
the odd isotopes (Gd 14.7% 


15.7% ) to be clearly visible 


to @=VU, 3 2 
hfs due to 
Gd'*’, 
Both these 
hfs 


abundance; 
Fig. 2). 


and 


Set 


isotopes have nuclear spin /= 3, so each 


Tasie IIT. The hfs due to Gd'™* 
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NOs) 224HO ) +0.3 5 { 75 +0.07 5 
+0.63 6 
+) 006 This 

paper 


).763 


Free atom 0.80 +0.02 


component has only about 5‘ 


line, | 


> of the intensity of the 


main which is due to the even-even isotopes. 
In Table III our results are compared with those of 


other workers using different host crystals. 
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Helical Spin Arrangement in Chromium Metal* 
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Coorert 
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The lowest energy spin arrangements in a body centered cubic crystal with first, second, and third nearest 
neighbor exchange interactions are given. The results may explain the experimental neutron diffraction 
pattern for chromium single crystals as observed by Corliss, Hastings, and Weiss. The susceptibility of the 


helica! array is calculated. 


T has been suggested by Yoshimori! and Villain* that 

helical spin arrangements may occur in magnetic 
crystals. Such an arrangement has been found in 
manganese dioxide by Erickson. We discuss here the 
spin arrangement observed in chromium single crystals 
by Corliss, Hastings, and Weiss.‘ They interpret the 
neutron diffraction patterns obtained in terms of an 
antiphase domain structure. The existence of a helical 
array in Cr was suggested by Kaplan.’ The present 
note treats the stability of all possible lowest energy 
spin arrangements following the method used by 
Villain for Bravais lattices. In addition we suggest 
the use of susceptibility measurements to complete 
the information on the exchange integrals involved in 
the theory. 

The origin of the helix is most easily understood in 
terms of a one dimensional model with antiferro- 
magnetic interactions between second neighbors. If 
there is no other coupling, the spins split into two 
independent antiferromagnetic lattices. We now add a 
small coupling (of arbitrary sign) J; between first 
neighbors, and consider a small helical distortion of 
both sublattices, with 26 as the angle between second 


\ 


5 5 


Fic. 1. (a) Proper helix viewed along axis with antiferromagneti 
second neighbor interaction and small antiferromagnetic nearest 
neighbor interaction. The numbers refer to successive spins along 
the screw axis. (b) Proper helix viewed along axis with antiferro 
magnetic second neighbor interaction and smal! ferromagneti 
nearest neighbor interaction 

* Supported by the National Science Foundation 
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1 A. Yoshimori, J. Phys. Soc. (Japan) 14, 807 (1959 

? J. Villain, J. Phys. Chem. Solids (to be published 

*R. A. Erickson (to be published) 
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3, 211 (1959) 

‘T. A. Kaplan, Phys. Rev. 116, 888 (1959) 
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neighbor spins: the J, coupling decreases the energy 
to first order in @, while the antiferromagnetic coupling 
increases the energy only to second order, so that the 
helix is indeed more stable (Fig. 1). 

If we use a Heisenberg model for chromium, at least 
three different exchange integrals J;, /, J; (connecting 
ist, 2nd, and 3rd neighbors as shown in Fig. 2) are 
required to obtain a helix. The exchange energy is 


K= > 28, -S;. 


(1) 


To discuss the stability of all possible spin arrangements 
we follow the method of Luttinger and Tisza® as 
improved by Villain? for Bravais lattices. We define 


S(k)=>0; Je Ry. (2) 
The stable configurations are: 


S#=S cosk.-R;, S=S sink,-R,, §,7=0, (3) 


where k,. is such that 9(k,) is the absolute maximum 
of 9(k), and a, 8, y are three axes mutually orthogonal, 
but otherwise arbitrary. If k. is a genera! vector of the 
zone, (3) represents a helical arrangement. In our 
case, there are three possible helical arrangements: 
I (ke, (2e/a)—k,, (2x/a)—kz}, Il (k,,0,0), and III 
(ke, (2x/a)—k,,0) plus all similar ones obtained by 
symmetry. The stability dcmains are shown in Fig. 3, 
where we further assume J,<0, which will turn out to 
be the correct sign for chromium. Neutron diffraction 
lines occur when the scattering vector « is equal to 
+k.+2m2r (where 2x7 is a reciprocal lattice vector). 
For a helicai arrangement the lines cannot in general 
be indexed in any multiple of the unit cell. The experi- 
mental results for chromium show that (II) is the actual 





Fic. 2. The body centered 
cubic crystal structure of 
Cr showing first, 
and third nearest neighbor 
exchange interactions 
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Fic. 3. The regions of stability of the various spin structures in 


the J:/|J:|, J:/|J:| plane for antiferromagnetic coupling between 
nearest neighbors (J; <0) 


a 


arrangement. The spins are parallel in each given 
(100) plane. (To ensure that they are, we need J,>0.) 
The orientation in successive planes differs. The 
over-all coupling between next nearest planes is anti- 
ferromagnetic, as can be seen from Fig. 3 (J2+4J3<0). 
This could have been foreseen from our introductory 
argument. The length of &, is given by 


cos(k,a/2)= —J;/(J2+4J3). (4) 


If we assume for instance ka=2r—2/14 (which is 
close to the experimental value) we get cos(k,a/2) 
= —(.97. As regards orientation of the spin plane (af) 
with respect to the crystal axes, the intensity ratios 
observed by Corliss et al.‘ are consistent with the 
following picture: there are three types of magnetic 
domains (&,,0,0), (0,2.,0), and (0,0,2.). In each domain 
k. is parallel to y; this is a “proper” helix in Yoshimori’s 
notation.' A consideration of the dipolar energies’ shows 


7M. H. Cohen and F. Keffer, Phys. Rev. 99, 1128 (1955) 


COOPER 


that proper helixes are indeed favored from that 
standpoint. Other magnetocrystalline energies are 
probably more important, however, as emphasized 
by Kaplan.* Any discussion of this effect, however, 
suffers from the lack of certainty in its sign. 

Now, susceptibility measurements may possibly 
complete our information on the J’s. At T=0 the 
susceptibility tensor is (per atom) : 


gu B 


~-227(k)—J(0)—J (2k) ] 


Xaa~ X88 


gun’ 
Xv - a S= Xaa- (6) 
2[ J(k)—J(0) } 


By applying a high field, parallel to one cubic axis, one 
could in principle increase the percentage of domains 
with the spin plane perpendicular to the field. The value 
of the Néel temperature is probably not reliable 
information toward determining the J’s since this 
model is limited to temperatures. For iron® J 
calculated from specific heat data and 7, is 0.011 ev; 
while J calculated by spin wave theory is 0.018 ev. 

The following problems are still to be solved: (1) 
why are the magnetic properties of chromium so 
sensitive to impurity content or preparation techniques ; 
(2) does the pitch change with temperature (with the 
above Heisenberg model, and within molecular fieid 
approximation, it does not) ; (3) what is the appropriate 
band picture for a helical spin distortion? This last 
problem might be worked out by an extension of the 
Herring technique for spin waves in metals.?-” 

I am grateful to Dr. P.-G. de Gennes for his aid in 
this problem. I would like to thank Dr. L. Corliss, 
Dr. J. Hastings, and Dr. R. J. Weiss for information 
on their experiments, J. Villain for a preprint of his 
work, Dr. T. Kaplan and Professor C. Kittel for related 
discussions, and P. Pincus for checking the calculation. 
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The millimeter wave paramagnetic resonance spectra of Ni**, V**, and Cr*** have been measured in 
ZnF;. Evidence was found that the extra charge of Cr*** is compensated by an F~ ion, sitting on one of 
two available nonequivalent neighboring sites. The antiferromagnetic resonance line in NiF; which has 
been postulated by Moriya, is now expected to occur at 320 kMc/sec. 


HE paramagnetic spectra of the ions Ni**, 

V**+, and Cr*** have been measured in the 
diamagnetic ZnF, lattice. They are described by the 
spin Hamiltonian 


K,=D[S2—4S(S+1)]+E(S2—S,)+g8H-S+ALS. 


The parameters for these ions are summarized in Table 
I. In Ni**, V**, and Cr*", spectrum A, the z axis is 
the [001] axis of ZnF, and the « axis follows [110]. In 
these spectra we do not know the sign of E. In Cr***, 
spectrum B, the z axis is in a (110) plane, 9° off the 
[110] axis, and the y axis follows the [110] axis. 

The Cr*** spectra have previously been measured by 
Tinkham,' but we find 20% smaller zero field splittings 
than he predicted. We agree, however, with Tinkham’s 
measurement of the directions of the main axes of the 
spin Hamiltonian, and also with his conclusion that 
they are due to the presence of an anion which com- 
pensates the excess charge on Cr***, and which can 
occupy either one of two nonequivalent positions. The 
fact that Cr*** can be introduced in considerable 
amounts, together with recent measurements in CaF, * 
suggests F~ as the compensating ion. 

The D term in Ni** has been predicted by Stout® 
from susceptibility measurements. Moriya‘ has shown, 
that the Ni** spins are aligned along the [110] axes of 


!M. Tinkham, Proc. Roy. Soc. (London) A236, 535 (1956) 

2B. Bleaney, P. M. Llewellyn, and D. A. Jones, Proc. Phys 
Soc. (London) B69, 858 (1956). 

* J. W. Stout (private communication). 

* 'T. Moriya (to be published). 


NiF;, if D>0O. He predicts an antiferromagnetic 
resonance to occur at v=4#(S). Here, (S)~1.0 is the 
expectation value of the spin. This resonance is now 
predicted at 320 kMc/sec. If VF can be grown with 
the NiF, structure, then it should show a similar 
resonance at 28 kMc/sec. From crystal field theory we 
expect that the D and E£ terms should be proportional 
for V+* (3d* ‘F) and Ni** (3d* *F), the proportionality 
factor being the square ratio of the spin-orbit couplings. 
This is seen to hold approximately. The same theory 


Taare I, Summary of the ion parameters (in kMc/sec). 





D E £ A 
125.5 
12.74 
21.65 
21.35 


2.33 
1.97 
1.95 
1.97 


Ni** 
yt++ 
Cr*** spectrum A 
Cr*** spectrum B 


0.090 


80. 
4 
2 
2 


predicts a small anisotropy for g and A, and this 
effect as well as the structure of the Ni resonance due 
to the surrounding fluorine ions are now under study. 
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A simple model is proposed by means of which nearest neighbor displacements round 


a vacancy and an 


impurity in a metal may be taken into account in calculating excess resistivities. Using Tewordt's calculated 
nearest neighbor displacement for a vacancy in copper we obtain from our model an excess resistivity 
of 0.94 wohm cm per atomic percent. The same model without strain yields 0.97 wohm cm. The case of 


silver impurities in copper is also considered and it is shown that a radial increase of ~3% in the 


f nearest 


neighbor distance is sufficient to account entirely for the observed excess resistivit 


1. INTRODUCTION 
Mot treatments of the vacancy problem so far 


proposed have neglected relaxation of the lattice 
which, it seems, must occur when an atom is removed. 
Recently Tewordt' has reported detailed results for the 
nearest-neighbor displacements expected theoretically 
in copper metal, and the present work represents an 
attempt to incorporate such relaxation into the free- 
electron model of a vacancy. Some comments will also 
be made on the problem of substitutional impurities in 
metals. 

We recall first that earlier workers have made calcu- 
lations in which some account has been taken of lattice 
strains, and we have in mind particularly the work of 
Blatt? on substitutional impurities in the noble metals, 
in which a modification of the Friedel sum rule, due to 
Harrison, was invoked, and that of Potter and Dexter’ 
on interstitials in copper. Our work is quite different in 
concept from these earlier treatments, and represents 
an attempt to formulate a more fundamental approach 
to the problem of relaxation. Even so, we are well 
aware that the proposed model can provide only quite 
a rough description of the situation occurring in real 
metals. 


2. MODEL USED 


We start from the free electron approximation, and 
to be definite we consider the vacancy case. We attempt 
to describe the effect of a single vacancy in an infinite 
monovalent metal in the following way. As a model for 
the unstrained case, we take a single negative charge 
embedded in the free electron gas. The conduction 
electron cloud adjusts itself to screen out the perturbing 
field and the screening may be described approximately 
by the Thomas-Fermi method. The appropriate 
numerical solution has been worked out by Alfred and 
March‘ in their study of impurity-vacancy interaction 
in a metal, and it is found that the earlier analytical 


approximation given by these writers® is fairly satis- 
* Present address: Department of Physics, Bedford College, 

London, England 
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?F. J. Blatt, Phys. Rev. 108, 285 (1957) 
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‘L. C. R. Alfred and N. H. March, Phil. Mag. 2, 985 (1957) 
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factory for describing the perturbing potential. In 
order to facilitate the carrying-through of the calcu- 
lations in the cas« strain is included, we 
shall adopt this analytical approximation. 

We now introduce lattice strain by first removing the 
twelve nearest neighbor ions (for a monovalent face- 


when lattice 


centered cubic metal) by placing single negative charges 
at their undisplaced positions. The ions are then 
replaced, at their new, radially displaced, sites, by 
adding single positive charges. The resulting self-con- 
sistent field problem seems too formidable to solve 
even within the present framework, and we shall adopt 
the method of expansion of the perturbing potential in 
spherical harmonics, which, as we pointed out earlier,® 
seems useful in this type of problem. In (he present case 
the symmetry is high, and after the s term, no spherical 
harmonic of will appear. 
Therefore we assume that to a sufficient approximation 
the problem may be reduced to one of spherical sym- 
metry, and the result is then equivalent to smearing the 
ionic charges over two spheres centered on the vacancy. 


lower than g symmetry 


3. APPROXIMATE SELF-CONSISTENT 
FIELD FOR VACANCY 


We now proc eed to set up the equations which 
describe the model of Sec. 2. The method is a generaliza- 
tion of that employed by Alfred and March.® Let the 
original nearest-neighbor at a distance R from 
the vacancy, and let R’ be the new nearest-neighbor 


sites be 


distance. Then we adopt the following form for the 
perturbing potential V 
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STRAIN SCATTERING BY V 


ACANCIES AND IMPURITIES 





-rV 0.6 


Fic. 1. Form of perturb- 
ing potential for vacancy in 
copper. 1. —rV neglecting 
strain. 2. —rV including 
strain. 














Eqs. (2), (3), and (4) being solutions of the linearized, 


Thomas-Fermi equation 


vV=¢V. 


(5) 


Here E,, is the Fermi energy, which is related to the 
screening radius g~ by 


g=2'E,,! Tt, (6) 


and r, is the classical radius defined by 


—V(r.)= En. (7) 
We should note at this point that in general the possi- 
bility of a further classically forbidden region around 
the negative surface charge distribution arises. In the 
vacancy case, however, our numerical calculations for 
copper show that outside r,, 
En>\V (8) 
and hence no such region exists for the present problem. 
The remaining constants of integration are now to be 
determined by imposing appropriate electrostatic 
boundary conditions on the potential V. In particular 
we must account for the discontinuity in the field as 
we cross a surface charge distribution, and then we have 


(dV ® /dr) p-— (dV /dr) x = 410, (9) 
and 


(dV *)/dr)rp— (dV /dr\ p= 4402, (10) 


where o; and a2 are the surface charge densities on the 
spheres of radii R’ and R, respectively. In the present 
case we have explicitly 

o,=12/48R”, (11) 


oo=—12 4 R?. (12) 


The remaining conditions are simply the continuity of 
V at R’ and R and of V and its first derivatives at the 
other boundary surfaces. 

The choice of R—R’ was made on the basis of 
Tewordt’s calculations.' For two different Born-Moyer 
potentials, values of R—R’ of 0.111 and 0,092 atomic 
unit were obtained. In our computations of the per- 
turbing potential V we therefore adopted for con- 
venience 


R—R’=0.10 atomic unit, 

together with R=4.84. The numerical results thus 
obtained are shown in Fig. 1, and for comparison the 
earlier results of Alfred and March® without strain are 
also plotted. 


4. RESULTS OF PHASE-SHIFT ANALYSIS 
FOR VACANCY 


The perturbing potential obtained in Sec. 3 has been 
used to calculate the excess resistivity for one atomic 
percent of vacancies in copper, by the method of 
phase-shift analysis (see, for example, Schiff"). 

The phase shifts », were calculated for the potentials 
shown in curves (1) and (2) of Fig. 1, and the results 
are presented in Table I. The excess resistivities Ap 
obtained from these results are: 


(1) Without strain: Ap=0.97 pohm cm/atomic %, 


(2) With strain: Ap oY} 


0.94 wohm cm/atomic %. 


It is also of interest to note that for the Friedel sum*® 


7L. L. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, New York, 1949) 
* J. Friedel, Phil. Mag. 43, 153 (1952). 
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Taste I. Phase shifts for scattering by vacancy. 


Without strain With strain 
— 0.608 
—0.096 
—0.033 
—0.032 
—0.017 


— 0.668 
—0.182 
—0.047 
—0.012 
— 0.003 


in the case when strain is neglected we find 


2 
> (2l+1)m=—0.99. 
| 


T 


With inclusion of strain, however, the Friedel sum is 
not converging satisfactorily at /=4, but the con- 
vergence of the corresponding resistivity series is still 
adequate. 


5. SILVER IMPURITIES IN COPPER 


With the model used here, and neglecting strain, the 
substitution of a silver atom for an atom in the copper 
lattice does not lead to any scattering of conduction 
electrons. However, relaxation of the nearest-neighbor 
atoms must contribute to the excess resistivity and its 
effect has been calculated. 

The equations of Sec. 3 are easily modified to apply 


to this case. The significant difference is that the 
nearest-neighbor atoms now move away from the 
impurity, since the silver ion-core has a larger radius 
than the copper ion. Thus the inner shell has a uniform 
surface distribution of negative charge. 

In order to display the effect of nearest-neighbor dis- 
placement on the excess resistivity, six different dis- 
placements in the range 0 to 3% were considered, and 
in each case the computed potential was used in a 











s 4 4 4. 


' 2 
Percentage displacement 





Fic. 2. Excess resistivity Ap in ohm cm per atomic percent 
as a function of percentage displacement of nearest-neighbors for 
silver impurity atoms in copper. 


N. H MARCH 

partial wave analysis. The final results are shown in 
Fig. 2, where the excess resistivity Ap is plotted against 
the percentage displacement of the nearest-neighbors. 
The potential corresponding to 2.9% displacement is 
shown in Fig. 3. 


6. DISCUSSION OF RESULTS 


We consider first the vacancy problem. Here, our 
main conclusion is that the effect of strain scattering 
on the excess resistivity appears to be quite small. It 
also seems interesting that the inclusion of relaxation 
has led in this case to a decrease in the resistivity. This 
is similar to the findings of Potter and Dexter® for the 
interstitial problem. 

Various points, however, remain to be considered. It 
will eventually be desirable to estimate the effect of 
going beyond nearest-neighbor displacements. Further- 
more, the question arises as to whether the present 




















nearest- 
rV is plotted for a 
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FiG. 3. Form of perturbing potential 
neighbors around silver impurity in 
percentage displacement of 2.9 


model is adequate to describe the perturbing potential 
near to the shells of ions. Inclusion of the first harmonic 
allowed by symmetry might eventually throw some 
light on this point. 

We shall finally comment on the results for silver 
impurities in copper. Here we have used the present 
model to predict the excess resistivity due to strain, 
there being no charge shift contribution within the 
valence model adopted. The most accurate work avail- 
able on this latter point seems to be that of Roth, whom 
Blatt? 
neglecting lattice strain, of only 0.001 wohm cm per 
%. If we 


resistivity is indeed predominantly due to strain scat- 


quotes as having calculated a contribution, 


atom accept the inference that the excess 
tering, then the present model indicates that a nearest- 
that 


experimental value of Ap. 


neighbor displacement of about 3% is all is 


required to account for the 


On the other hand, if, as seems unlikely, the charge 
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shift and strain scattering contributions turn out to be 
of comparable importance, then a larger relaxation may 
perhaps be permitted, due to the possibility of inter- 
ference effects. 
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This paper discusses some effects of mobile electrons in some antiferromagnetic lattices. It is shown that 
these electrons (or holes) always give rise to a distortion of the ground state spin arrangement, since electron 
transfer lowers the energy by a term of first order in the distortion angles. In the most typical cases this 
results in: (a) a nonzero spontaneous moment in low fields; (b) a lack of saturation in high fields; (c) simul- 
taneous occurrence of “ferromagnetic” and ‘‘antiferromagnetic” lines in neutron diffraction patterns; 
(d) both ferromagnetic and antiferromagnetic branches in the spin wave spectra. Some of these properties 
have indeed been observed in compounds of mixed valency such as the manganites with low Mn** content. 
Similar considerations apply at finite temperatures, at least for the (most widespread) case where only the 
bottom of the carrier band is occupied at all temperatures of interest. The free energy is computed by a 
variational procedure, using simple carrier wave functions and an extension of the molecular field approxi- 
mation. It is found that the canted arrangements are stable up to a well-defined temperature 7;. Above 7; 
the system is either antiferromagnetic or ferromagnetic, depending upon the relative amount of mobile 
electrons. This behavior is not qualitatively modified when the carriers which are responsible for double 
exchange fall into bound states around impurity ions of opposite charge. Such bound states, however, will 
give rise to local inhomogeneities in the spin distortion, and to diffuse magnetic peaks in the neutron diffrac- 
tion pattern. The possibility of observing these peaks and of eliminating the spurious spin-wave scattering 


is discussed in an Appendix. 


I. INTRODUCTION 


E are concerned here with magnetic compounds 

of mixed valency, of which the best known 
example is the series (La,;_.Caz)(Mni_.**Mn,"*)O;. At 
both ends of the composition diagram, these manganites 
behave like antiferromagnetic insulators.':? However, 
to take a definite example, if we substitute 10% of 
calcium in pure LaMnO,; the room temperature con- 
ductivity is increased by two orders of magnitude.' This 
shows that the 10% extra holes which have been added 
are comparatively free to move from one manganese 
ion to another, and are able to carry a current. These 
carriers also have a strong effect on the magnetic 
properties of the material: at low temperatures there is 
a nonzero spontaneous magnetization (approximately 
0.4 of what is expected for complete lining up of the 
spins on the above example), indicating that some sort 
of ferromagnetic coupling is present. This was first 
explained by Zener’ in the following way: (1) intra- 
atomic exchange is strong so that the only important 


* Supported by the National Science Foundation. 

t On leave from the Centre d’Etudes Nucleaires de Saclay, 
Gif-sur-Yvette, France. 

!G. H. Jonker and J. H. Van Santen, Physica 16, 337 (1950); 
19, 120 (1953). 

2 E. O. Wollan and W. C. Koehler, Phys. Rev. 100, 545 (1955). 

*C. Zener, Phys. Rev. 82, 403 (1951). 


configurations are those where the spin of each carrier 


' is parallel to the local ionic spin; (2) the carriers do not 


change their spin orientation when moving ; accordingly 
they can hop from one ion to the next only if the two 
ionic spins are not antiparaliel; (3) when hopping is 
allowed the ground state energy is lowered (because the 
carriers are then able to participate in the binding). 
This results in a lower energy for ferromagnetic con- 
figurations. This “double exchange” is completely 
different from the usual (direct or indirect) exchange 
couplings, as pointed out by Anderson and Hasegawa.‘ 
The coupling energy is shared between the carriers, 
and cannot be written as a sum of terms relating the 
ionic spins by pairs. Also, the dependence of the carrier 
energy on the angle between different ionic spins is 
quite remarkable. This brings in special effects which do 
not seem to have been considered up to now. For 
instance, if the pure material is antiferromagnetic, it 
will turn out that the carrier energy in the mixed 
material is lowered if the sublattices become canted. 
This gain in energy is of first order with respect to the 
angle of canting, while the loss of antiferromagnetic 
exchange energy is only of second order; as a result, 
the canted arrangement is indeed more stable. It is the 


*P. W. Anderson and H. Hasegawa, Phys. Rev. 100, 675 
(1955). 
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purpose of this paper to discuss these distorted arrange- 
ments, especially as regards their stability and their 
effects on magnetic properties. 

As a first step, we now outline the very simplified 
physical model which will be used in the calculations of 
the later sections. We shall describe the carrier wave 
functions, in a tight binding approximation, as a linear 
combination of some orthogonal functions ¢; localized 
on each magnetic site (1): 


y Dd ai¢i. (1) 


The g’s are such that off-diagonal elements of the one- 
electron them and the anion 
orbitals are zero. The eigenvalue equation satisfied by 
the amplitudes a, is then of the form 


Hamiltonian between 


ka; > 5 tiger; (2) 


where ¢;;= (¢,|%C| ¢,) is a matrix element of the one- 
carrier Hamiltonian 30, commonly referred to as the 
transfer integral between ions 7 and 7. In practice ¢,; con- 
nects only neighboring magnetic sites. When the ionic 
spins S,; and §, are parallel, ¢;; is maximum and equal 
to some constant 6,;. When §, and S, are antiparallel, 
t,;=0. More generally, as shown in reference 4, when S, 
makes an angle @,; with S; the transfer integral for 
carriers of spin 4 is 


b,; cos (8;; 2). (3) 


Equations (1), (2), (3) rely on the following 


simplifications: (a) the fivefold degeneracy of the d 
band is neglected; (b) the intra-atomic exchange 
integral is assumed larger than 6;; (so that transfer for 
6,,;=m is indeed negligible); (c) the ionic spins §, are 
described as classical vectors; (d) the ions are held 
rigidly at their equilibrium positions; (e) Coulomb 
interactions between carriers are not considered ; (f) in- 


and 


teractions between the carriers and the compensating 
charges of opposite sign (e.g., Ca**+ substituted for 
Lat++) are averaged out. Removal of (a) would not 
qualitatively modify the considerations to be developed 
in the following but would only complicate matters by 
introducing more unknown parameters; (b) and (c) are 
good starting approximations in all cases; (d) neglects 
the strong coupling between carriers and lattice vibra- 
tions, the importance of which has been stressed by 
Zener.’ However, we shall be interested only in the 
lowest energy levels of the carriers and only in the part 
of this energy which depends on the orientations of the 
ionic spins. It is then reasonable to treat the polaron 


self-energy as an additive constant, so that (d) is an 
acceptable assumption. On the other hand a study of 
effective masses and mobilities would require a more 
detailed treatment of the carrier-phonon interaction, 
so that we do nol expect the 0,;’s to be simply related 
to the electrical conduc tivity. Assumption e) restricts 


C. Zener, J. Phys. Chem, Solids 8, 26 (1959 
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us to dilute carrier systems. Fortunately this is a mild 
requirement because double exchange effects are often 
Assumption (f) is a drastic 
It amounts to neglecting all possible 
Carriers 


strong even in this limit 
simplification 
bound states of the iround the impurities 
which have been used to create a state of mixed valenc y. 
One might argue that as soon the conductivity of the 
mixed specimens is much larger than the conductivity 
of the pure material, a band picture is appropriate. 


However, this conductivity, although high, often shows 


a temperature dependence corresponding to an activa- 


tion energy ; we believe that for low concentrations only 


a small fraction of the Zener electrons is involved in 


the conduction process, while all of them (bound or not 


bound) participate in double exchange. The essential 
over-all effects of bound 
carriers on the ionic spins is in fact very similar to the 
effect of the free carriers described by Eq. (2), as will 
be shown in Sec. IV. (In both cases the carrier energy 
is lowered by a distortion of the ionic spin arrangement.) 
The magnetic 
strongly affected by 


observation here is that the 


properties of our assembly not 


and our simple 


are 
ssumption (f), 
model is indeed appli able 

To study effects of very 
important to recognize that in many cases the over-all 
band width of the carriers is 


thermal excitation it is 
expect d to be large when 
compared with the temperatures of interest. (From the 
transition temperatures in the manganite series we infer 
that the band width 
larger.) This shows 


is at least ~0.1 ev and probably 
that the anomalies in paramagnetic 
behavior predicted by Anderson and Hasegawa,‘ which 
a uniform filling of the 
Phe situation, where the 
carriers fill only the bottom of the band, is much closer 


are due to band, cannot be 


observed in general opposite 
to the actual state of affairs, and we shall deal uniquely 
with this limiting case 
finite temperatures sti 


The behavior of the system at 
| remains an extremely compli- 
cated problem, and the difficulties are twofold: first, 
we have to know the ground state energy of the one- 
carrier Hamiltonian for all arrangements of the ionic 
spins. This is a question of wave propagation in a three- 
dimensional disordered medium, and can be solved only 
by means of very rough approximations. Second, there 
is the problem of the statistical behavior of the 
spins submitted to the double exchange coupling 


ionic 
As we 
III, even the molecular field approach 
labor in this instance, but, apart from 
able to 


clear picture of the successive transitions that occur. 


shall see in Sex 
involves some 


these computational difficulties, we are get a 


The major difficulty with which we are left is then due 


to the rather large number of interaction constants 


which have to be derived from experiment ; for instance, 
when dealing with a “layer’’ antiferromagnet, we need 
both the intra-layer and inter-layer exchange couplings 


} 


of the pure material, 


and the two corresponding transfer 
Possible means 


ire discussed in Sec. V. 


integrals, that is to say fou 


constants 


of deriving these constant 





EFFECTS OF DOUBLE 


II. CANTED SPIN ARRANGEMENTS AT 
LOW TEMPERATURES 


We now consider a Bravais lattice of magnetic ions, 
and further assume that the spin ordering of the 
unperturbed system is of the “antiferromagnetic layer” 
type. Each ionic spin of length S is coupled ferro- 
magnetically to 2’ neighboring spins in the same layer, 
and antiferromagnetically to z spins in the adjacent 
layers. The exchange integrals are called J’(>0) and 
J(<0). The Zener carriers are allowed to hop both in 
the layer (with transfer integrals 5’) and also from one 
layer to the other (with transfer integrals 5). The 
number of magnetic ions per unit volume is called .V, 
and the number of Zener carriers Vx. We shali consider 
configurations in which all spins within each layer 
remain parallel, but where the angle between magnetiza- 
tions of successive layers takes a prescribed value @. 
We determine ©» by minimizing the sum of exchange 
and double exchange energies. The exchange contribu- 
tion is 

Ea= —N7J'S°+Nz' J|S* cos@o. (4) 


To obtain the double exchange contribution we first 
compute the energy Fy of a Zener carrier of wave 
vector k. The amplitude of the carrier wave function is 
a,;=e'™ ®* and Eqs. (1) and (3) give us 


E,=>° be Or-® (5) 


= —b'y,'— by; cos(@Qo/2) (6) 


where y,’=)_j/ e*®®-®9) and y=); e*'F-™ are 
sums extended to the nearest neighbors of site (7 
which are respectively in the same layer or in different 
ones (note that yo'=2', yo=2). As explained in the 
introduction, we are only interested in the bottom of 
the energy band defined by (6) because we restrict 
ourselves to a small carrier concentration (*<1). The 
minimum of (6) depends on the geometrical configura- 
tion of the magnetic lattice, and on the sign of 5 
and b’. We shall simplify the discussion by assuming 
(arbitrarily) that 6 and D’ are positive. Then 


En = —yo'b’ —yob cos(@o/2). (7) 


Other signs for b and b’ would lead to the same physical 
results but sometimes require a more complicated 
notation (when the band is not symmetrical). For 
simple layer configurations like the ene shown on 
Fig. (2a), Eq. (7) is always valid provided we replace 
b and b’ by their absolute value. The carriers, being few 
in number, occupy only energy levels close to E,, and 
the total double exchange energy is 


Es=NxEq. (8) 
Minimizing the sum of (4) and (8) with respect to ©, 
we get 
cos(@o/2) = bx/4| J | S? (9) 
E=EqtEg=N[-—2J'S*—2x2'b’ 


—2z|J|S*— (2/8)b?x*/|J|S*). (10) 
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13,5 


Fic. i. Allowed configurations for the magnetizations I,, Is, kL, 


. ) corresponding to successive layers. The angle between 
I, and I, is equal to @po. (a) disordered; (b) two sublattice 
system; (c) helical arrangement. (a), (b), and (c) are degenerate 
from the standpoint of nearest neighbor exchange and double 
exchange. External fields, anisotropy energies, or small ferro- 
magnetic couplings between next nearest layers favor configura 
tion (b). Antiferromagnetic coupling between next nearest layers 
savors (Cc) 


For «<4\ J) S*/b Eq. (9) defines an angle @» between 0 
and w, and the magnetizations in the successive layers 
point in different directions. 

All arrangements which satisfy Eq. (9) are degen- 
erate. There is a large number of them, because, when 
we go from layer n to layer n+1 the magnetic moment 
T n+: of layer (n+1) is allowed to take any orientation 
on a cone (of some angle #) around /7,. A typical 
arrangement is shown on Fig. 1(a). The degeneracy is 
removed by energy terms not included in our model, 
of which the most important are probably magneto- 
crystalline energies. For general values of 0, the simple 
two-sublattice ordering of Fig. 1(b) is then stabilized. 
For some special values of @ (e.g., 0=2x/n, where n is 
a smail integer) a helical arrangement as shown on 
Fig. 1(c) might still be degenerate with the two- 
sublattice arrangement. However, this is an exceptional 
situation, and even then a small magnetic field is 
enough to restore the two-sublattice ordering, where a 
nonzero spontaneous moment is present. It is probably 
worthwhile at this stage to point out the difference 
between the ordering of Fig. 3(c) and the helical spin 
arrangements considered by Villain,® Yoshimori and 
Kaplan’ in materials with pure exchange forces. The 
latter arrangements are nondegenerate (apart from 
trivial degeneracies due to crystal symmetries) and can 
be destroyed only by magnetic fields of the order of 
the exchange field. In our case, on the other hand, all 
the orderings shown in Fig. 1 are degenerate, and only 
a few of the, such as 1(b), are not destroyed by applica- 
tion of an external field. In the following we shall 
restrict our attention to two-sublattice systems of 
type 1(b). The general case will be considered briefly in 
Sec. V. We now derive a few important properties of 
our spin assembly at T=0. 

(1) The spontaneous magnetization of the two sub- 
lattice arrangement is 


M =I cos(©>/2) (11) 


‘J. Villain, J. Phys 
7A. Yoshimori, J 
Kaplan, Phys. Rev. 116, 888 (1959). 


Chem. Solids 11, 303 (1959) 
Phys. Soc. (Japan) 14, 807 (1959); T. H 



























































(a) (b) (c) 


Fic, 2. Examples of “‘layer’”’ antiferromagnet (2a), “chain” anti 
ferromagnet (2b), and ‘alternating’ antiferromagnet (2c) in a 
simple cubic lattice. The (2a) structure is observed in LaMnO,, 
the (2c) structure in CaMnO;.? 


where //2 is the magnetization of one sublattice. By 


making use of Eq. (9) this becomes 


M/I=bx/4\ J | S*. (12) 


The ferromagnetic moment is accordingly proportional 
to x (at low x). 

(2) There is a nonzero susceptibility in high fields, 
due to a field induced change in angle between sub- 
lattices. This susceptibility is isotropic, because in high 
fields all magnetocrystalline terms are expected to be 
negligible. The spin system rotates to set its moment 
parallel to the field. The Zeeman energy is 


Ez=—HI cos(@/2), (13) 


and the moment is always given by (11), but with an 
angle © between sublattices different from ©». We 
derive © by taking the minimum of the sum (4), (7), 
and (13): 


cos(@/2)= (bx/4|J|S*)+HI/4|J|NS*yo. (14) 


The susceptibility is then 


x= 17/4| J \yoS2N. (15) 


Apart from possible small corrections in J, it is identical 
to the transverse susceptibility of the pure material. 
It could be measured by the same experimental tech- 
niques which have been applied to triangular spin 
arrangements in spinels.* In the manganite series such 
a lack of saturation in high fields has been qualitatively 
observed.? 

(3) The magnetic scattering of neutrons shows an 
unusual pattern. Let us call w; and we respectively the 
moments carried by one spin on each sublattice, and 
put 4=ui=u. The scattering intensity if proportional 
to the square of: w= (1/k)kX (wi-tws) where k is the 
scattering vector,” and the + or — sign correspond 
respectively to “lattice” reflections (L) (where both 
sublattices are in phase) and to “superlattice” reflec- 
tions (S) (where they are opposite in phase). Both 
types of reflections are simultaneously observed in genera!. 
For instance, if k is perpendicular to the plane (pipe) 
of the spins the (L) and (S) intensities are respectively 
proportional to cos?(@ o/2) and sin?(@o/2) where @bp is 
defined by (9). We see that neutron diffraction measures 

51. S. Jacobs, J. Phys. Chem. Solids 11, 1 (1959) 


*O. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939) 
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©, directly. Using the notation of Wollan and Koehler’ 
we may write 

pe” cos* (-) 2), (16a) 


2). (16b) 


Mferro = 
Mantit’ =p” sin?( Op 


We now apply the above considerations to the experi- 
mental data on the manganites’ for low Mn** content. 
Pure LaMnO; is indeed a layer antiferromagnet, as 
shown on Fig. 2. For the mixed compounds, we derive 
from (16a) and (16b) two sets of values for cos( Oo, 2) 
as a function of x. These values are plotted on Fig. 3. 
It may be seen that they coincide rather well, and that 
the linear relation (9), with all effects of higher order 
in x neglected, accounts reasonably for the data. From 
the slope of this plot we infer that b/|J|S*~16. 
(Unfortunately we have no information on the inter- 
layer exchange constant |/| in LaMnQ;.) This figure 
shows incidentally that the carrier band width is indeed 
large when compared with the exchange energies in the 
pure material, as mentioned in the introduction. 

We shall now discuss briefly the effect of an applied 
magnetic field on the neutron lines. If this field is 
applied parallel to the scattering vector k, and if it is 
strong enough to overcome all anisotropy forces, the 
ferromagnetic reflections are extinguished. On the other 
hand, if the anisotropy fields are comparable in strength 
to the applied field, a very complicated situation is 
obtained, and the (Z) lines are not completely extin- 
guished. This appears to be the case in the mixed 
manganites with low Mn** content. 

We observe incidentally that if helical arrangements 
were stabilized by some auxiliary coupling (such as a 
small antiferromagnetic exchange between next nearest 
layers) they would give rise to another class of neutron 
lines, which cannot in general be indexed in any 
multiple of the unit cell.’ 

(4) Another interesting question is related to possible 
nuclear resonance experiments on nonmagnetic ions 
belonging to the structure. Assume for instance that 
the magnetic atoms within different layers are separated 
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between sublattices in 
with low Mn‘** content 
measurements of 
neutron line intensities 
The straight line corresponds to Eq. (9) 


of the angle © 
MnO 
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Fic. 3. Determination 
the mixed manganites La,_, Ca, 
The experimental 
“ferromagnetic” and “antiferromagneti 
by Wollan and Koehler.? 
with 6/|J| S'=16 
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by fluorine ions, and that the environment of each 
fluorine contains an equal number of spins from sub- 
lattices 1 and 2. Then, in the pure material, we expect 
that the hyperfine fields acting on the F’* nucleus due 
to both sublattices will cancel exactly. In the mixed 
compounds however, they will not, and there will be a 
shift in the resonance, proportional to cos(@/2). One 
expects two types of nuclear relaxation due to coupling 
with (a) the carriers and (b) the spin waves. From the 
spin lattice times measured both in antiferromagnetic 
insulators” and in ferromagnetic metals," we infer that 
relaxation effects should not prevent observation of the 
line. Unfortunately, there are inhomogeneities in the 
hyperfine field due to local spin distortions not included 
in the present model (see Sec. IV). This inhomogeneous 
broadening is expected to be large, and the experiment 
does not seem feasible. 

This section has been restricted to calculations on 
“layer” antiferromagnets. We would like to mention 
that there is another class of antiferromagnetic materials 
where carrier motion is allowed in the unperturbed 
structure, namely the “chain” structure, an example of 
which is shown on Fig. 2(b). Considerations very similar 
to the above may be applied there. The number of 
allowed canted arrangements which are degenerate with 
respect to exchange and double exchange is increased: 
the only requirement is again that the angle between 
the magnetizations carried by neighboring chains is 


equal to some fixed value @o. This can be accomplished 
in many ways and configurations with more than two 
sublattices may have to be considered here even when 
magnetocrystalline forces are present. 


Ill. MAGNETIC BEHAVIOR AT FINITE 
TEMPERATURES 


The statistical properties of our spin assembly at 
finite temperatures may be approached by a study of 
elementary excitations (spin waves) or by some exten- 
sion of the molecular field concept. Both techniques are 
much increased in complexity when double exchange 
carriers are present. The most interesting property 
finally to be displayed is the existence of a first transition 
point when the canted arrangement collapses, the 
system becoming ferro- or antiferromagnetic at higher 
temperatures. This property is beyond the scope of 
spin-wave analysis, and we accordingly concentrate 
here on the more useful moiecular field description. 
(The low-frequency spin-wave spectrum is considered 
in Appendix 1.) A first step is to derive the energy of 
carriers at the bottom of the band where the ionic spins 
are not completely ordered. We get an approximate 
value for this energy by taking as a variational wave 
function in Eq. (2) the very simplest one where all 
a,’s are equal. (This is the exact eigenfunction for all 


x. Shulman and V. Jaccarino, Phys. Rev. 108, 1219 
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ordered states with our choice of sign for the transfer 
integrals.) We obtain 


Ew= —> ; bixcos(6,;/2)) 


where the () symbol represents a thermal average on 
the possible states of the ionic spins. We may rewrite 
the preceding equation for our layer antiferromagnet 
in the form 


E,.= —yob\cos(8/2))—yo'b’(cos(@’/2)) (17) 


where @ and @ are the angles between any ionic spin 
and its neighbors respectively in and out of the layer. 
We now make use of the molecular field approximation 
in the following way : we neglect all correlations between 
different ionic spins, and assume for each of them a 
statistical distribution corresponding to a molecular 
field. 


w,(S)= (1/v) exp(—2,- S/S). (18) 


The index m specifies the sublattice to which § belongs 
(n=1 or 2); 2. is proportional to the molecular field 
acting on sublattice (m). The two molecular fields are 
equal in length (A,=A:=A) and the angle between 
them is ©. The normalization constant » is: 


1 
-f due~™ 
1 


= 2(sinhA)/A. (19) 


The relative amount of saturation of each sublattice is: 


i 


1 
m=- f duue 
v 1 


= —(1/)+ctanha. (20) 


Our aim is to insert the assumed distribution function 
(18) into a variational principle for the free energy. 
We first derive the entropy term: 


—TS= Veet f w(x) Inw(x)dx 
1 


= NkgT(Am—\nyv). (21) 
The calculation of the energy term is somewhat more 
complicated. Consider for instance the first term of (17), 
which corresponds to double exchange between sub- 
lattices. Let us write 

ln 


cos(@/2)= z. AP (cos§). 


lama) 


(22) 


The coefficients A; can be obtained from the generating 
function of the P,'s (see Appendix 2). They are given by 
2 


yr! , (23) 
(21—1)(214+-3) 
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We then express P;(cos#) in terms of the polar angles 
of the two spins 5S), Sz which serve to define the angle 6. 
The average orientations of S, and S» are not parallel; 
ince they belong to different sublattices, the angle 
between them is ©. It is convenient to refer the polar 
angles (@:¢:) of S; to a polar axis parallel to a, and 
(82¢2) to an axis parallel to 42. With the usual notation 
for spherical harmonics Y;,,(@¢) and Wigner rotation 
coefficients D', we get: 

P (cos6 V.> 


t 2, Vtm(9:¢1) ¥ tme* (02¢2) Dmm:!(0,0,0). 


mon 


(24) 


The .V; are normalization factors. Let us take the 
thermal average of (24) with independent statistical 
as defined in (18). The only non- 
Dwo'(0,0,0) is 
simply a Legendre polynomial, and the final result is 


distributions w;, 
zero term corresponds to m=m’=0. 


(Pi (cos@) P;(cos6,) P:(cos6e))P(cos@). (25) 


1 1 
eP  (u)du 
v 1 


(2/v)a' 7, ir) 


Furthermore 


(26) 


where j; is the usual spherical Bessel function, taken 
here for an imaginary argument. Collecting the results 


of Eq. (22) to Eq 26) we obtain 


% j°(—idr)Pi(cos©) 
cosl@ 2) z 
(2l—1)(21+-3) 
In a similar way, if we deal with the angle & of two 
neighboring spins belonging to the same sublattice, we 
obtain 
qi —1tr) 
2 —_ 


— ° 28) 
tA) to (21—1)(21+3) 


\& 


(cos(@’ 


We insert (27) and (28) 
number \x of 


exchange energy 


in (17), and multiply by the 


carriers to obtain the total double 


XLyvobP i (cos@)+yo'b"). (29) 
Since J is related to the sublattice magnetization m by 
Eq. (20), we may consider (29) as « xpressing the double 
exchange energy in terms of the macroscopic parameters 
m and ©. We will have to add the usual exchange 
energy 

Bows Vm 


s'J'+s] cos@) (30) 


The free energy F is the sum 


F=—TS+ Ept+ Ea. 
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This has to be a minimum with respect to \ (or m) and 
with respect to ©. Let us first carry out the variation 


with respect to « os®. We obtain 
2é dP, v) 


(3?) 


For each A (31) is an 
large A 


where &= bx/|\J cos@ 
| or 


h that 


implicit equation for low temperatures) 
the 5<a.< 3- 
arrangement is canted. For small A (higher tempera- 
1, 1): the equilibrium 
configuration is ferromagnetic (v,,>1) antiferro- 
magnetic (v,<—1). The critical value of X (or m) is 
obtained by setting +1 in Eq. (32), 
that 


solution v,, is su¢ the spin 


tures) ?,, is outside the interval ( 
or 


and observing 


dP 


dt 


The resulting equations for the 
written in the form 


ited to ferro) (34a) 


canted to antiferro). (34b) 
these series is good. 
\ and m are related by Eq. (20), and the best graphical 
is in fact obtained by plotting 
We see immediately from 


For finite dr the convergence of 
representation of Eq. (34 
m? as a function of £ (Fig. 4 
this plot that for small 

canted (except for the speci il value £ 


arrangement is never 
2.5.) The upper 


m tne 


transition point always corresponds to a colinear con- 


figuration for the magnetizations of koth sublattices. 
By lowering the temperature, however, we increase m 
itical curve at a well-defined 


and finally intersect the cri 
temperature 7, which we 


point. It may be shown that 


refer to as the second critical 
m and © are both con- 
tinuous functions of temperature at T= 7). A complete 
study of the thermal behavior is complicated by the 
large number of independent parameters which come 
(J,J’,b,b'). This is why Eq. (34), which 
is of particular interest. 

We now consider the de pel of the free energy 
(31) on m in the “‘colinear’’ range (above T,), and more 
h corresponds to 


into play 
involves only one parameter 
| 


dence 


specifically the limit of small m, whi 


the upper Curie point. Equation (31) may be expanded 
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in the following form: 


F =F ot+F om’+F om'+--- 


where 


(1/N)F2=$3kpT —S*(2'J'+2Jv) 


— (2x/5)(2'b’+22b). (36) 


We know from the preceding argument that only the 
parallel (v=1) and antiparallel (x= —1) cases have to 
be considered, in which case F, takes the simple form 


(1/N)F a= (6x/7X 25) (2'b'+2b)+(9/20)keT. (37 
We now write that (35) is a minimum and obtain 
m*= — (F./2F,). 38 


The upper transition point corresponds to F;=0. It is 
given by the greater of the two quantities quoted in 
the following: 


T o= (2/3kp) (2 +2'J')S?+ (2x/5)(2'b'+-2d) | 


(Curie point) (39a 


T w= (2/3ke)l (—2J +2’) S?*+ (2x/5) (2’b’— 2d) ] 


(Néel point (39b 


(Remember that for the cases in which we are interested 
J is negative and J’ positive.) We emphasize the fact 
that only two transition points are observed in all cases 
(T, and T¢ or 7, and Ty). Another interesting quantity 
is the paramagnetic Curie point T,p defined through 
the asymptotic form of the paramagnetic susceptibility 
x=C/(T—T>p). When the carrier band width is small 
compared to kgT there is no contribution to Tp from 
the double exchange effect, as emphasized by Anderson 
and Hasegawa.‘ On the other hand, when ky7J remains 
small compared with the band width, as it probably 


1.0, 
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sublattice at the lower transition point 7), as a function of 
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does in practice, our approximation scheme remains 
valid. If we retain the same simple form of variational 
wave function to obtain the carrier ground-state energy, 
we can show by the Van Vleck trace method that 


kpT p 4S? >; Je jt (4x 15)>; bo; 


so that Tp and Te coincide within the molecular 
approximation, as in the more familiar case of pure 
exchange. It is not possibie to derive simple expressions 
for the lower transition point 7, except in the limiting 
case where é is not very different from 2.5. It is then 
easy to see from Fig. 4 that the transition (7) occurs 
for small values of m, so that the expansion (35) for the 
free energy may be used on the whole temperature 
interval between the two transition points. In this 
range of & values Eqs. (34a) and (34b) for [m]r,; take 
the simple form 


(40) 


175\1 2 
—-|, (41) 
ig ig 5 


Cm? |r 


By eliminating m* between (41) and (38) we get 


2 |1 2x 35 
T,=T, - (2b+-2'b’)+ bot] 
3 4 


where 7, is the upper transition point as defined by 
(39). Figure 5 shows qualitatively the stability domains 
of the different spin configurations when both the 
temperature 7 and the parameter £ (proportional to x) 
are raised. The angle ©» between sublattices in the 
ground state is given by (9). When ©» is larger than 
103° (€<2.5) the canted. arrangement becomes anti- 
ferromagnetic by raising the temperature above 7. 
When ©, is smaller than 103° (4>£>2.5) it becomes 
ferromagnetic. 

We close this section by a brief discussion of the 




















Fic. 6. Typical plot of inverse susceptibility and spontaneous 
magnetization when £<2.5 (magnetocrystalline energies are 
neglected ) 


physical anomalies which are expected of the lower 
transition point 7). 

(1) The behavior of the susceptibility x is remarkable 
when the upper transition point is antiferromagnetic. 
By decreasing T we first observe the usual discontinuity 
in slope at Ty. Then x increases and becomes infinite 
at 7,. The qualitative behavior of 1/x is shown on 
Fig. 6. Experimental results very similar in their 
general appearance to the graph of Fig. 6 have been 
obtained in antiferromagnetic CrSb doped with a small 
amount of MnSb.'* The pure compound CrSb is known 
to be of the antiferromagnetic layer type.’ It may be 
that electron transfer is allowed between chromium 
and manganese atoms, in which case our model could 
be applied. 

(2) Below 7, both ferromagnetic and antiferromag- 
netic neutron lines occur simultaneously. Above 7; only 
one type is observed. A phenomenon of this type has 
been indeed quoted by Wollan and Koehler for some 
mixed manganite samples.” 

(3) The specific heat shows a (small) discontinuity 
at T=T). 

(4) The electrical conduc tivity is favored by inter- 
layer transfer. We accordingly expect a slight discon- 
tinuity in slope at 7= 7). The sign of this discontinuity 
will depend on the type of order above 7). However, 
our oversimplified model is not applicable to this 
problem, and we are not able to make more detailed 
predictions as regards this point. 


IV. LOCAL SPIN DISTORTIONS 
1. Bound States 


The simple model of Secs. II and III did not take 
into account any possible bound states of the carriers. 
Such bound states may in fact occur, especially when 
the amount of impurities is very small. For instance, 
each Ca** substituted for La** in LaMnO; acts as an 

® T. Hirone, S. Maeda, and I. Tsubokawa, J. Phys. Soc. (Japan) 
11, 1083 (1956); E. W. Gorter and F. K. Lotgering, J. Phys. 
Chem. Solids 3, 238 (1957 


% A. I. Snow, Revs. Modern Phys. 25, 127 (1953) 
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effective charge —e and is able to accept one carrier 
(a hole) in a localized orbit. We intend to show that 
the over-all effects of an assembly of such centers on 
the ionic spin system are similar to those of the free 
carriers considered in the preceding Section. We con- 
sider in particular the extreme case where the wave 
functions relative to different impurity centers do not 


overlap (very small x). In analogy with the known 


properties of color centers in alkali halides, we expect 


the wave functions to be of rather small extension; 
in the above example, the hole will be shared by the 
eight manganese atoms surrounding the impurity, as 
shown on Fig. 7. 

We first impurity center in an 
unperturbed antiferromagnetic matrix, and restrict 
ourselves to the following simple example: the pure 


conside ra single 


material is an “alternating” ferromagnet of one simple 
cubic ) 


[see Fig. 2( or bec structure, with exchange 
integral J coupling each spin to its z neighbors. The 
is strongly bound and can only 
occupy fwo neighboring sites (1 


b Cos(f, 


Zener electron (or hol 
and (2). The transfer 
2) as before, and the propaga- 


2) are 


integral is fy. 

tion equations which replace 
(E l ay) 
(E-I 


b cos Die 2)as 


(43) 


5 cos(@ 2)a; 


Note that the value of b 
potential.) The 


where U’ is the binding energy 


may be modified by the attractive 


ground state corresponds to 


Ep=l (44) 


5b cos(@, 


This is the analog, for a localized state, of Eq. (7) which 
applied to an extended state. In both cases, a small 
departure of @,. from w decreases the double exchange 
energy in first order and increases the exchange energies 
only in second order, so that a canted arrangement will 
be stable. Here, however, the final configuration corre- 
sponds to a local distortion of the spin system, and is 
accordingly more difficult to compute. We shall first 
derive the amount of canting by a simple “rigid field 
approximation” (RFA) where all ionic spins other than 
S, and S, are assumed to retain their original orienta- 


LaMnO;. The bound hole is 
nanganese atoms (black circles) around the im- 
open circle). All ionic spins remain in one 
Deflections are maximum close to 
y slowly with distance. 


Fic. 7. Local spin d 
localized on eight 
purity center Ca** 
plane [here taken to be (001 


the impurity center, but they decrease on 
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tion. §, and S, have opposite deflections « and —« and 
61:2=2—2e. The increase in exchange energy is 
a= 2|J|S*2(s—1)(1—cose)+1—cos2e]. (45) 


The minimum of the sum of (44) and (45) corre- 
sponds to 


—b cose+2|J|S*2(s—1)+4 cose] sine=0. (46) 
This always gives a solution ¢, with the limiting forms 
b 
(ers 
4| J | S*(s+1) 
we 4|J|S?(z—1) 
«= --———— ; (b/2|J|S*>1). 
2 b 


(b/2| J | S*«1) 


A bound Zener electron always gives rise to a local 
distortion of the spin system. This is to be contrasted 
with the effects which are obtained with pure exchange, 
when some adequate substitution simply changes the 
sign of one exchange integral, between (1) and (2). 
In the latter case there is also a strongly inhomo- 
geneous constraint applied to the spin system. However, 
this results in a local spin distortion only if the new 
(ferromagnetic) exchange integral exceeds a well-de- 
fined threshold value (Jnew>$(z—1)|J| in RFA, and 
J new >4(z—2)|J| by an exact calculation). 

We have proved that in the vicinity of each impurity 
center there is an unbalanced magnetic moment due to 
the special effects of double exchange. There is however 
one feature which is deliberately neglected in the RFA: 
a local deflection of spins (1) and (2) is always accom- 
panied by smaller distortions on the neighboring sites, 
the amplitude of which decreases only slowly with 
distance. These “wings” may be studied with good 
accuracy by making use of Green’s function techniques, 
an example of which is given in Appendix 3. If we now 
consider not only one impurity but a dilute assembly 
of these, the “wings” result in a coupling of the un- 
balanced moments carried by the different impurity 
centers. At low temperatures it is energetically favorable 
for these moments to line up, thus reducing the spin 
distortions in the matrix. As a result we expect to 
observe a nonzero spontaneous moment, increasing 
linearly with x, and the over-all magnetic behavior is 
very similar to what we found in Sec. II by discussing 
free carriers. We also expect the “interlocking” between 
different centers to preserve this ordered state up to 
some critical temperature 7;, above which the un- 
balanced moments exhibit a paramagnetic behavior. 
Here again, the conclusions of the “free carrier model” 
and of the “color center model” are not very different. 

We now mention briefly some phenomena for which 
both models do not lead to the same predictions for 
very dilute impurity systems. These are: (1) optical 
absorptions; (2) electrical conductivities; (3) nuclear 
resonance at anion sites; (4) neutron diffraction. The 
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nuclear resonance lines are widely broadened, because 
the long-range part of the spin distortion due to each 
individual impurity center is responsible for inhomo- 
geneous hyperiine fields. Consequently this type of 
experiment seems difficult to carry out. Neutron diffrac- 
tion studies, on the other hand, could give some very 
interesting information on local spin distortions. This 
is discussed in Appendix 3, the main conclusions of 
which may be summarized as follows. (a) The distor- 
tions lead to diffuse peaks around the superlattice line. 
Superlattice lines for which the scattering vector is 
parallel to the spin direction in the pure material are ex- 
tinguished and consequently most favorable. (b) There 
is always a parasitic spin wave scattering even at low 
temperatures (because of the strong zero point motion 
effects in antiferromagnets). (c) However, spin wave 
emission is an inelastic process while scattering by 
static distortions is strictly elastic. As a result, by a 
suitable geometrical arrangement one can make the 
spin wave scattering very diffuse so that it will be 
automatically subtracted with the background. The 
final requirement is that the neutron spectrometer 
should be able to analyze an angular distribution corre- 
sponding to a diffuse peak whose integrated intensity is 
roughly x times smaller than the intensity of a typical 
magnetic line of the unperturbed structure. A typical 
value of x (small enough to reduce overlap between 
separate distortions) is 0.1, so that this figure is not 
prohibitive. 


2. Self-Trapped Carriers 


Sections II and III applied the “free carrier” model 
to layer and chain antiferromagnets, where the carriers 
are always allowed to move within each chain or layer. 
The “alternating” antiferromagnetic structures (where 
all neighbors of a + spin are — spins) are somewhat 
different ; in the unperturbed structure the carriers are 
not allowed to move; it is then more favorable for each 
individual carrier to build up a local distortion of the 
spin lattice in which it becomes “self-trapped.” The 
resulting centers are able to move only slowly, and 
their physical properties are modified. In practice, we 
are not very much concerned in effects such as a change 
in effective mass, because the slow carriers will always 
fall into bound states. We are mainly interested in the 
shape of the local distortions and in interactions 
between them. 

We first show that self-trapping will indeed occur. 
The argument will be written down for a simple cubic- 
or body-centered cubic “alternating” antiferromag- 
net, each ionic spin having z equivalent neighbors, 
with exchange couplings 2/.S* cos@,;, transfer integrals 
b cos(@;;/2), and carrier concentration x defined as 
before. Let us first compute the gain in energy for a 
uniform canting of both sublattices in the free carrier 
model, as in Sec. IT. We obtain 


Etree== —4N ab*x?/ | J | S*. (48) 
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It is convenient to introduce the paramagnetic Néel 
point Ty=[(2|J|S*z)/3k, | of the pure material, and 
the dimensionless ratio n=6/kgTy, so that Eq. (48) 
becomes : 


Etree/R eT n — (N/12)2*9?x’. (49) 


We now consider another possible configuration, with 
noninteracting localized states, and compute the corre- 
sponding energy by making use of a variational prin- 
ciple. We assume that the carrier to be considered is 
trapped on some magnetic site (which we call 0 for 
instance) with an amplitude ao, but we also allow it to 
have a nonzero amplitude a; on the z neighboring spins. 
As far as the ionic spins are concerned, we assume that 
they all retain the same orientation which they had in 
the pure material, except for So, which is allowed to 
make an arbitrary angle @ with the common direction 
of the z neighboring spins. The exchange energy, 
counted from the initial configuration (@= 7) is 


Bux = 2' J | S*2(14+-cos8). (50) 


The wave equation for the trapped carrier takes the 
restricted form 
Eao 
Fay 


sb cos(0/2)a, - 
(51) 
b cos(0/2)ao 


and the ground-state carrier energy is 


Ep=—bv/z cos(6/2). (52) 


By taking the minimum of £.,.+ Ep we obtain an over- 
estimate of the energy per trapped carrier /, 
ky ky T - 


(2/24)n? if n<12/y (53a) 


n>12/y (53b) 


OV an 


Actually this estimate is not accurate for large couplings 
(n>>1) where the “radius” of the trapped carrier exceeds 
one interatomic distance. Equation (53) is sufficient for 
our purposes, however, and shows that £, is negative. 
The total energy of the trapped carriers Nx, is pro- 
portional to x, while the energy (49) corresponding to 
uniform canting goes like x*. At low x the self-trapped 
configuration is always more stable. The following 
remarks should be made. 

(1) Equation (49) represents the average effect of an 
attractive between carriers via the ionic 
spins; each carrier tends to cant the antiferromagnetic 
lattice and decreases the energy of all other carriers at 
the bottom of the band. This explains the x? dependence 
of (48). 

(2) In layer antiferromagnets, the energy of the 
free carrier model contains a negative term, due to 
intralayer motion, and proportional to the number of 
carriers x; self-trapped states are much less favored in 
such structures. (Of course, in practice, we shall find 
bound states as explained earlier.) Another viewpoint, 
leading to the same result, is the following: in a layer 
or chain antiferromagnet spin distortions contribute 


interaction 
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only to a part of the band energy, and the coupling 
between carriers and ionic spins is moderately strong 
when compared with 
carriers. On the other hand, the 


the unperturbed energy of the 
coupling is very strong 
in an alternating antiferromagnet, since a//] the carrier 
energy is due to distortions of the spin arrangement. 
The over-all effect of self-trapped carriers on mag- 
netostatic properties is complex, and probably unob- 
servable because of the of bound states. We 
shall restrict ourselves here to a few qualitative remarks, 


existence 


related to the behavior of the mixed manganites with 
high Mn** content. Pure CaMnO, is 
antiferromagnet ubic 
boring compositions ire not 
any 
interpreted by Goodenough" by 
hat related to se lf-trapping. 


an alternating 
(simple Che mixtures of neigh- 
onducting and do not 
behavior. This has been 


show ferromagneti 


means of a quali- 
tative model which is somew 
He assumes that the extra electron reverses the spin Sp 
but leaves all 


of the central site (@ going from x to 0 


other spins unaltered. This then results in a simple 
reduction of the sublattice magnetization, and does not 
bring in any noncompensated moment, since there is 
an equal number of trapped carriers on both sub- 
lattices. We are not quite satisfied with this explanation, 
for the following reason: from Eqs. (50) and (52) we 
may show that the actual configuration of So is canted 
(0<@<m) when »<12z"*. For larger n’s, our simple 
variational wave function yields a ground state which 
agrees with the Goodenough picture, but it is not a good 
approximation any more. In fact it is easy to see that 
for such values of » the whole configuration built up 
by So and its six nearest neighbors becomes canted with 
respect to the more distant spins. In all cases there is a 
directed perpen- 
unperturbed 


noncompensated magnetic moment 


dicularly to the direction of the 
structure. Furthermore, 
panied by a long-range distortion of the spin lattice. 
Exactly like in the case of bound states, we expect 
these long-range distortions to couple ferromagnetically 


spin 
this moment is always accom- 


the moments due to different carriers, in contradiction 
with experiment. We do not believe that the discrepancy 


can be explained within our simple model 


V. CONCLUSIONS 


The special form of the double exchange coupling is 
such that all antiferromagnetic (and also al! ferrimag- 
netic) spin arrangements are distorted 
Zener carriers are presen due 
electron transfer lowers the energy by 
order in the distortion, while the initial exchange energy 
is increased only in second order. If the Zener carriers 
the distortion will 


is soon as some 
to the fact that 


a term of first 


t. This is 


are free to move in the structure, 


usually correspond to a uniform canting of the sub- 
lattices. If they are bound or nearly bound, the distor- 


tion is nonhomogeneous, but the average effects are 


similar to the above. In pract e second alternative 


100, 564 (1955 
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is closer to the actual state of affairs. However the 
“free carrier model,” corresponding to the first alter 
native, is expected to provide a good starting point in 
all cases, when one is only interested in the macroscopi: 
magnetic properties of the system. 

We now write down a short list of the physical 
quantities which may be used to determine the relevant 
exchange and transfer integrals in a given “layer” anti 
ferromagnet. These are: (1) the paramagnetic Curie 
point, the Néel point, and the low-temperature sus- 
ceptibility of the pure material (from which one can 
extract J and J’). (2) The spontaneous moment at 
T=0 of the mixed materials (from which we get the 
ratio b/|J| as shown by Eq. (11). This moment may 
be obtained both by neutron diffraction or by magneto- 
static measurements (the latter being clear cut only if 
the moment is obtained by an extrapolation to low 
fields of the high field B-H curve, as has been done by 
Jacobs* for triangular spin arrangements in spinels). 
($) The paramagnetic Curie point and the two transi 
tion points of the mixed compounds, as given by (39 
and (40). Location of the transition points is achieved 
with the best accuracy by using specific heats and 
electrical conductivities. The numbers derived from 
low-temperature data are of course the most reliable, 
because they do not make use of the very naive approxi- 
mations of Sec. III as regards the carrier energy levels 
and the statistical behavior. The assumption that the 
carrier bandwidth is large when compared to kT should 
also be checked, and could eventually be improved. 

In Sec. Il we emphasized the fact that many de 
generate canted configurations are always allowed in 
the presence of double exchange as illustrated by 
Fig. 1. Only the simplest (two sublattice) types were 
considered and the question may be raised whether 
this is a serious restriction or not. We now present some 
remarks related with the more general situation. (a) In 
spite of the degeneracy one and only one arrangement is 
stable at each temperature. This may be seen in the 
following way: if we go to a partially disordered state 
as shown in Fig. 1(a) we lower the free energy by an 
entropy term proportional to the number of layers 
(~N!) or of chains (~ N!). On the other hand, the 
small magnetocrystalline or next nearest neighbor ex- 
change terms are modified by an amount proportional 
to .\V; their contribution always dominates, and the oniy 
observable arrangements are those for which it is a 
minimum. (b) Of course, even these small energy terms 
do not remove the degeneracy between arrangements 
which can be deduced from one another by a symmetry 
operation of the lattice group. The crystal may accord- 
ingly break up into domains, and the domain wall 
energy may be extremely small in some cases. As an 
example think of two helical arrangements correspond- 
ing to Fig. 1(c), one right-handed, the other left- 
handed, with a sharp boundary parallel to the plane of 
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the layers; the wall energy has no contribution from 
nearest neighbor exchange or double exchange. (c) What- 
ever the arrangement is, the angle © between neighbor- 
ing units and the relative saturation m of each of them 
is still given by the formulas of Secs. I] and ITT and 
the lower transition point 7, is always observable. 

Finally, we would like to mention the possible exten- 
sion of all the above considerations to more complicated 
systems of mixed valency such as those derived from 
MnSe (rocksalt structure) or CrSb (NiAs structure). 
The case of Cr;_.Mn,Sb has already been mentioned 
in Sec. III. The compound Mny »Lio.,;Se™ is known to 
show two transition points 7, and T¢. It is ferro- 
magnetic between 7; and 7T¢, and antiferromagnetic 
(with a strong parasitic ferromagnetism) at lower 
temperatures. Conductivity data have not appeared, 
and from the few experimental results presently avail- 
able it is not yet possible to decide whether the low T 
arrangement is canted or not. We stress the fact that 
for the simpler case considered here a material which is 
ferromagnetic at high temperatures always displays a 
strong moment even below 7), the angle between 
sublattice magnetizations being smalier than 103°, as 
explained in Sec. III. 
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APPENDIX 1. LOW-FREQUENCY SPIN WAVES 


We consider the antiferromagnet layer structure of 
Sec. II, and study small amplitude motions of the ionic 
spin systems around the two sublattice equilibrium 
arrangement. The z axis is taken parallel to the spin 
direction in the pure material. The y axis is parallel to 
the spontaneous moment. The components of a spin §, 
located on the first sublattice will be written as 


S7= Sai, 
S#= S[.cos(@o/2)+ay, } 


ss Gig’ +4,’ 
S sin(@,/2)t 1-— 
2 sin?(@,/2) 


Aj, COS(O_/2) 1 ay? cos*(@o/2) 
Pekan) We 
8  sin*(@,/2) 


sin?(@,/2) 


where terms up to second order in a,, a, have been 
retained. For a spin S, located on the second sublattice 
we shall put 


Pickart, R. Nathans, and G. Shirane, Bull. Am. Phys 
1959); R. R. Heikes, T. R. McGuire, and R. J. Happel, 
Am. Phys. Soc. 4, 52 (1959) 





S/= SD. 
S = S[cos(@o/2)+b jy | 


b je? +4,’ 
Sf=—S sin(@, 2)(1 _ 


2 sin?(@,/2) 


by, cos(Oo/2) 1 b,,? cos*(@o/2) 
_ - (54b) 


sin?(@/2) 8 sin*(@,/2) 
From these formulas we compute the exchange energy 
—}> J;;S* as 6;; up to second order in a and b. To get 
the double exchange energy, we make use of three 
approximations: (a) low-frequency approximation ; the 
Zener carriers are at every instant in the ground state 
corresponding to the distortion (54). (b) Long wave- 
length approximation; the distortion in (54) is nearly 
homogeneous. At every lattice point we may think of 
the carriers as occupying the bottom of a band whose 
width corresponds to the local value of the spin dis- 
tortion. (c) Electrical neutrality approximation; we 
assume that the density of carriers is not modulated by 
the spin wave. (a), (b), and (c) may be shown to be 
entirely correct for the low-frequency part of the spin 
wave spectrum. We may then write the total energy 
as a sum of two terms, related with intralayer and inter- 
layer couplings respectively : 

E= E inweat Einter (55) 
and get: 


(56) 


ye a { (a. A jx)’ 


Eintrs 
+{1/sin?(@o/2) ](ai,—ajy,)"} 

where 

J'+Axd’. 58) 
Equations (56) and (57) show that the energy is of 
second order in a and 6, as expected. The fact that Einter 
depends only on the y components of the distortion is 
simply a consequence of the degeneracy illustrated on 
Fig. 1. The dependence of E inter on 6 has been eliminated 
by making use of Eq. (9) for @o. From the energy 
formulas we can derive an effective field H, acting on 
each spin S, (our special choice of independent variables 
does not change the vector product H;XS,). Putting 


Oj2= A e** *i+#) etc., we get finally: 


thwA »=[2J'/sin(@Qo/2) (vo — ve’ )Ay 


+-2J sin(@/2) 
itwA y= — 2J' sin(@Qo/2)(yo' \A, 
ihewB,= — [2J'/sin(@Qo/2) |(yo'—x')B, 

—2J sin(@o/2)(yoBy +A yz) 


ihwB,=2J' sin(@o/2) (yo' —y«') Bz. 
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The secular equation derived from (59) is 


(nas) — 2 (foo) 2)” (yo — 14") 
+2|J 


+ (2)")* (4 


+2) J 


sin? (Op 


sin?(@,/2) (+ 
x2) J 


ye 


sin?(@ J=0. (60) 


For small k (which is the only case where our approxi- 
mations are meaningful) the solutions are 

(hw)? = 
(Rtw.)? = 


8yo\ J | J” sin?(@ 
2S" (vo — Ye 


sin? ~) 2 Yo Ye) 


(61) 


In the first branch w is proportional to & (as it is in 
antiferromagnets), and in the second it is proportional 
to k? (as it is in ferromagnets). It is of interest to observe 
that both branches collapse when the intralayer cou- 
pling J” vanishes. 


APPENDIX 2. EXPANSION OF cos6/2 IN TERMS OF 
LEGENDRE POLYNOMIALS P;(cos6) 


We are interested in the coefficients 1, of Eq. (22). 
They are given by 
21+-1 


Ai= P,(cos@)(cos6/2) sinddé 


) 


2/+1 
f P,(u)(1+4)'du 62 
2v2 , 


These integrals may be derived from the generating 
function 


by writing: 
64 


[(i+u)/(1 


be integrated by parts and yields 


1 
| -1+(1 
2h 


By expanding the left 
cients of #' on both sides we 


where y?= 2uh+h Equation (64) can 


(65) 


an'(h Al 
2>° h'. 


2i+1 


hand side and identifying coefh- 


ret I 1 
; i ‘ 
A i 


23 


APPENDIX 3. LONG-RANGE PART OF A 
LOCAL SPIN DISTORTION 


We choose to deal here with the simple example 
already used in the first part of Sec. IV 
alternating antiferromagnet with only one bond per- 
turbed, between atoms 1 and 2). It was shown there 
that the spins S,; and S: rotated by angles « and —« 


simple cubic 





EFFECTS OF DOUBLE 
from their initial (antiparallel) orientations. We now 
consider the smaller deflections ¢; (assumed al! in the 
same plane) which are found on the other magnetic 
sites (i=1,2). All these sites are: submitted only to 
exchange forces, and for small ¢; then equilibrium con- 
ditions take the simple form 


yoeu= 2; €; 


where the sum >,’ is extended to all 6 nearest neighbors 
of site i, and 


(66) 


Yk => , ete Rai, 


[Note that yz, defined here by (67), for an alternating 
antiferromagnet, is different from the y, defined in 
Sec. II, for a layer antiferromagnet. ] The solution of 
Eq. (66) which exhibits the required values on the 
perturbed sites is easy to express in terms of the 
Green’s function 


(67) 


Yo 


lin=A > 


eik (Re RR») 
— 
k (yon) 


(68) 


where the sum }, is extended over the first Brillouin 
zone and where A is a normalization factor chosen to 
give Cyn= 1. 


(69) 


4 
at 


k Yo Yk 


The numerical value of A is 0.65947."* The quantity 

l';, considered as a function of / (or m) satisfies Eq. (66) 

except when /= m. It describes the deflection of spin S,, 

when one spin §, has been submitted to a prescribed 

deflection. T;, is a slowly decreasing function of 
R,— R,,!. It has the following asymptotic form 


Pim = (3A/2n)a/|Ri—R,| (70) 


where a is the length of the cube edge. Let us first 
consider the case where all deflections are small, even 
on the perturbed sites (1) and (2). Then the complete 
solution of Eq. (66) satisfying the boundary condition is 


e,= (1 1,—T>,) (1—T 2). (71) 


This may still be that 
1—l' =A. 

We now discuss a few important features of this 
result. (1) The angles ¢; for (i) differeiit from (1) and 
(2) are substantially smaller than ¢. Consider for 
instance the sites (i’) which are nearest neighbors of (1), 
(2) being excluded. The average deflection of these 
sites is &v)= + >>» ev. By manipulating the I functions, 
one easily shows from (71) that 


simplified by observing 


(72) 


dy | =the. 


This explains a posteriort why the rigid field approxi- 
mation used in Sec. IV is a good starting point. (2) The 
deflection ¢; is proportional to I',,;—I'a;. At long dis- 
tances from the impurity center, I';,; is similar to the 


© M. Tickson, J. Research Natl. Bur. Standards 50, 177 (1953 
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potential of a point charge, as shown by Eq. (70) and 
l'ii—Ta; behaves like the potential of a dipole. This 
gives rise to a very specific neutron diffraction pattern, 
which we now compute. 

For small ¢; the scattering amplitude for a scattering 
vector q is, apart from polarization factors and normal- 
ization constants: 


a(q)=>: eo ,e"% ms, (73) 


where o;=+1 depending on the sublattice to which 
(i) belongs. Equation (73) takes into account only the 
scattering due to the spin distortion. (The amplitude 
due to the ordered structure vanishes except on Bragg 
peaks, which we discard.) Equation (73) may be 
transformed by making use of the solution (71) and of 
the defining equation (68) for the I';. Finally we com- 
pute |a(q)|*, take an average over the three possible 
orientations of the pair (12) and multiply by the number 
Nx of modified bonds in the crystal. The result is 


2Nxe*yo 
(| a(q)|?)= (74) 


vo-v(q-*,) 


where ¢, is the scattering vector corresponding to a 
superlattice line [they are all equivalent here; for 
instance we may take t,= (#/a, w/a, x/a) |. We see that 
the distortion gives rise to a diffuse scattering around 
the magnetic peaks of the unperturbed matrix. When 
q—, is small (74) takes the limiting form 


a(q)|?=12Nxe2/(|q—+,|%a?). (75) 


We now discuss the parasitic scattering, due to 
thermal distortions (spin waves) which may prevent 
observation of this effect. It often happens that this 
scattering is also concentrated around the magnetic 
peaks.'? However, the spin-wave effects may be made 
diffuse by a suitable geometrical arrangement, as we 
shall now show. The parasitic scattering is due to 
neutrons, of initial wave vector ko, emitting or absorbing 
a spin wave (q). Energy and “momentum” conserva- 
tion require that 


Hing = + (h?/2M)[ (q+ ko)*—heo?] (76) 


where M is the neutron mass and w, the spin wave 
frequency, which is given by 


(77) 


when q is close to t,. The constant c=[(12|J|Sa)/v3n] 
is the velocity of the spin wave. If the velocity of the 
ingoing neutron hk,/M is smaller than c, Eqs. (76) and 
(77) have no solution in the vicinity of q=¢,. The 
inelastic scattering is then distributed on a very wide 
surface in q space, and shows no anomaly near the 
magnetic peaks; it does not prevent the observation of 
the scattering due to static spin distortions [the latter 


Wa=C\q—-%, 


R. J. Elliott and R. D. Lowde, Proc. Roy. Soc. (London) 
A230, 46 (1955 
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being indeed singular, as shown by Eq. (75) ]. On the 
other hand ko must not be too small. We get super- 
lattice reflections only if 2kg>r,. Both requirements 
may be satisfied if r,<2Mc/h. Expressing J in terms 
of the Néel temperature of the pure material by the 
approximate relation 4|/|S(S+1)=kg7Ty we find that 
this condition may be written 


kpTywMa 
>-. (78) 
(S+1)h? 
cx. Ta 


Taking a 80°K and S=% we get p=7, so 
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that the inequality (78) seems easy to satisfy. In our 
example, the experiment is feasible with neutron wave- 
lengths 2x/ko between 1.5 and 3 A 

Our formula (71 
deflection «= €; 
In practice this is not 


} 


However, it is always a good approximation to assume 


that all defle« tions other than e; and €2 are indeed small. 


was restricted to cases where the 
—€, on the perturbed sites was smail. 


he case, and (71) does not apply. 


It may then be shown that the simple solution (71) is 
still acceptable provided that we replace ¢ by sine. 
With this slight modification all the 


retain their validity 


later formulas also 
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The effective range in the singlet electron-hydrogen systen 
units by using the asymptotic amplitude of the 202-parameter H~ wave functior Pekeris. T1 
the effective range, together with the value of the electron affinity 
in the singlet system as 6.167 atomic units. The effective range in the tr t syst 5 ulated to be 
atomic units by a Hartree-Fock approximation. It is showr 
good for all energies at which only elastic scattering is allowed. The phot 


on the basis of the effective-range theory 


I. INTRODUCTION 


“J ‘HE low-energy scattering of an electron by a 

hydrogen atom is described by four parameters, 

the scattering lengths a, and a_ and the effective ranges 

ro, and r + refers to the singlet system and — the 

triplet system. The s phase shift is given, in the so- 
called effective range approximation, by 

k cotn (1/ag)+ (ro4/2)R°?+0(R'). (la) 

The s scattering in the singlet system is also described 

2) of H~ and by the effective 


by the electron affinity (7 
range p at the ion state. 


k cotn, y+he(y+h)+0L (7+)? ). (1b) 


Detailed variational calculations for the phase shifts 
have been carried out by Massey and Moiseiwitsch! 
among others* by taking into account the effect of the 
polarization. It has been found’ recently that Massey- 
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the papers cite d there 
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Revs. Modern Phys. 28,'199 (1956), and 


Yamanouchi, Progr. Theoret 


has been eval 2.646+0.004 atomic 
is value of 
of H-, « rmines tl uttering length 
1.219 
that tl ym is very 


-LONIZs liscussed 


Moiseiwitsch’s results are we reproduced by the 
and (1b) even for 
reliable values 


nergy parameters may 


effective range approximation 
quite high energies, (& most 


hitherto obtained for 


> 


be summarized as fo 


p 


The atomic unit 
The effective 
evaluated in Ii by using the 
the Pekeris wave function for 
202 adju 


ised thro ighout this paper 


range p of the singlet system will be 
asymptotic amplitude of 

the negative hydrogen 
istable p 


III the 


be computed in the so-called 


ion state with irameters. In 
triplet effective range will 
exchange approximation. In IV a discussion is given of 
the comparison with Massey and Moiseiwitsch’s result 
and the the 


transition of the negative hydrogen ion 


experimental data, and of bound-free 


Il. EVALUATION OF o BY THE PEKERIS 
WAVE FUNCTION 


Pekeris? ha 


functions for the ground states of two- 


Recently s succeeded in obtaining very 


accurate wave 
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ELECTRON-HYDROGEN SCAT 


TaBLe I. Values of ¥(r), pir), 


r 6 7 10 


or) 

¥'"(r) 

p™ ir) 

p'"(r) 
“(r) —p*(r) 


4.93681 ( —3) 
4.93809( —3) 
2.5360 
2.5369 


2.36321 
2.36265 
2.6101 
2.6093 


2.6323 
2.6342 
2.60 { —4) 5.93 
or) 
o™(r+2) eir+2)* 
104.9 (—4) 
v™(r) 


v'@ (r +2) 


¢(r) 
gir+2) 
102.5 (—4) 10.82 
HM (r) ¢(r) 
0.125874 ¢(r) 


5.10385 ( 3) 1.19341 


® o(r) =e-?r/r 


& (¢ (20) /¥ (16) ] — ¢ (20) / 9 (16) 

electron atoms. The effective range* p of electron- 
hydrogen derived from the asymptotic 
amplitude of Hart and Herzberg’s function,* 2.4,—2.6, 
will be revised in the present section by using the 
Pekeris wave function of the negative hydrogen ion H~-. 

Let ¥(r1,f2) be the normalized wave function of H 

If we define C(r) 


x attering 


¥(r,=90, |r) =r) =(\1| =7, 2 =0) 














Fic. 1. [Y'"(r) —y™ (r 
estimated limit of 


An 


)/W"(r) is indicated by open circle 
error of ¥'")/y'™ is shown by +e(r) 


it has been shown® that C(r) converges to a constant 
value, C(), at 2 is the electron 
affinity. According to the variational calculation’ by 


Pekeris with 202 adjustable parameters, we have 


vy =0.2355883. 


large distances. y’ 


The effective range is then expressed by,°® 
p= (1/7)—1/40°C?( 2 ). 


For convenience in the later discussions, we introduce 
the function p(r) by 


p(r)= (1/y)—1/4P°C7(r). (3 


¥(r) is evaluated for the 161-term and 203-term wave 
functions of Pekeris. The values are tabulated in the 
first and the second rows of Table I. The values of 
Cy" (r) —y™(r) |/Y"(r) in the fifth row may give us a 


Hart and G. Herzberg, Phys. Rev. 106, 79 (1957) 


oj fF 


and related functions 


1.18833 
1.18903 
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means X10°* 


12 i4 16 20 


6.19715 
6.19846 
2.6402 
2.6409 


3.32182( 
3.31666 
2.6458 
2.6408 


1.81348( —4) 
1.81325{ —4) 
2.6440 
2.6436 


$.66142( —5S) 
§.68303( —5) 
2.6483 
2.6604 


2.13 15.53 1.26 38.17 (4) 


(—4)> 


0.08 4) 16.49 ( —4)> 


6.20840 4) 1.81461 4) 5.65746( —5) 


rough idea of the accuracy of ¥’"(r). An estimated 
limit of error of ¥'"(r) is given in Fig. 1 by e(r), which 
means that 


The sixth and seventh rows indicate that y¥(r) ap- 
proaches very closely its asymptotic form C()¢(r) 

C(e)er"/r at r=10~12, but the discrepancy 
between two values for ¥'™ and Y™ at r212 may be 
attributed to the inaccuracies of the variational wave 
functions for r212. This may be seen from Fig. 2 more 
clearly. The values of p(r) calculated by (3) are tabu- 
lated in the third and fourth rows of Table I, and also 
plotted in Fig. 3. The bar indicates the limit of error of 
p'™ corresponding to | Ay'®/y'"| = e(r), namely, 


Ap'" (7) ~3.2e€(r). 


The error in ¥* may be smaller than that in y'. 
Assuming that y approaches its asymptotic form 
practically at r= 14—16, we may safely set, 


2.646+0.004. (4) 


The corresponding C() is 0.125874. The asymptotic 
function is shown in the last row. The scattering length 
of the singlet system can be obtained from (4), (2), 
and (1b), if the third term in the right side of (1b) can 


p=p\®) 


r 
i214 16 § 20 


410 x 107? 











= Se a 


FG, 2. The open circles represent [y"(r +-2)/VY™(r)]— g(r 4-2)/ 
and the crosses represent the corresponding ones for Y. It 
can be seen that ¥ approaches to its asymptotic form practically 


atr=14 
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2.68 





2.66 
2.64 F 
2.62 
2.60} 
258 
2.56 


2.547 x 








2.52 —1+__1—__1__1--__ 1 _ ee 
6 8 10 2 14 16 is 20 
r 


Fic. 3. p™(r) is indicated by open circles, and p'(r) by the 
crosses. An error limit of p'"(r) is shown by the vertical bar. The 
effective range p is estimated to be between 2.642 and 2.650. 


be neglected. The calculated value is 


a4 = 6.167. (5) 


Ill. EXCHANGE APPROXIMATION 


The s phase shift in the singlet system has been 
expressed by two parameters, y=0.2355883, p= 2.646, 
in the low-energy region. On the other hand, the triplet 
s scattering is described by (1a) 


k cotn - (1/a_)+ (ro_/2) +O 8"). 


is estimated as 2.33‘ and 
2.34 ® by extrapolating the Massey and Moiseiwitsch 
result to the zero energy limit assuming linear and 
quadratic formulas for kcotn_, respectively. The 
effective range ro. has been calculated as 0.808 by a 
variational method with an energy-dependent approxi- 
mate function,® and as 1.29 with an approximate zero 
energy function by the formula,‘ 


| L£ 2 2 
ro Ue Ye)drdrst8(1- ) ; (6) 
dr oJ, a 
€ “( 1 ) 
= ed 
a 


Vr ri 
wave function Yo must be nor- 


The scattering length a 


where 


and the zero energy 
malized according to 


Varn 


In both calculations of ro 


the polarization effect has 


* There was a slight error on this notation in reference 5 
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not been taken into account. The best wave function 
may satisfy a Hartree-Fock type equation so far as 
the polarization effect is discarded. The zero energy 
solution of such an equation (so called exchange 
approximation integrated by 
Seaton‘ numerically. If we substitute his solution into 
(6), we get 


equation ) has been 


ro_= 1.219. (7) 


This value for the effective range may not be inaccurate. 
because the polarization effect is not important in the 
triplet system. The corresponding value for the singlet 
system, ro,= 3.019, is not reliable. The value is really 
14% larger than the accurate one, (4 


IV. COMPARISON WITH MASSEY-MOISEIWITSCH 
RESULTS, WITH EXPERIMENT, AND BOUND- 
FREE TRANSITION OF H 


In Fig. 4 the open circles show the values of k coty 
calculated by Massey and Moiseiwitsch using three 
adjustable parameters, with the relative coordinate of 
the two electrons in one of the terms in the wave 
function. The straight lines represent the effective 
range approximation. Four parameters used to draw 
the lines are given in (2), (4), (7) and a_=2.33. The 
straight lines are seen to fit the open circles very closely 
up to #*=1. It is quite remarkable that the straight 
lines determined by the zero energy solution (or by the 
negative hydrogen state) represent the actual phase 
shifts for all energies at which only elastic scattering 
is allowed, namely, 0<%*<0.75. The agreement also 


suggests the accuracy of (5), and (7). It is thus estab- 





kcolt”7 
+ 


y *0.23559 
p*2.646 








Fic. 4. Full lines represent & coty i 
mation. The adopted values of the 
given by (2), (4), (7) and a. =2.33. Open 
and Moiseiwitsch values 


the effective range approxi- 
parameters are 
circles shows the Massey 


yw -energy 
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lished especially in the low-energy region that the s 
phase shifts are reproduced quite accurately by the 
effective range approximation. The small deviations of 
the Massey and Moiseiwitsch values from the straight 
lines for &®<0.3 can be attributed to inaccuracies in 
their trial function. The various theories including 
those of Massey and Moiseiwitsch and the present work 
are in accord with the experimental data," within the 
experimental error, up to 10 ev. 

Bethe and Longmire" have discussed the photo- 
disintegration of the deuteron on the basis of the 
effective range theory. Their arguments can be applied 
to the photo-ionization (that is, bound-free transition) 
of the negative hydrogen ion. Their approximate 
method is essentially based on the loosely bound nature 
of the deuteron. If a similar approximation is made on 
the loosely bound electron in H-, the following bound- 
free coefficient of continuous absorption for photon 
frequency v is derived 

6.8475 K 10-*yk? 
k= rece I, (8) 
(1—yp)(y7+k*)* 
where & is the wave number of the ejected electron in 
atomic units. The result obtained from (8) is shown in 
Fig. 5, together with those obtained by Chandrasekhar" 
with the 20-parameter wave function of H~ of Hart and 
Herzberg.* The “loosely bound” approximation (8) 
may be quite accurate for long wavelengths, but the 
good agreement with experimental data” suggests that 
it may be valid even for relatively high-energy photons, 
say A= 6000 A. 

It has been shown" that the free-free transition 
matrix element of the negative hydrogen ion can be 
expressed, within an accuracy of the order of one 
percent, in terms of the s phase shifts of the electron- 
hydrogen atom scattering. Hence the continuous ab- 
sorption coefficient due to the free-free transition 
including the exchange and the correlation effects in 
the s states can be calculated from a knowledge of the 

“R. T. Brackmann, W. L. 
Rev. 112, 1157 (1958) 

“ H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950) 

"5S. Chandrasekhar, Astrophys. 128, 114 (1958). On the 
— of «,, see S. Chandrasekhar, Astrophys. J. 102, 223 

3 S.J Smith and D. S. Burch, Phys. Rev. Letters 2, 165 (1959), 


and private communication from Dr. Smith 
“ T. Ohmura and H. Ohmura, Astrophys. J. 131, 8 (1960) 
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Fic. 5. Theoretical curves for the continuous absorption co 


efficient due to the bound-free transition of the negative hydrogen 
ion by (1) dipole velocity formula, (reference 12), (2) dipole 
length formula (reference 12) using Hart and Herzberg’s 20- 
parameter wave function for H~, and (3) the loosely bound 
approximation (8). Data from the laboratory experiment (refer- 
ence 13) are shown by vertical lines. 


s phase shifts alone, which include the exchange and 
the correlation effects. Since we are interested in the 
low-energy region (e.g., k*=0—0.2), the effective range 
approximation will provide accurate phase shifts. 

The free-free transition will be discussed in a separate 
paper, together with the bound-free transition. 
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A study of the energy distribution of the negative ions is described. One-kilovolt ions are 
double mass spectrograph used allows analysis of both the incoming positive- and 


beams 


of a dirty surface by an assortment of positive ions, and a high-energy peak of 


created only under bombardment of a surface by H:* and H, 
to be proportional to the amount of hydrogen on the surface 


half-ma 


zero self-energy to a value resulting from a head-on collision between a 
and one of the atoms in the surface. This curve is flat over its whole-energy rang 


Two peaks are studied: a low-energy peak of negative hydrogen ions created by 


ximum, and a tail 25 volts long on the high self-energy side 


The 
outgoing negative-ion 
the 


negative 


ymbardment 
hydrogen ions 
is found 


at its 


The height of the low-energy 


The 


peak 


peak three volts 
} Lk 


igh-e1 


proton in the 


curve has a wicle 


The I ranges trom 
beam 


ng ion 


zero at the 


low self-energy end independent of incident ion energy. On a clean surface the shape of tl urve 


pendent of target temperature 


rhe shape of the high-energy curve is compared with curves predicted by a rar 


lision theory 
| 


and a theory based on the loss and gain, due to scattering, of particles in velocity group he shape of the 


low-energy curve is compared with curves predicted by a theory of thermal d 


esorption of tons trom a surtace 


coupled with a mechanism for neutralization of ions as they leave the surface 


HISTORICAL ACCOUNT 
Experimental Work 


HE study of the negative ions formed 


positive-ion bombardment of a metal surface 


upon 


achieved prominence when it was seen by Massey and 
Smith! and Jen’ that the cross section for formation of 
certain negative ions in the gas phase was far too smal| 
to account for the number of negative ions found in a 
This study was advanced by Arnot* 
Sloane and Watt,® and other ob- 
servers.’~* More recently a Russian group bombarded 


gas discharge 
Sloane and Pre SS, 


various metal surfaces with beams of purified positive 
ions, observing the formation of negative ions of various 
kinds, among them H, obtained from « opper, stainless 
steel, and aluminum.” They noted a variation with 
time in the negative-ion yield after the target was 


flashed in vacuum. They also noted a natural width to 


the negative hydrogen-ion peak of the order of 10 
electron volts. In their experiments, as in all previous 


ones, no mention was made of a peak of ions of energies 


} 


greater than about 20 ev, and no mechanism for the 
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for the data found. The 
distribution of negative hydrogen 


reflection of ions would account 
ions found was more 
1 source of remark- 


like a thermionic distribution fron 


ably high temperature 


Theoretical Work 


The theoretical problem of the production of negative 
ions from incident positive ions has much in common 
with the associated problem of the neutralization of 
positive ions on a metal surface and the potential ejec - 
tion of electrons Very ttle work 
any of these problems, primarily because of the difh- 
A. Smith," 
examined the prob- 

vie wpoint. W hile 


Hyg negative ion 


has been done on 


culty of a reasonably exact calculation. R 
shortly after Arnot’s investigation, 
lem from a 


Smith was primarily interested in the 


quantum-mechani 
which Arnot thought he , he also performed a 
calculation for the formation 
H* ion. 


There exists a number of me: 


from an incident 


hanisms by which the 


negative ion could be formed. Three of these, which seem 


to be the most important physically, are: 


(a) double resonance capture 


(b) auge r-type two-electron « upture 


(c) capture by a neutral aton 


Process a Is the one wl l xamined theore tically. 
Figure 1(a 
an ion system approaches 
by the simple Sommerfeld mod Here @ is the work 


illustrates the process envisaged in which 
surface represented 
is the ionization 


energy of an ex- 


function, uw is the Fern ergy, | 
energy of the ion, | t nization 
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cited state, g energy of the electron 


processes are 
tron into an 


resonance captu ( he elec 


shown as (1) a 
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excited state, (2) a decay of the excited state to the 
ground state with this energy given to a second elec- 
tron, (3) the second electron gaining sufficient energy 
for capture into the negative-ton bound state, and (4 
the actual capture. The energy limits on the process 
obtained by ignoring the effect of the image force are 


ut+¢o>(V,—V.4+W.)>¢; 
ut+o>V.>¢. 


The effect of the image force is quite sizable, however, ' 


the above restrictions best 


indicative.” 


so that are at only 
Smith’s treatment of the process involving electron 
interactions that result in the formation of the negative 
ions requires a calculation of the transition probabilities 
of (1) the capture of an electron into an excited state, 
(2) the formation of a negative ion, and (3) the escape 
probability of the negative ion. The transition proba 
bilities in each case depend on a matrix element that 
represents the overlap of the wave functions of the 
initial and final states. As such, the transition proba- 
bilities are sensitive to the choice of the form of the 
wave functions. In particular, where one of the states 
represents the electron in the metal, the result will de 
pend markedly on the extension of the wave function 
for the metal electron beyond the metal surface. Of 
particular interest here is the calculation involving the 
neutralization of the negative ion as it leaves the sur- 
face. As Smith shows, this probability of escape will 
have a simple dependence on the velocity of the ion 
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Fic. 1. Illustration of negative-ion formation processes 
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Consequently, a measurement of the energy distribu- 
tion of the “escaped” negative ions coupled with a 
calculated or measured initial energy distribution would 
yield a determination of an integrated probability. 
Figure 2, taken from Smith, shows this rate of neu- 
tralization as a function of the ion-metal separation as 
curve C. (The curves labeled A and B in this figure 
refer to formation rates for the excited neutral and for 
the negative ion, rates which are not used in our paper.) 

The second mechanism listed above is shown in Fig. 
i(b). Here an electron is captured directly into the 
ground state (1), the energy liberated is given to a 
which, if its energy is near that of the 
negative-ion bound state, may be captured in a reso- 
nance transition (3). The energy limitations are similar 
to the case above and again are subject to the sizable 
image-force correction 


second electron (2 


The third process is the one of most interest here. 
If the negative-ion state lies below the Fermi level of 
the metal, a direct the electron to the 
atom would be expected. While for hydrogen the 


negative-ion state has a binding energy of only 0.75 ev, 


transition of 


it is not unlikely that the effect of the image force is to 
so reduce this energy of the system that the negative 
ion will be formed. Evidence for this will be presented 
in the discussion of the low-energy H™ ion. 


THE APPARATUS 


The apparatus is comprised of the following parts 


see Fig. 3 S) for the beam of ions, a lens 
system (Ly , 4 Mass spectrograph (M;) which permits 
+} 


he separation of the beam into one comprising ions of 


: a source 
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Fic. 3. Plan of experimental apparatus. 


a single mass-to-charge ratio, another lens system (2), 
and finally a second mass spectrograph (M,) with a 
5-cm working radius for mass and energy analysis of 
the negative ions. This system, which separately 
analyzes the positive and negative ions, is similar to 
that used by Sloane and Press. 

The source operates as follows.'* From two filaments 
in the source, electrons bombard the region inside a 
chamber with an energy of about 200 volts. A magnetic 
field of about 100 gauss, supplied by a small horseshoe 
magnet, is used to keep the electrons from being driven 
to the surface of the chamber too rapidly, forcing each 
electron to traverse the chamber several times before 
escaping finally to the walls. Hydrogen gas is fed into 
the source through a glass tube, entering the chamber 
from the back. The resulting ions are drawn from a 
hole in the front by an accelerating voltage on another 
electrode which is also used as a gas-retaining box. The 
gas used is commercial hydrogen, fed through a con- 
trolled leak into the system. It has not been considered 
necessary to purify the hydrogen through a palladium 
tube, since the resulting ions are mass-analyzed to 
select either protons or molecular ions, removing all 
other ions from the beam. The current of ions collected 
from this source has been as great as 100 microamperes. 

The brass, electrostatic cylindrical-type lenses are 


4% Manfred Von Ardenne, Physik. Z. 43, 90 (1942) 
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1 inch long by 1 inch in diameter. Some of the elements 
are split lengthwise, allowing the application of cross 
potentials for electrical centering. Each of our lenses is 
made of three such elements. In the second Jens (Zz in 
Fig. 3) the third element is of mild steel to afford some 
magnetic shielding to the positive-ion beam. In order to 
analyze the positive ions separately, a 90-deg mass 
spectrograph (M,) with a gap width of 1 cm and pole 
faces 4 cm square is used. 

The ion beam was observed in early measurements by 
means of a Willimite screen, which glowed under bom- 
bardment by ions of energies of as low as 100 volts and 
currents as small as 10-* amp. Investigation of the 
beam in preliminary work that the energy 
spread of the beam was no more than 100 volts. 

The electromagnet for the second mass spectrograph 
has a 2}-inch gap with 5-inch poles, and is made of 
mild steel. On a radius of 5 cm, there is a 5% variation 
of the field across the diameter of the pole. The target 


showed 


for the positive ions and a collector for the negative ions 
formed by positive-ion impact lie within the magnet 
gap. In front of the target is a copper accelerating 
electrode used to give a somewhat cylindrical form to 
the accelerating field. Because of the target’s large, flat 
shape, a truly cylindrical geometry for focusing is not 
possible. This accelerator has been used in certain de- 
celeration measurements discussed later. The accelerator 
has 0.001-inch tungsten wires strung across its face; 
these wires offer only 
coming ion beam. In front of the accelerator are the 
defining slits of the arranged so 
that they can have a maximum width of 3 mm. The 
target ribbon $ inchX0.001 inch 
bent into a rectangular shape. In the system used, no 
portion of any insulator is visible to either the incoming 
positive-ion beam or to tl 


a small cross section to the in- 
mass spectrograph, 


used is a tungsten 


e outgoing neé gative-ion beam. 
The target can be heated by a battery-supplied heating 
current to a temperature of up to 2300°K, enough to 
drive off hydrogen gas.’ A glass-pipe, demountable 
vacuum system with an inside diameter of 4 inches 
and with O-ring grooves ground into the open ends is 
utilized. The use of Neoprene O-rings makes it possible 
* mm of Hg. The 
oil diffusion pumps 


to achieve pressures of the order of 10 


pumps used are demountable, metal, 


with a speed of the order of 200 liters per second. 
In some of the later measurements with the proton 
beam used as the incoming ion, 


Beckman was used."® This source 


a source designed by 
, much like our earlier 
one in that it was a crossed electron-beam source, has 
an extremely strong field to contain the electrons. As a 
result, it takes a mass spectrum of the positive ions as 
In addition, the magnetic field is 
shaped to allow the current density of positive ions to 
be increased in intensity over that which left the source. 
Another advantage of the Beckman source is that it 
allows the complicated electronics of the previously 

“J. A. Becker, Phys. Rev. 99, 1643 

16 LL. Beckman, Arkiv Fysik 8, 451 (1954 


they leave the source 


1955 
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used system (source, two lenses, and one mass spectro- 
graph) to be eliminated. H,* ions are found to leave the 
source we used at a positive-ion potential of 1000 v, 
and with a yield of protons (10-7 amp) large enough for 
the measurements required. No further study of this 
source was carried out. 


THE DATA 
The Low-Energy Peak 


The most prominent feature of the data found is a 
low-energy peak of negative hydrogen ions, the peak 
observed by all previous experimenters in the field. 
During positive-ion bombardment of the target, this 
peak is observed if the negative-ion accelerating poten- 
tial (V~) is equal to 4.8X10~ times the square of the 
product of the magnetic field in gauss (B) and the 
radius of the particle path in centimeters (R). The 
effective slit width in volts of this type of mass spectro- 
graph is twice the ratio of the negative-ion accelerating 
potential to the particle radius times the physical slit 
width. 

In these measurements we noted that the position 
of this peak never agreed exactly with our calculations. 
Although all the plotted curves of V~ versus B*R? had a 
slope characteristic of the e/m of the H~ ion, none of 
these curves passed through the origin. This indicated 
that at the peak of the distribution, small self-energies 
were available, energies not supplied by accelerating 
potentials in the apparatus. In addition to the self- 
energies, there were observed varying contact poten- 
tials which made it impossible to measure the self- 
energy of the peak directly. 

For the case of H,* ions on tungsten, a measurement 
was made of the yield of H;~ ions in the low-energy peak 
as the target temperature was varied. The temperature 
was monitored in these runs with a thermocouple 
welded to the center of the target. Data were recorded 
as a variation of the peak height as the target was 
slewly heated from room temperature. A graph of 
these data is shown in Fig. 4. One may note two distinct 
features of this curve: (1) the height of the peak goes 
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Fic. 4. Variation of the low-energy peak height as a function 
of the target temperature. 
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5. Shape of the low-energy peak with the molecular hydrogen 
ion as the incident ion. 


to zero when T is greater than 1068°K, and (2) the 
curve shows two inflection points, one about 480°K, 
and the other about 1000°K. These two points have 
been noted by Becker as being the temperatures at 
which various surface layers of hydrogen leave a clean 
tungsten surface." 

No information was obtained concerning the change 
in shape of the low-energy peak as the temperature was 
varied. 

The low-energy peak of negative hydrogen ions was 
found in all cases of bombardment of a tungsten target 
by a positive ion. H,*, H:*, He*, and Art were used. 
The relative yields were: H,*, 1.4; Hz*, 2.0; Het, 4.0; 
Art, 10.0. The absolute yield was not measurable with 
our system. In all cases the low-energy peak disappeared 
when the target was raised in temperature to greater 
than approximately 1200°K. Also, in all cases, the low- 
energy peak returned after flashing the target. 

The shape of the low-energy peak was measured with 
a resolving power of 0.6 ev. The curve of J~ versus self- 
energy is shown as Fig. 5. This curve was made by 
scanning across the peak, obtaining curves of increasing 
resolution until a value of the resolution was reached 
which gave no further narrowing of the peak. For H;* 
on tungsten, this value was reached when the slit 
width was 1.0 ev. As a result of the decrease in beam 
intensity when the resolving power was increased, the 
tail of the curve was not clearly measurable with a slit 
width of 0.6 ev. Therefore, it was taken with a slit 
width of 3.0 ev, and the two curves were matched at 
the point indicated, 2.8 volts from the peak of the curve. 

The resolving power was varied by changing the 
potential at which H,;~ ions reached the collector. 
Since R was fixed, B was varied until a value for V 
of 15.0 volts was achieved, giving a slit width of 0.6 
ev. Although the value of the negative-ion accelerating 
voltage was changed during a run in order to scan over 
a peak, the ions that reached the collector must have 


all had the same total energy; thus, all of the ions 


collected during a run must have suffered the same re- 
solving power in spite of the change in accelerating 
voltage. One may note also that on the low-energy peak 
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there exists a tail which extends to values as high as 
25 volts. All of this peak, including the 25-volt tail, 
disappeared when the target was heated to a tempera- 
ture higher than 1068°K. A measurement using Het 
ions as the bombarding ions gives a curve (Fig. 6) 
which, while not representing the resolving power 
shown in Fig. 5, does have the same general shape, the 
same 25-volt-long tail, and in addition, disappears at 
about the same value of target temperature. Because of 
these similarities, the two were felt to be a result of 
the same mechanism. 

The shapes of the curves created by H,* and Art 
bombardment were not studied, but, it was felt, would 
have shown nothing new. 


The High-Energy Peak 


The disappearance of the low-energy peak as gas was 
cleaned from the surface, and the production of the 
low-energy peak as the result of bombardment by a 
whole assortment of incoming ions led us to believe 
that the peak was the result of a sputtering process, as 
opposed to the rebound of individual hydrogen ions 
from a surface. However, during the investigation of 
the low-energy peak, a very long, low-intensity tail was 
found on the side of the peak corresponding to high 
self-energy. Since these measurements were made with 
a resolving power in the apparatus of greater than 30 
volts, this is not the tail described previously. This tail 
extended to far higher energy and did not disappear 
when the target was heated. Furthermore, its energy 
with the of the 


extent commensurate 


bombarding ion 


was energy 

rhe shape of this high-energy peak was recorded by 
photographing an oscilloscope set up as an x-y recorder, 
using the accelerating potential on the target and the 
collector current as the two observables. As the target 
voltage was varied over the required range of several 
hundred volts, the incoming ion energy was of necessity 


also varied. As a result, a parameter Q was used, 
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where E_ is the energy of the negative ion and £, is 
the energy of the positive ion, both measured simul- 
taneously. The number one-half in this expression is 
used to account for the fact that the incoming particle 
in these experiments was a molecular ion which dissoci- 
ated near the surface 
with one-half the 
the energies of atomic 


into two atomic particles, each 


initial energy. Thus (Q is the ratio of 


particies 
same particles entering the 


measured at the high-energy end of this peak, O 


leaving a surface to the 
surface. The value of O 
x, Can 
be correlated with the rebound energy of a particle of 
m= 1 atomic mass unit making a head-on collision with 
184 amu. According to the 


classical laws of elastic collisions, Omex is 


a stationary particle of m 


For a rebound from a target of m*=16 amu, this ratio 
is 0.78. The data 
Q of about 1.0 on a hot tungsten 
0.8 on a 


values found were good t 


found always showed a value of 


and around 


Ssurtace, 


gassy tungsten surface. The experimental 
about 5° 


o and always agreed 
in one slit width. At 


Curt 


with the calculated values to wit! 


this point we may mention another researcher, 


Brunneé, who, upon bombarding a molybdenum surface 
with lithium positive ions, found a distribution of posi- 
tive ions from the 


highest energy to head-on collisions be 


whicl orresponded in its 


lithium 


surface 
tween 
positive ions and molybdenum atoms with a 180-deg 
reversal in the paths of the lithium positive ions.'® In 
alkali 


at the high- 


similar experiments with the heavier metals, 
Brunneé found 


energy end with a value of O 


curves also terminating 


computable from the 
expression above. Brunneé’s results show that these 
billiard-ball collisions can explain the highest 
possible for a particle rebounding from a metallic lattice. 

In order to determine if the ion peaks found were 
energy hydrogen ions, a run 


measurement of 


energy 


actually composed of high 
making a 


simultaneous 


made 
momentum and energy 


was 
Che momentum was measured 
in the mass spectrograp! 
measured by placing befor 
decelerated the ions by a retarding potential L’, allowing 


; 


and the energy of the ions was 


arget an ¢ lectrode that 
only those with an energy g il than Ul Oo pass 
omentum sweep was made 
+} 


through. Simultaneous 
and the resulting urve IST \ on 1e OsK illoscope. 
The data taken clearl ved that only the 
han Ue were 


ions leav- 
ing the target wit! f-energy 
collected. In the re n of m tum 


lower escape energies, the yield was 


corresponding to 
If the high- 
‘ of heavy ions 


ZeTO 


me ye 7 ee 
energy peak had Dee 
of low energy, as might b its momentum 
spectrum, the deceleration would certainly have re- 


duced the peak to zero, a t a t tne 
peak of hydroge I 


ow-energy 
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Several runs were made over the high-energy peak at 
different temperatures. In most cases the high-energy 
peak seemed to increase in magnitude as the tempera- 
ture was increased. However, this effect was not always 
reversible and could have been a result of the boiling 
off of insulating films of oil on adjacent electrodes. In 
all cases, however, the shape of the peak was not 
affected over a range of temperature from 1200°K to 
about 2300°K. At about 2300°K the high-energy peak 
of negative hydrogen ions was masked by electrons 
being emitted thermally from the target. No effect, 
other than a possible change in the magnitude of the 
yield, was ever observed as the temperature was varied 
within these limits. 

Several runs were also taken over the high-energy 
peak for different incoming ions, namely, H,*, H.*, and 
He*. Most of the data taken were with H,* as the in- 
cident ion. For this ion an integrated yield of about 10~ 
of the incident ion current was found. For H,*, a peak 
was seen of about the same yield. This peak extended 
just twice as far as that found with H,* as the incoming 
particle, confirming the previous assertion that the H,* 
ion dissociated near the surface into two particles, each 
with one-half of the kinetic energy of the molecular ion. 
However, even with the most intense beam available 
for use with H,* ions, we were unable to increase the 
signal-to-noise ratio to the point where the shape of 
the H,;~ curve on H,;* bombardment could be deter- 
mined precisely. For He* as the incident ion, no high- 
energy peak of H;~ was ever seen, even with a noise 
level 30 times smaller than the signal height expected 
from the H2* measurements. 

In the usual mass spectrograph data, care is taken, 
when quantitative results are desired, to insure that the 
same percentage of all ions is collected. However, in 
our case, as the voltage on the target relative to ground 
varied over the large range required to observe a peak, 
not only might the percentage of negative ions escaping 
from the target into the spectrograph vary, but also 
the current of positive ions to the target could vary. 
As a result, the data were analyzed by using only that 
portion of the high-energy peak which occurred when 
the target voltage with respect to ground was in the 
range of +50 to —150 volts, which was found to give 
the most consistent data. The curves shown in Fig. 7 
were assembled in this way. They belong to five sets of 
positive-ion energies (E,): (1) Ey = 1850 to 1220 volts, 
(2) Ex = 1650 to 1090 volts, (3) £,= 1400 to 930 volts, 
(4) E,=1200 to 780 volts, and (5) E,=1000 to 665 
volts. In each case FE, varies from the higher value at a 
self-energy of zero to the lower value at maximum 
self-energy. 

In all of the curves shown H,* was the bombarding 
ion. In each of these curves we see that the factor Omax 
is: (i) 1.03, (2) 1.03, (3) 1.01, (4) 1.06, and (5) 1.01; 
in every case, these values are within one slit width of 
the appropriate value of Qu.ux for H:* on tungsten. It is 
also interesting to note that the curves all drop to zero 
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Fic. 7. Shape of the high-energy negative-ion peak. 


with the same slope at a value of self-energy less than 
200 volts, indicating that the shape of the curves in 
this region is not a function of the incident ion energy, 
but is instead a function of the neutralization of the 
negative ions as they leave the tungsten surface. This 
neutralization must depend only on. the self-energy of 
the negative ions and will be discussed more fully below. 

For the five curves shown, the drop-off at the high- 
energy end of the peaks begins at values of E_ of (1) 430 
volts, (2) 400 volts, (3) 350 volts, (4) 275 volts, and 
(5) 225 volts. Taking the value of Q at the point where 
the curves just begin to drop off, we see: 


(1) 0.605 

EB (2) 0.635 
(evaluated at the =(3) 0.605 

4E, drop-off point) (4) 0.625 
(5) 0.580 


( Vérop off 


showing that the shape of the high-energy end of these 
curves is related to the incoming ion energy. The 
curves as shown in Fig. 7 have all been normalized, 
since from one variation of target position to another 
the height of the negative-ion peaks might vary by as 
much as a factor of five. This is caused, it is felt, by a 
change in the location of the positive-ion current bom- 
bardment as one changes the target position, thus 
affecting the yield into the spectrograph of negative 
ions. However, a set of four runs was taken all at one 
position of the target. These data may be used to give a 
measure of the yield at the peak of each of the high- 
energy curves. Relative values of the peak yield are as 
shown: 

BE, Yield 

1000 mee i: 

1200 0.77 

1400 0.69 

1650 0.63 


This shows a change in the yield per unit energy in- 
terval (dV~) as the energy of the incoming ion is 
changed. Where £, is greater than 1200 volts, the peak 
height seems to go down with increasing ion energy. 
The value where E, equals 1000 volts indicates that 
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the peak apparently never reached its real height, but 
was always clipped, either by the falling off at the 
high-energy end or by the cutting off at the low-energy 
end. 

It is tempting to integrate over each of the curves 
shown in Fig. 7 in order to get the total yield of negative 
ions from the surface. There is some danger in this, 
since in the usual experiment the integrated ion output 
would be made with the voltage of the incoming ions 
fixed. However, because of the nature of our experiment 
this was impossible, and the curves shown involve a 
simultaneous and linearly related change in the energies 
of the incoming and outgoing ions. In order to illustrate 
this we have shown a three-dimensional plot of the 
negative-ion yield (Fig. 8), using positive-ion energy, 
negative-ion self-energy, and negative-ion yield per 
unit negative-ion energy as the three axes. The curves 
shown represent the data taken. The appropriate path 
for a yield integration is shown by the line A. Such a 
curve could be assembled from our data if the relative 
heights of the respective curves were well known. 


THEORETICAL ANALYSIS OF THE DATA 


The low- and high-energy peaks must be treated by 
different mathematical techniques, and therefore will 
be analyzed separately. 


The High-Energy Peak 


Since the high-energy peak terminates at an energy 
that corresponds to a single collision of a proton with 
an atom of the target, a collision mechanism seems to 
be the one that would best describe it. A complete 
calculation.of such a collision mechanism is fraught with 
difficulties, and an averaging system must be used if 
any sort of hand computation is expected. A first 
simplification would be to completely ignore any angular 
distribution. Instead, an assumption will be made that 
the particles rebound with an energy that is isotropic. 
For this case, Marshak has given an energy distribution 
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Fic. 8. Three-dimensional sketch of the negative-ion yield. 
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for “foreign” atoms in a lattice after m collisions.'? With 
this energy distribution and the probability that a 
particle is backscattered from the lattice after n steps, 
we may calculate the energy spectrum of the back- 
scattered particles 

The probability of given by 
Chandrasekhar for the case of a one-dimensional random 
walk with an absorbing barrier.’* His calculation is 
clearly not valid for our case, since for a particle being 
scattered in a lattice, the probability of a forward scat- 
tering collision is just about 10 times as high as the 
probability of a backward scattering collision. How- 
ever, the more correct problem of a random walk with 
a memory of the last step would be of much greater 
difficulty. 


backscattering is 
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Fic. 9. Relative yield of negative ions for the von Roos and the 
random walk calculations 


Using the work of Marshak and Chandrasekhar, we 
find an energy distribution of particles scattered out of 
the metal after steps for » S10. The expression may 
be integrated over all m, giving 


=( Qgm,)"~' *"€ ) 
r! u! 


From the definitions of terms in Marshak, we see that 
the energy distribution observed, A(V), is just 
(1/V)A(u); and for this experiment the flux distribu- 
tion of particles from the surface has the same form as 
the total energy distribution, 


4_)°*' 
o(V)=¢ ( ), 
u' 


17 R,. E. Marshak, Revs. Modern Phys. 19, 199 

1S. Chandrasekhar, Selected Papers in 
Processes, edited by N. Wax (Dover 
1954), p. 9 
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H,- PRODUCTION BY Ht BOM 
where C is composed of constants from the above equa- 
tion. This equation is plotted in Fig. 9. 

Von Roos has considered a similar problem involving 
the energy loss of alkali ions in a metal lattice.” He 
solved the Boltzmann transport equation with approxi- 
mations appropriate to a low mass ratio, and deter- 
mined the distribution in velocity space within the 
lattice and the flux distribution of the reflected ions. If 
his results are applied to the case of hydrogen in tung- 
sten, and if again the incident H;* ion energy is varied 
over the range of 1850 to 1220 ev to compensate for the 
negative-ion accelerating potential difference, then the 
distribution shown in Fig. 9 is obtained. It is clear 
from Fig. 9 that the random walk calculation and the 
von Roos calculation both give essentially the same 
curve—one that falls slightly from its value at zero 
reflected energy, has a flat area, and then rises sharply 
as Q approaches 1. This differs significantly from our 
data, both at the high- and low-energy ends of the 
curve. At the high-energy end of these curves the 
approximations made are poor. At the low-energy end, 
the data shows a gradual fall-off in yield independent 
of the incident ion energy. This may be correlated with 
the variation in the probability of escape of the negative 
ion (as a negative ion) as a function of the speed of the 
ion. (This may be compared with Brunneé’s data on 
lithium on molybdenum where no such falling-off 
occurs, since essentially all lithium particles come off as 
positive ions.) For the case of the negative hydrogen 
ion we see that as protons leave a tungsten surface, 
they may either remain protons, be neutralized, or be- 
come negative ions. Very few remain protons; the 
largest number become (and remain) neutrals; and a 
very few become (and remain) negative ions. 

Consider the process of neutralization of negative 
ions where n(x), the neutralization rate, is a function 
of distance only, and N~ is the number of negative ions 
at a distance x. If the particles are moving at a velocity 
v,=dx/dt, the rate of neutralization is: 


dN~/dx=(—N-/0,)n(x). 


One may integrate over all space where negative ions 
may be neutralized, say from x=) to x=c to give 


N-=No exp(—d’/,) 


d’= f n(x)dx, 
b 


and 0, is a constant. 

For the case of formation of negative ions at the 
surface we must consider the rate of formation /(x) 
per unit time also as a function of distance. Here the 
number formed, dN~, depends on the number of neu- 
tral particles G: 


where 


dN~=Gf(x)dt. 
Recaliing that f(x) is small, we integrate from x=a 


 Oldwig von Roos, Z. Physik 147, 184 (1957). 
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Fic. 10. Negative hydrogen ion yield for an initially flat 
distribution of particle velocities. 


to x=6 giving 
N-=G¢'/?., 


6 
‘=| f(x)dx. 


If we assume that, for particles passing through the 
surface, negative ions are formed in the region a<2<b 
and are neutralized in the region b<x<@, then the 
negative-ion yield from a surface with incident ions 
passing through it is: 


where 


N~(v) = Gg’ (2e/m)*(1/V*) expl— (2e/m)*(d’/V4)] 
= (Gg/V*) exp(—d/V'), 


where 


eV=4mZ, g=g'(2e/m)', d=d'(2e/m)'. 


Implicit in this equation is the assumption that the 
formation and neutralization regions do not physically 
overlap. In the absence of this assumption a more 
complicated formula results." 

If one assumes an initially flat distribution of particles 
through a surface, the negative-ion yield is as shown in 
Fig. 10 for various values of d. Note that these curves 
have been normalized by a variation in the value of the 
constant g, the integrated rate of formation. From a 
comparison of the data with the curves shown, it is 
clear that the integral, d, of the neutralization rate 
must have values between 15 and 30. We are able to 
ascribe to g a value of about 1 from the data with the 
value of d= 20. This is computed from an interpolation 
of Brunneé’s data to values suitable for hydrogen, as 
wel] as from our own data. This value of g agrees with 
the statement that the integrated value of the forma- 
tion factor is small, since for values of V greater than 
100, less than 10% of the reflected particles become ions. 


The Low-Energy Peak 


Formation of the low-energy peak upon bombard- 
ment by any number of different ions precludes con- 
sidering it a reflection phenomenon. Furthermore, the 
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x of ions from a heated surface compared 
with the low-energy peak 


rather low en rgics 10 ev) of these ions compared to 


the energies of the incoming ions makes thermal de 


sorption of the hydrogen ions a more reasonable pl 


ture. An explanation of the phenomenon might be this: 
in incoming particle of any kind might transfer to th 
lattice a small amount of energy in each collision. This 
transmitted through the lattice as a 


energy might be 


wave of energy, and a negative hydrogen ion on the 


surface might receive it. Such an ion, vibrating at an 


energy corresponding to a very high temperature, stands 
a reasonable chance of leaving the metal surface, there by 
suffering the possible loss of its extra electron acc ording 
to the 


mechanism described in the discussion of the 


high-energy peak. This mechanism would not permit 
one to obse rve any vit ld of suc h negative hydrog n ions 
under clean surface conditions. This is in agreement 
with the expe rim ntally observed fact. 

In order to compute the number of ions that will 
escape as ions at an ene rgy eV, consider first the equa 
tion for the flux of particles in the plane of a mass 


spectrometer. For a Maxwell-Boltzmann distribution 


from a source at a temperature 7 this is: 


el 2drk7 exp el k7 


Multiplying this equat ry 1 neutralization factor 
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Hartree-Fock Equations with a Perturbing Field 


LELAND 
Department of P ics 


Receive 


The Hartree-Fock equations under the actior 
up in an integro-differential form. This form appea 
in such problems as electronic polarizability and el 
written down ! 


other 


ments. The equations are explicitly 


with previous formulations. A wide variety of 


I. INTRODUCTION 


ECENTLY there has been considerable work on 

electronic polarization effects in atoms, molecules, 
and solids. Sternheimer has investigated the perturba- 
tion of the atomic core by a nuclear quadrupole! and 
the dipole (uniform field) polarizability of atoms and 
ions in an external field.? Dipole polarizabilities for 
several other elements have been computed by Sund 
bom.’ Das and Bersohn‘ have calculated quadrupole 
polarizabilities for ions. The author has studied the 
polarization of an ion in a molecular environment to 
the of 


Callaway® has analyzed the contribution of the core 


motivate choice molecular wave functions 
polarization to the cohesive energy of alkali metals. 
In this paper expressions for the perturbed wave func 
tions and energies within the framework of the Hartree 
Fock approximation are set up in a general and straight 
forward manner. The resulting equations are presented 
in an integro-differential form which is especially suit 
able for practical computation. In addition to polariza 
bility problems, calculations of the magnetic properties 
of molecules and the elastic constants of alkali metals 
find the 


formalism. A survey of these and similar problems is 


a natural basis in perturbed Hartree-Fock 


given 


Il. PERTURBED HARTREE-FOCK EQUATIONS 


We may assume that the wave functions defined by 
the perturbed Hartree-Fock problem have been sub- 
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field for an) rder 


un arbitrary of perturbation are set 


tlariy adv sus for practical computation 


Lag 


ctro structure perturbations caused by nuclear mo 


niform pertur g ficld and a comparison is made 


applications is also discussed 


jected to a unitary transformation such that they form 
an orthonormal set solving the equation,' 


(1) 


y, and 6; ¢ 
rameter A: 


(2a) 
(2b) 


It is then completely straightforward to carry through 
the problem, but since it must be writien out specifi- 
cally for each type of perturbation, we restrict the 
problem to a scalar, one-particle perturbing potential 
in first order, XV. Also, the results are displayed only 
through first order (i.e., the equations necessary for 
calculation of a quantity such as the dipole polariza- 
bility). In this case the perturbed one-electron Hartree- 
Fock operator KH), operating on the function (2) is: 


KHyw,(2) 


* (1), (1G, (2)dr, 


fe 
frou 1)Gy,(2Z)dr; |= S,(2), 


) 


G 
kinetic energy terms. Substituting yy 


where rio, and fo=one-electron potential and 


di + ho,’ + N*9," 
the equations 


; +) id 
+--+, and po=d,+Ad,"+AO,""4 


for the various orders are obtained by equating equal 
powers of X. Thus, the zero-order equation just defines 


the orthonormal set of unperturbed functions ¢,: 


fp (2) +> 


foe 1)o,(1)G@;(2)dr, 


= €@;(2). 


Be) 
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The first-order equation determines ¢,’ : 


for 1)o,(1)G¢@;(2)dr, 


*(1)b,'(1)G¢i(2)dr, 


7 


foo 1), 1)G¢,| 


foe 1)o,(1)G@,'(2)dr; ted (2). (4) 


2)dry 


The higher-order equations can be obtained in the 
same manner. By multiplying Eq. (4) through ¢,* and 
integrating, ¢;’ is determined. The result is: 


e; me foe 1 ;*(2)Gb,_(1)di(2)dridre 
q 
+ fo 1)p,* 2)G¢@,’ 1);(2)dr dre 
~ for $:*(2)Gobi(1)6,(2)dridrs 


foe 1)@,*(2)G¢,(1 tn (2)drdrs | 


+ f 6Vodr (5) 


Besides these equations the orthonormality conditions 


on the y,’s are: 
fv draty. 


This leads to: 


fo *% Ir 1, f 
fovea " l 


o,*o,dr 
*% ‘dr 


QD 


Tr. (6c) 


The relations (6a) are the orthonormality conditions 
on the unperturbed functions while the first relation of 
(6b) assures that the normalization of y, can be carried 
out in principle to second order without having and 
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detailed knowledge of ¢,’. All of these relations also 
can be proved directly from the one-electron equations 
of various orders. For example, to prove the second 
relation of (6b) we take the complex conjugate of Eq. 
(4) multiply by ¢; and integrate. If this is added to the 
first-order equation determining ¢,;’, multiplied by ¢,* 
and integrated, we get the usual type of proof: 


(€;—€ fe *o/dr € € [oer 
. 


which gives (6b). 


Ill. THE ENERGY EXPRESSIONS 


The total energy is: 
I [ wenvas 4 \/ +) kee 


where W is the normalized determinantal wave function 
made up from the functions y¥,, H is the many-particle 
Hamiltonian, EZ» is the unperturbed total energy and in 
the case of a uniform perturbing field E, is proportional 
to the dipole polarizability. The standard expression 
for the diagonal energy of a single determinant is: 


- 
fovea: x jv 1) fi 


Wi (L)pi(2)dridrs |, 


where f= fotAV. Equation (2a) is substituted for y, 
and the terms are ordered according to \. The one- 
electron energy terms to second order:in A are then: 


E furan. 1)dr 
+a( foie 
H( | os" fos.” 


The two-electron 
a set of Coulomb and ex 
zero-order terms in 


terms are similarly ordered and give 


inge integrals. Equating the 
well-known 


Ea 7 we get the 
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relation for the unperturbed energy : 
Eo=¥ f 0: fbr 


+4 E'E| for weraGe(16,(2drdr 
‘ i 


~ f 62(092)66,(1)o2ddrudrs| 


~ 


é—} EE] fercer(2rce.(19 2dr 


mn for 1)p;*(2)G¢;(1)o;(2 drut 


To simplify the first- and second-order energy expres- 
sions we must introduce information from the one- 
electron equations. Thus to reduce the first-order terms, 
Eqs. (3) and (6b) are employed: 


a 


=>’ E| for 1 \p.*" (2)Go,( 1)@,(2)dr,dr2 
. ¥ 


~ fo tee 2)G0.(1)6,(2)dndrs] & 


Using the Hermitian property of Ho, the other one- 
electron integrals involving fo are obtained. By making 
a change in variable in the double summation, i— j, 
j— i and letting 1— 2,2-+1, it is immediately ap- 
parent that all of the two electron integrals cancel, 
yielding the first-order energy as: 


E, -E f 6*V6dr=¥ f (6,)*Var 


Relations similar to Eq. (8) can be derived from Eqs. 
(3) and (4) to reduce the second-order energy terms. 
The final result is simply 


E,= Real part of E fervevar (10) 


rhe simplicity of E, for a one-particle perturbing po- 
tential in first order is somewhat misleading. If higher 
orders of one- and two-particle perturbing potentials 
are imposed, EZ, will include not only the above but 
also matrix elements involving the one-particle potential 
in second order and the two-particle potential in first 
order and second order. 

In our derivation, a specific separation of the one- 
electron wave functions into spin-dependent and space- 
dependent parts has been suppressed, and thus we have 
tacitly assumed the same spacial dependence for a and 
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8 spin. However, the general procedure which has been 
followed is not restricted to doubly occupied orbitals 
and may be carried through for any single determinant. 
Our method of formulation has been built around this 
idea of a single determinant, each one-electron orbital 
of which is expanded in a series in powers of \. An en- 
tirely equivalent and sometimes convenient viewpoint 
is the determinantal expansion of ¥: 


N N 
V= ho tr ¥ 4A ET HAY Sin) $e. 

rl kel lm 
%, is the determinant made from unperturbed orbitals. 
#, and 4, are those determinants which have the ith 
row replaced by ¢,’ and ¢,”, respectively and > mPim 
is the sum over all determinants where ¢,’ has been 
substituted for the /th row and @,’ for the mth row. 


IV. UNIFORM FIELD POLARIZABILITY 


Developments in the theoretical description of elec- 
tronic systems perturbed by external fields has largely 
been undertaken to predict the uniform field polariza- 
bility and the work may be classified into two lines of 
attack : perturbation methods and variation methods. 


A. Perturbation Methods 


In this method the wave function for the perturbed 
system is expanded in a complete set of unperturbed 
solutions and the expansion coefficients are then deter- 
mined, e.g., by the familiar second-order perturbation 
theory formula. Early work was carried out by Vinti’ 
and he was able to simplify second-order perturbation 
theory terms by use of a sum rule. However, from the 
standpoint of the treatment presented in this article, 
by far the most interesting paper within the perturba- 
tion method frame work is that of Peng.” Peng has 
considered the unperturbed Hartree-Fock equation as 
an eigenvalue problem for which, in principle, it is 
possible to obtain a complete orthonormal set of solu- 
tions. Expanding ¢,’, ¢,’", etc., in terms of this complete 
set, he obtains linear algebraic relations analogous to 
Eq. (4), etc., for his expansion coefficients. He has also 
written down the expressions for Eo, E,, and E, and 
these agree with ours. To compute polarizabilities from 
Peng’s formulation, we must determine a large part of 
the excited eigenfunction spectrum of the unperturbed 
Hartret-Fock equations. During the period since Peng’s 
paper appeared, the Roothaan procedure” has been 
devised and, for many applications, this has proved to 
be the most practical computational approach to 
Hartree-Fock solutions. In the Roothaan procedure, a 
finite basis set with energy-determined linear coefficients 
is substituted for the numerical solution of the integro- 
differential equations, and for simple atoms it is not 
too difficult to obtain an unperturbed Hartree-Fock 

* P. Vinti, Phys. Rev. 41, 813 (1932). 


”H. Peng, Proc. Roy. Soc. (London) A178, 499 (1941). 
"C.C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 
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solution by this procedure. By somewhat similar means, 
each excited function would be determined separately 
from already-known functions. However, without the 
usual qualitative rules available for unperturbed solu- 
tions, the choice of basis functions would be much 
harder and would require considerable experimentation. 
But the most serious drawback is the slow convergence 
produced by the inappropriate nature of these excited 
eigenfunctions. Tillieu and Guy have recently demon- 
strated this typically slow convergence by calculating 
the polarizability of the hydrogen atom.” The large 
error still terms indi- 
cated the probable necessity of including continuum 


eigenfunctions. 


remaining after using eleven 


B. Variation Methods 


The practical difficulties of convergence and of ob- 
taining many unperturbed excited states that are in- 
herent in the perturbation method has directed almost 
all of the recent effort toward employing variation 
methods. This approach centers around representation 
of the perturbed wave functions as: 


WV V,(1 +), (11 


with Wo the unperturbed function. Hassé and Atanas- 
off'* empirically chose wave functions with ® equal to 
a constant times the perturbing potential and computed 
uniform field polarizabilities for one- and two-electron 
atoms and ions. Molecular polarizability calculations 
for H.* and H, analogous to those of Hassé were worked 
out by Steenshalt"® and Bell and Long.'* 
of ® can be considered as motivated by Lennard-Jones’ 


This choice 
approximate treatment of second-order perturbation 
theory." 

Slater and Kirkwood" laid the basis for much of the 
future work by taking 


12) 


=> V.R(r,) 


where V,;= the perturbing potential for the ith electron. 
They formulated the variation problem for a direct 
determination of the perturbation energy itself. A 
Hartree product of one-electron functions was assumed 
for Vo and the variation procedure then leads to Euler 
equations in the form of a second-order ordinary dif- 
ferential equation for R(r). For hydrogen they found 


R(r) 
This result is verified by the well-known exact solution 
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The parallel and perpendicular polarizability of H, has 
been calculated with this type of approach by Ishi- 
guro, Arai, Mizushima, and Kotani.** The James and 
Coolidge”? unperturbed ground state H, wave function 
was employed. Perturbed functions expressed in elliptic 
coordinates similar to the ground state, but with }-..* 
and #, symmetry instead of }°,*, were chosen and the 
energy minimized with respect to linear coefficients. As 
in the regular perturbation method the difficulty is in 
obtaining appropriate excited states. 

An extensive set of papers has been written by Guy, 
Harrand, and Tillieu.2* This work derives from that of 
Slater and Kirkwood but is developed in a more com- 
plete and elegant fashion. A general energy expression 
is set up and Euler equations are derived that define 
the distortion of the wave function. A Hartree product 
of one-electron functions with the form of Eq. (13) is 
then substituted into the Euler equations. This yields 
a series of uncoupled one-electron equations in which 
each perturbed one-electron function depends only upon 
a single unperturbed orbital and the perturbing field 
acting on that orbital. Except for a few special cases, 
these Euler equations do not have a closed form solution 
and this is related to the situation found by Slater and 
Kirkwood. 

Recently, Sternheimer* has reformulated the problem 
in a manner which leads to a particularly convenient 
and easy-to-handle differential equation. He adopts a 
one-particle viewpoint from the beginning and sets up 
a perturbation theory in the usual way: 


(Ho+AV ) (6: +A¢,’) = 


For the uniform field, (f/'¢;*V¢dr=0), the 
equation becomes 


(e+Ar€,’) (O:+A¢,’ 
first-order 

H ~€:)o;'= — Vd. 
Sternheimer then introduces information from the 
perturbed equation that makes the resulting differential 
equation especially well suited for direct determination 
of the perturbed functions. This leads to: 


un- 


(Ho— ed, V? +(1 o:) Vo, o,’ Vo, (14 


In Eq. (14), as in the work of Guy, Harrand, and Tillieu, 
each perturbed function is associated uniquely with its 
unperturbed orbital and, in fact, the two approaches 
are essentially equivalent. The standard assumption of 
separability, u(r,0,¢)=R(r)¥i'"'(0,¢), for the 
electron perturbed and unperturbed functions is 
stituted into Eq. (14) and decomposition of the per- 
turbed function into various angular components is ai 
once apparent. Thus, if ¢; is a p function, ¢,’ will have 
both an s-like and a d-like part and orthogonality of the 
angular parts leads to two independent equations. The 
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division into two equations with separate angular de- 
pendence makes each easily reducible to an inhomo- 
geneous differential equation dependent upon r only. 
They can then be numerically integrated. Numerous 
dipole polarizabilities have been calculated by Stern- 
heimer® and Sundbom* using this technique. Wikner and 
Das” also have based their determination of dipole po- 
larizabilities for the helium-like ions on Sternheimer’s 
formulation, but instead of integrating the one-dimen- 
sional inhomogeneous equation, they have utilized a 
trial function similar to Bravin’s (R(r)=C,+Cwt+Cyr’ 
in Eq. (13) ] and evaluated the linear coefficients varia 
tionally. The various authors using Eq. (14) have 
Hartree-Fock or Hartree 
solutions for ?;, depx nding upon their availability for 
the partic ular atom or jon in question, 

Equation (14) is to be compared with Eqs. (4) and 
(5), and we find that three discrepancies are introduced 
by treating the problem in a one-particle manner. To 
these, first 
electron operator, / 


generally employed either 


show we separate the terms of the one- 


V?+ (2Z/r). 


The one-electron potential energy has been taken as 
that for an atom with atomic number Z.) Putting this 
in Eq. (3), we have 


a €od 0 VW"; 4+- (2Z/r)d, 6o+> {¢:}, 


where >) {¢,} stands for the summation over the two- 
electron operators occurring in Eq. (3) and indicates we 
are operating on @,. Rearranging the above equation 


yields ; 


(1/0) V°o, 22/1 (15) 


e+(1/6) X (os). 
side of Eq. (4): 
et (1/6) ¥ (6,} ). 


side of Sternheimer’s equation [Eq. (14) ] is 
subst 15) for the bracket above 


We now expand the left 
Ko--e€ ip,’ Vo,’ T o,'| (2Z/r) 


The 


obtained by 


left 
ituting Eq 
resulting in 
1/¢,) Vo, | 
{— V+ (1/60) Voi )) 0’. 
lhe approximation is that 
LX (0:'} = (6//¢.) & {os}. 


Writing each side of this out gives: 


Lle=L 


7 


foe 1)6,(1)Gq@,/(2)dr, 


feemtoray, *,(2)dr, 


¢i/o) lo) =X foe 1), (1)G@,/'(2)dr; 
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The difference in the operators occurs only in the ex- 
change terms and thus, if we had initially adopted the 
Hartree rather than Hartree-Fock method in Sec. I, 
the one-electron approach would have yielded the cor- 
rect result for the left side of the equation defining the 
first-order perturbed function. This is partly responsible 
for the close similarity of Sternheimer’s method to that 
of Guy, Harrand, and Tillieu. We know also that for 
an atom or simple molecule the Hartree-Fock solution 
is rather well approximated by a Hartree solution and 
so for such cases the left side approximation in the 
first-order perturbed equation may not be a severe one. 
The second discrepancy can be seen by writing out 
all of the two-electron terms in Eq. (4) and considering 
only the diagonal components, i=g. The six two-elec- 
tron integral operators cancel out in pairs and this part 
of ¢,’ is also zero for a uniform field or any perturbing 
potential odd under a coordinate inversion. Equation 
(4) is reduced to 
(fi 2) 


, , 
“€i)Dq \ —V¢,(2), 


and this is just the i=g term of Eq. (14). It is thus off- 
diagonal Coulomb and exchange operators which are 
omitted from the right side of Sternheimer’s equation 
and similarly from the equations of Guy, Harrand, and 
Tillieu. These terms mix in the other perturbed and 
unperturbed functions and act as a screening potential. 

The third omission is the Coulomb and exchange 
integrals in ¢,’ which do not arise in a one-particle 
approach. It may be further noted that neither Guy, 
Harrand, and Tillieu’s method nor Sternheimer’s is 
exactly equivalent to a Hartree formulation because if 
we omit all of the exchange terms in Eq. (4) the Cou- 
lomb operators still mix @, and ¢,’ into the equation 
for @,/ and prevent an uncoupling. 

In spite of these discrepancies, all of the relations (6) 
can be proved directly from Eq. (14), as well as Eq. 
(4). In addition, Sternheimer obtains the same expres- 
sions for E,; and E, as we have given, although they are 
not derivable from a many-particle standpoint.Another 
similarity between Eq. (4) and Eq. (14) concerns the 
symmetry of the perturbed solutions. We noted above 
that for Sternheimer’s equation an unperturbed p func- 
tion gives rise to s- and d-like perturbed solutions. The 
general symmetry relation between the perturbed and 
unperturbed functions is obvious from Eq. (14). Thus 
for a perturbing potential which is odd under inversion 
like the uniform field: even ¢,’s lead to odd ¢,’’s and 
visa versa. For Eq. (4), the symmetry relations are not 
so obvious but nevertheless are the same as for Eq. 
(14). ¢,’ may be written as a sum of odd and even parts 
and, if V is odd, we find Eq. (4) splits into two equa- 
tions, one containing the perturbing potential and the 
other not. The relation which lacks V is an eigenvalue 
equation which in general has no solution other than 
the null one for ¢,’. ¢;’ does not appear in the equation 
which includes V, again in agreement with Eq. (14). 

At the end of part A in this section, we discussed the 
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computational difficulties to be expected with the 
perturbation approach the integro-dif- 
ferential equations resulting from our method, even 
though convergence difficulties are avoided, may also 
appear formidable. Fortunately such is not the case. 
Our formulation of the perturbed Hartree-Fock equa- 
tions should be viewed as an extension of Sternheimer’s 
work and for practical computation the only logical 
procedure is to use solutions of his one-particle equa- 


Solution of 


tions for the initial As in the standard 
unperturbed Hartree-Fock problem, an iterative tech- 
nique leading to a self 
but numerical integration of the pert 
tion, as well tl 


as t 


trial functions 
msistent solution is necessary, 
urbed radial equa- 
quired for the Cou- 
lomb and exchange terms, can be computed by any of a 
number of schemes that 
routines for high-speed digital computers. 
computer programs for t! 
free-atom Hartree-Fock solutions have already been 


e quadratures ré 


as sub- 
In fact, 


€ automatic computation of 


now generally exist 


constructed by several groups and the perturbed equa- 
tions should not be appreciably more difficult to handle. 


C. Statistical Methods 


For completeness, a few comments on statistical 
methods are appropriate. Gombdas 
statistical theory for application to 
turbing field problem tl 
Amaldis correction and 


mined variable parameter in the « 


has developed a 
the uniform per- 
the Fermi- 
an energy deter- 
ectron charge density. 
On this model the theoretical polarizability is always 


lat im orporates 


introduces 


greater than the experimental value. Gombds reports 
sizable errors for light atoms and ions but satisfactory 
results for heavy ones. Sternheimer 


the feasibility of employing the 


2 has investigated 
Chomas-Fermi scheme 
induced by an ex- 
ternal field acting on an atom or ion. He finds that the 
incorrect behavior at large r makes this model inade- 
quate. For the same reason, it also should be unsatis- 
factory for the prediction of dipole polarizabilities. In 
the Thomas-Fermi-Dirac « Sternheimer has shown 
that, while some improvement over Thomas-Fermi re- 


nucleus 


to evaluate the field at the 


ase, 


sults is achieved, the induced field is far too large for 
low Z atoms and ions. 


V. OTHER APPLICATIONS OF THE THEORY 


Perturbation theories closely related to the Hartree- 
Fock approach have been applied to a wide range of 
atomic, molecular, and solid-state problems in addition 
to the uniform field polarizability discussed above. In 
these cases the perturbed Hartree-Fock equations can 
help to unify work in different areas that is similar but 
has been carried out independent! 

The perturbing field that gives rise to a distortion in 
the electronic structure can be, of course, an internal 
field such as the electric quadrupole of a nucleus, as 


y in each area. 
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well as the uniform external field discussed above. This 
is the basis of Sternheimer’s work on antishielding cor- 
rections in the interpretation of nuclear quadrupole 
moment measurements.' He has also calculated mag- 
netic hyperfine-structure corrections to the magnetic 
field at the nucleus due to the current induced in the 
electronic core by an external valence electron.” 
Schwartz™ has considered Sternheimer’s hyperfine- 
structure corrections in the framework of the allowed 
excitations of the unperturbed Hartree-Fock equations. 
His objections are closely related to ours and represent 
the sort of comparison to be made between Stern- 
heimer’s approach and the perturbation theory treat- 
ment carried out by Peng” (see part A of IV). 

The quadrupole polarizability, a,, comes from an ex- 
ternal perturbing potential of the form: 


V «= Sr*(3 cos*#?—1), 


and is defined as the induced quadrupole moment 
divided by the field gradient. Values of a, for a number 
of atoms and ions have been computed by Sternheimer,” 
and by Das and Bersohn.‘ The latter follows Stern- 
heimer’s theory but substitutes a simple variation 
function for the numerical integration. (See note on 
Wikner and Das. These latter authors also have used 
this procedure to compute nuclear quadrupole moment 
antishielding corrections for heavy ions.™) 

A natural application of perturbation theory for 
external electric fields is the Van der Waals force be- 
tween two atoms. The perturbing potential for the 
dipole-dipole Van der Waals term is: 


2 Ni Ne 


XY (xa/'+ yy — 22,2;'), 


Il j=l 


Vo D> 


where R=internuclear distance. The prime and un- 
primed coordinate systems represent the coordinates of 
the electrons in each separate atom, ), is the number 
of electrons in atom 1, N; is the number comprising 2, 
and the z axis is taken to be that connecting the centers. 
The evolution of the Van der Waals problem has pro- 
ceeded along the same lines as the uniform field polar- 
izability. Slater and Kirkwood,’ Buckingham,” and 
Pople and Schofield™ each applied their uniform field 
polarizability techniques to the dipole-dipole term. In 
fact, it is well known that these methods lead to a 
Van der Waals energy term that is proportional to the 
product of the uniform field polarizability of the two 
isolated atoms. Their methods start from Eq. (11) with 


Vo= WVoiV oe, 
>= V poR(#,,7;'). 


For many electron atoms, R(r;,7;’) has been taken as a 


#R. M. Sternheimer, Phys. Rev. 86, 316 (1952). 

* C. Schwartz, Phys. Rev. 105, 173 (1957). 

* E. G. Wikner and T. P. Das, Phys. Rev. 109, 360 (1958). 

*R. A. Buckingham, Proc. Roy. Soc. (London) A160, 113 
(1937). 
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product of r-dependent and r,/-dependent factors, and 
the theory proceeds in the same manner as the uniform 
field problem. Buckingham also considered the dipole- 
quadrupole term for two like atoms and found that the 
ratio of the dipole-dipole to dipole-quadrupole coeffi- 
cients in the energy expansion could be simply related 
to the atomic diamagnetic susceptibility. 

There are several problems in spectroscopy and in 
electron scattering where the primary interest is in an 
accurate description of a single outer electron or a single 
outer shell. The unperturbed Hartree-Fock wave func- 
tion for such an electron takes into account the average 
effect of this electron on the other but not the effect of 
its instantaneous field on the atomic core. Various at- 
tempts have been made to include this polarization term 
in the effective potential for an outer electron.” At large 
r, the behavior is 4(a/r*), where a is the dipole polariza- 
bility. Bates*’ has considered this and a related form to 
interpret photo-ionization of atomic potassium, and he 
found the excitation cross section very sensitive to the 
polarization correction. To obtain the correct form for 
all ry, a treatment similar to Sternheimer’s or that we 
have given is required, and it appears likely that this 
could lead to ionization energies that agree more ac- 
curately with the observed optical spectra terms and 
perhaps even to wave functions able to predict satis- 
factory transition probabilities. Polarization effects in 
the scattering of slow electrons by atomic oxygen has 
been considered in some detail recently by Temkin.” 
In his numerical work, he used only a dipole distortion 
(uniform field) and only the dominant perturbed orbital 
computed by Sternheimer’s approximation, but even 
this led to a significant improvement in results. 

In the theory of molecular structure, there are 
several classic problems whose solutions in principle are 
based on the perturbed Hartree-Fock equations. One 
of the most important of these is the study of inductive 
and electrometric perturbations in conjugated mole- 
cules. All of the treatments are based on the perturba- 
tion method (Part A, Sec. IV). Coulson and Longuet- 
Higgins” devised an independent electron model where 
the two-electron terms are omitted. Pople used the 
exact Hamiltonian and set up the equations in the 
framework of the Roothaan scheme but assumed 
matrix elements between configurations made from 
substitution of a single excited orbital to be zero. 
Lefebvre and Moser“ have given the complete equation 
and these are thus identical to those of Peng.” For all 

“D. R. Hartree, Reports on Progress in Physics (The Physical 
Society, London, 1948), Vol. 11, p. 113. 

77D. R. Bates, Proc. Roy. Soc. (London) A188, 350 (1947), 

* A. Temkin, Phys. Rev. 107, 1004 (1957). 
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(London) A191, 39 (1947); A192, 16 (1948); A195, 188 (1948); 
and later papers 

“ J. A. Pople, Proc. Roy. Soc. (London) A233, 233 (1955); J. A. 
Pople and P. Schofield, Proc. Roy. Soc. (London) A233, 241 
(1948). 

“ R. Lefebvre and C. Moser, Calcul des fonctions d’ onde molécu 
a (Centre national de la recherche scientific, Paris, 1958), 
p. 109. 
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of this work, calculations have been carried out in a 
very approximate and semi-empirical way, but the 
results have been of great value to the understanding 
of chemical phenomena. The various approximations 
are concerned with the details of the specific problem, 
and our purpose here is only to make connection with 
the general formalism. 

Another molecular application has been made by 
Allen.* He solved Sternheimer’s equations for a point 
on a fluorine ion in an effort to 
of distorted basis functions should 


charge field acting 
ascertain what type 
be employed to describe the hydrogen fluoride molecule. 

Tillieu and Guy” have given theory and examples for 
the determination of the magnetic susceptibility of 
molecules with no permanent moment. The perturbing 
term in the Hamiltonian is: 


V,=—sH-M, 


where H is the applied magnetic field, and M is the 
orbital moment operator. The perturbed wave function 


x 


is assumed to be a Hartree product of functions: 


Yo(1+H-g), 


vi 


where g is a vector function of the electron coordinates. 
Minimization of the energy with these functions yields 
the equations satisfied by g and the high-frequency 
terms in the paramagnetic susceptibility® may then be 
computed. Calculations of the diamagnetic suscepti- 
bility and magnetic shielding for molecules have been 
made by Das and Bersohn and Ghose.“ Their work is 
based on: the Sternheimer formulation but is carried 
through by the choice of easily manageable variation 
functions for the perturbed solutions. The techniques 
adopted by Tillieu et al. and Das et al. for these mag- 
netic properties follow the same lines that we have dis- 
cussed and compared for the uniform field problem. 

In solid state applications, as in molecular structure, 
a number of major problems utilize the perturbed 
Hartree-Fock formalism as the central tool in carrying 
out the solution. Bardeen’s early work on the conduc- 
tivity of alkali metals* is essentially equivalent to a 
first-order perturbation method treatment in the Har- 
tree approximation. The difference between the rigid 
ion potentials at their equilibrium and displaced posi- 
tions is the perturbing potential. The resulting change 
in the self-consistent field of the valence electrons pro- 
duced by distortion of the crystal was then calculated 
with plane wave eigenfunctions. 
applied Peng’s perturbed Hartree- 
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Fock formalism” to the calculation of the elastic 
stants in alkali metals 
a homogeneous lattice deformation with the assumption 


con- 
rhe perturbation was limited to 
of a spherical atomic cell and a spherical distribution of 
ions outside the cell. Wigner-Seitz solutions were used 
for the unperturbed functior Che difficulties inherent 
in the determination of the excited eigenfunction spec 
trum of the unperturbed equations were avoided by 
neglecting the terms dependent upon the first-order 
perturbed functions. Physical arguments and the prop- 
erties of the Wigner-Seitz solutions justify the approxi- 
mations for this application and their results agree well 
with experiment. 
Undoubtedly th 
prehensive use of Peng’s equations 


etrating analysis and com- 
for 
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an article by Kaneko on the uniform field polarizability 
of rare gas atoms has appeared.** Kaneko has carried 
out a numerical calculation on helium using both the 
exact first order perturbed Hartree-Fock equation and 
Sternheimer’s equation. He finds that Sternheimer’s 


or 


approximation gives a value 12.5% too large. 


* S. Kaneko, J. Phys. Soc. Japan 14, 1600 (1959). 


PHYSICAL REVIEW VOLU MI 118, NUMBER 1 APRIL 1960 


Elastic Scattering of Alpha Particles by O'°t 


McDermorrt, K. W. Jones,* H. Smorricn 
Vew York, New 
October 19, 1959 


E. € AnD R. fF 


lork 


BENENSON} 
Columbia University, 


Rect ived 


Absolute cross sections for the elastic scattering of alpha particles by O'* have been measured in a differ 
entially pumped gas scattering chamber. The measurements were made for laboratory energies from 3.7 to 
6.5 Mev, corresponding to 7.7- to 9.9-Mev excitation in Ne, at center-of-mass angles of 168.9°, 149.4°, 
140.8°, 125.3°, and 90.0°. 

Narrow resonances were observed at bombarding energies of 5.002, 5.11, 5.190, 5.432, 5.532, and 6.030 
Mev. The data were analyzed in terms of Wigner-Eisenbud dispersion theory to find the spins, parities, 


resonant energies, widths, reduced widths, and characteristic energies of the levels 
correspond to states in Ne* with the following excitation energies, spins, and parities: 8.755(1 


8.905(1-), 9.099(4*), 9.179(3-), and 9.577 Mev (2 


sary to assume the existence of two broad overlapping 


the other at ~8.8 Mev (2*). There is also some evi 
higher than 9.9-Mev excitation in Ne”. 


I. INTRODUCTION 


HEORETICAL developments in the last few years 
have aroused interest in the nuclei with atomic 
number just above that of the doubly closed shell 
nucleus O'*. Shell model calculations for nuclei of 
masses 17, 18, and 19' and collective model calculations 
for nuclei of masses 19? and 25 * have been performed. 
Both types of calculations have been very successful in 
predicting the spins and parities of the lower excited 
states. 

An experimental determination of the spins and 
parities of the states of Ne® would be of the greatest 
importance in further testing the theoretical predictions 
of the proposed models. The elastic scattering of alpha 
particles by O"* provides an effective method for the 
investigation of the 7=0 levels of Ne® above 5-Mev 
excitation. Since the spins of both particles are zero, the 
only possible combinations of total angular momentum 
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ence for the presence 


The resonances observed 
, 8.84(5~), 
In order to obtain a good fit to the data, it was neces- 
at 


resonances, one ~%.7-Mev excitation (0*) and 


f a broad 4* level at an energy 


and parity for the levels which can be seen are even J- 
even parity and odd J-odd parity. Elastic scattering 
and capture are the only energetically possible proc- 
esses in the energy region covered. The (a,y) process is 
negligible compared with the probability of particle 
emission. For the case of spin zero on spin zero scat- 


tering with no reactions present, the partial wave 


analysis of excitation curves taken at several angles 
and the subsequent interpretation according to dis- 
persion theory are, in principle, relatively simple. 

The elastic scattering of alpha particles by O'* from 
0.94- to 4.0-Mev bombarding energy has previously 
been investigated by Cameron.® Five levels in Ne™ 
were found in the region of excitation from 5.5 to 7.9 
Mev. The present experiment extends the energy range 
studied from 4.0- to 6.5-Mev bombarding energy. This 
same energy range had been studied much earlier by 
Ferguson and Walker,® who used RaC’ as an alpha- 
particle source. They found two resonances, one at 
5.5-Mev and the other at 6.5-Mev bombarding energy. 
A probable assignment of 1~ was made for both of them. 


Il. EXPERIMENTAL APPARATUS 
The scattering chamber and associated equipment 
used for the measurement of the absolute cross sections 


* J. R. Cameron, Phys. Rev. 90, 839 (1953). 
6A. J. Ferguson and L. R. Walker, Phys. Rev. 58, 666 (1940), 
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have been described in detail by Smotrich et al.’ In the 
present experiment the target gas was not recirculated. 
Otherwise, the equipment was identical. 

For the purpose of this experiment the amount of 
impurities and other oxygen isotopes present is con- 
sidered negligible. The isotopic abundance of O'* is 
99.76%. The target gas was supplied from a tank of 
Airco commercial grade oxygen which has a purity of 
99.5%. Condensible impurities were removed with a 
liquid nitrogen cooled trap so that very small amounts 
of nitrogen and argon were the major contaminants. 


Ill. DATA 


The experimental absolute differential cross sections, 
together with the theoretical fits, are shown in Figs. 1 
and 2. The angles chosen were the maximum back 
angle possible and the four angles in the center-of-mass 
system at which the Legendre polynomials of orders 1, 
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1. Experimental and theoretical differential cross sections from 3.7! 


2, 3, and 4 vanish. The si the 
chosen after the general shape of the excitation curve 
was first determined. The target thickness was varied 
between 2 and 5 kilovolts by adjusting the gas pressure 
in the scattering chamber. Absolute differential cross 
sections and bombarding energies were calculated with 
the aid of an IBM 650 digital computer. 

The errors in the measurement of the absolute cross 
sections and bombarding energies were similar to those 
discussed by Smotrich et al.’ with the exception of the 
error due to gas impurities. In the present experiment 
it is estimated that impurities caused no greater error 
than +0.5%. The over-all uncertainty in the cross 
section is about +4.0%, while the maximum experi- 
mental error in the energy scale is a little over 0.1%. 


energy steps was 


IV. ANALYSIS OF THE DATA 
A. General Considerations 


The differential scattering cross section for elastic 


scattering of spin-zero target particles by spin-zero 
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Fic. 2. Experimental and theoretical differential cross sections from 4.95 Mev to 6.50 Mev. 


bombarding particles may be expressed as *~"” 
(“) 1 
dw ¢.m. R* 


in which k=y/h, n= ZZ'e*/ho, and @ is the center-of- 
mass scattering angle. The reduced mass of the system 
is given by uw and the relative velocity of incident and 
target particles by v. 4; is the phase shift of the partial 
wave with orbital angular momentum /h. The Coulomb 
phase shift a; is given by 
(1+-in)- - - (1+) 
et= -, 
(l—in)---(1—in) 


— (1/2)n csc?(6/2) exp[in In csc?(8/2) ] 


+ ¥° (21-+1)P;(0)e"e*! sind, |?, 


I>0; 


and e*°= 

* E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947) 

*R. G. Sachs, Nuclear Theory (Addison-Wesley Publishing 
Company, Inc., Reading, 1953). 

” A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 257 
(1958). 


The phase shift 6; consists of two parts, a resonant 
term @;, and a potential term @;, such that 


6; _ Bi-— $1, 
¢,= tan (PF, a 


in which F; and G; are the regular and irregular Coulomb 
wave functions. If no two levels of the same spin and 
parity lie close together, the single-level approximation 
for 8, may be used: 


( yatk A? 
8,= tan ), 
Ey\+Ayi- E 


in which A ?=F?+G?. 

EF, is the characteristic energy corresponding to the 
solution of the internal eigenvalue problem for the 
compound nucleus, and 7,7 is the reduced width. Ay, 
is the level shift and depends on the choice of boundary 
conditions. The expression for A), used in this analysis 
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a d Inp 
in which p=kr. The resonant energy is defined as the 
which #£,+A,,—-E 


resonance k, A/, and A,, may be taken as constants 


energy at (. For a narrow single 


over the resonance. In this case the resonant phase 


shift may be expre ssed as 
B,= tan (1/2)Py./ (Er 


in which I 


n= 2kyx1 


If two levels of the same spin and parity must be 


[- 


taken into consideration, it can be shown that 


and “2” 


in which the subscripts refer to the two 
le vels. 

ion radius “a”’ 
he best fit to the data. Its choice deter 


mines the values of 8; and ¢; but should not affect 6 


The interact is largely arbitrary and is 


chosen to give { 


It is customary in this type of analysis to use a value of 
the radius roughly equal to the sum of the radii of the 
two particles involved in the collision. The value chosen 


for this experiment is 


r= 1.30(16 $1!) 10-8 em=5.34 10-" cm 


An equally good fit was obtained over a large part of 
the energy region with the use of a factor of 1.40 instead 
of 1.30 

rhe order of magnitude of the reduced width of a 
particular level gives some indication of the character 
of its 


wave function. Teichmann and Wigner" have 


derived a sum rule which requires that y,?S3h?/2ya. 
If the reduced width of a level is close to this limit, the 
level is ¢ (pected to be characterized by single-partic le 
wave functions 


As can be seen from the formula for the differential 
scattering cross section effects due to the /th partial 
center-of-mass angle at 
polynomial The 


absence of a narrow resonance in the cross-section data 


wave are not present at the 


which the /th Legendre vanishes. 
at a particular angle of observation immediately makes 
possible a tentative assignment of the spin and parity 
of that The angles of observation in the 


center-of-mass system which were chosen for the present 


resonance 


experiment were 168.9°, the maximum angle allowed by 
the 149.4°, 140.8°, , and 
90.0°. The maximum back angle permitted all Legendre 


scattering chamber, 125.3° 


polynomials of interest to approach their maximum 
value sufficiently closely so that the corresponding 


resonances were all displayed prominently. The re- 


" T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952) 
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The second most simple assumption which can be 
made is the existence of two broad overlapping reso 
nances in this region. All possible combinations of /=0, 
1, 2, and 3 which involve at least one even parity reso- 
nance were tried. An /=0 resonance combined with an 
odd parity resonance could not account for the low 90 
cross section at 4.7 Mev. An /=2 resonance Loge ther 
with an /=1 resonance fit the data at 4.0 Mev but not 
at 4.7 Mev. It was not possible to obtain a fit to the 
data at any energy with a combination of / 
Since sufficiently 
excluded, 


? 


2 and /= 3. 
broad with />4 
the only remaining possibility 
0 and /=2. s- and d-wave shifts were 
extracted from the data at 100-kilovolt intervals from 
4.0 to 5.0 Mev. The phase shifts obtained in this manner 
exhibited the energy dependence predicted by theory 
for both / values. The choice of / values of the two broad 


resonances were 
was the 


combination of / 


levels necessary for a good fit was insensitive to small 
changes in the interaction radius. Values of 59 and 6 
in the range from 4.0 to 5.0 Mev were obtained which 
were capable of fitting the data to within 8% at all 
angles at each energy. 

It is possible that a combination of three broad 
resonances, not including both /=0 and /=2, could be 
found which would fit the data. Throughout the 
analysis, however, the simplest assumptions leading to 
a fit of the data were made until contradictions with 
these assumptions necessitated modifications. 

A fit to within 5% of the data between 4.0 and 5.0 
Mev became possible only when the effect of the 10 
kev wide 3 level at 3.045 Mev found by Cameron’ was 
explicitly included. At the energies involved in this 
experiment, A;’ is a rapidly decreasing function of 
energy. The result of this energy dependence is a con 
tribution by this resonance to the /=3 phase shift of 
several degrees. Instead of gradually approaching 180°, 
83 decreases with energy in the energy range considered. 

The s- and d-wave phase shifts extracted from the 
data were plotted vs energy. Values of E, and y,? were 
chosen that would best reproduce the resonant phase- 
shift curve deduced from the analysis for each / value. 


These values of E, and 7)? were then used to give rough 


3. Values of 8 calculated from FE, and +,? together 


with extracted values. 
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estimates for the resonant energy and width of the level 
involved. 

An E, of 3.4 Mev and a y,? of 2.9 Mev-cm were 
chosen for the /=0 resonance. The phase shifts calcu- 
lated from the single-level formula are shown in Fig. 3 
together with the phase shifts extrac ted in the analysis. 
The use of the above values of Ey, and 7? yields a 
resonant energy of approximately 4.9 Mev, a value 
consistent with that obtained by noting the energy at 
which 8» crosses 90°. Since there is considerable latitude 
in the choice of £, and y,*, Ex is known only to within 
a few hundred kilovolts. A rough estimate of the order 
of magnitude of the laboratory width indicates that it 
is greater than 1 Mev. 

An Ey of 4.2 Mev and a y,? of 4.4 Mev-cm were 
selected for the /= 2 resonance. Because of the existence 
of a narrow 2* level at about 6.03 Mev, the two-levei 
formula was used to calculate the phase-shift curve 
shown in Fig. 4 together with the phase shifts extracted 
in the analysis. The values of /, and 7)? for the narrow 
level were deduced by means of the single-level formula 
with a constant amount of 8) contributed by the broad 
resonance. The portion of the curve dominated by the 
narrow 2+ level is not shown. The values of FE, and 
yx’ for the broad /=2 level give a resonant energy 
consistent with that obtained by noting the energy at 
which 82 crosses 90°. The laboratory width for this level 
is also greater than 1 Mev. 

The region between 5.0 and 5.6 Mev is dominated by 
narrow resonances. The treatment of these is discussed 
in the next section. Superposition of the narrow reso 
nances on the broad 0* and 2* resonances yields a very 
good fit to the experimental data between 5.0 and 5.6 
Mev 

Between 5.6 and 6.5 Mev, the theoretical fit to the 
data based on the previous assumptions deteriorates. 
The theoretically predicted behavior of the resonant 
parts of the s- and d-wave phase shifts was calculated 
at 100-kilovolt intervals from the values of Ey and 7,2 
deduced in fitting the lower energy data. Small changes 
in these parameters were not sufficient to fit the data 
above 5.6 Mev. In order to maintain the fit to within 
5% of the experimental data between 5.6 and 5.9 Mev 
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ras_e I. Parameters of excited states in Ne™® determined from 


Er(Mev) tab ~4.9 
Eeoxe(Mev) in Ne™ ‘») ~8.7 
Jr or 
I, (Mev) ia» >1.0 
Ey (Mev )e.m. in Ne® ‘* ~81 
Yre m2? X 10" (Mev-cm) ~29 


~5§.1 5.11 6.030 
~8.8 8.84 9.577 
2* 5 } 2° 
>1.0 <0.001 0.030 
~9.0 9.578 


~44 0.047 


8.755 


0.005 


yn? / (3? 2yua) (%) ~BO 0.15 ~120 


* The values of Eexe and &) are referred to the ground state of Ne™ 
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at 90°, it was necessary to introduce a small amount 
of g-wave phase shift. The amount of g-wave phase shift 
needed increases slowly with energy as would be ex- 
pected if there were a broad /=4 resonance above the 
limit in energy of the experimental data. Without this 
g-wave contribution, a fit to the data above 6.0 Mev 
requires a d-wave phase shift which differs markedly 
from its theoretically predicted value. Use of the 
predicted d-wave phase shift, on the other hand, leads 
at 90° to a theoretical cross-section curve that deviates 
from the experimental one towards the end of the range 
studied by more than 100%. Some g-wave contribution 
also helps the fit to the rising cross section at 168.9° 
and 125.3°. Because of the weighting factor (2/+1) in 
the cross-section formula, a small amount of g-wave 
phase shift has a large effect at angles where P, is not 
too small. At 6.4 Mev approximately 12° of resonant 
g-wave phase shift has been included in obtaining the 
fit to the data shown in Fig. 2. The existence of another 
broad level above the range of the experimental data 
is not implausible when one examines the rapid fall of 
the 90° data, the steady rise of the 125.3° data, and 
the more rapid rise of the 168.9° data. The 140.8° and 
149.4° data show little change in this range. These 
observations are all consistent with the possible exist- 
ence of a broad /=4 resonance above the range of the 
experimental data. 

Between 6.0 and 6.5 Mev, there is an increasing 
divergence between the experimental and theoretical 
cross sections. This discrepancy could easily arise from 
the existence of narrow levels just above the upper end 
of the data. The existence of such unknown levels would 
not only affect the fit to the experimental cross section, 
but would also lead to errors in the choice of the broad 
level phase shifts. These errors would in turn affect the 
shapes of the phase-shift curves when plotted against 
energy. Because of inadequate knowledge of the region 
above the limit of the data, no additional assumptions 
have been introduced in the analysis. At the highest 
energy analyzed, the fit is within 15% at all angles. 


C. Narrow Resonances 


The analysis of well-separated narrow levels is a 
much simpler and far less ambiguous process than that 
of overlapping broad levels. The following tentative 
assignments for the narrow resonances observed may 


The mass 


1.3 


values used are tsen [Nuclear 


be made from an inspection of the data. The resonances 
which appear at about 5.00 Mev and 5.19 Mev appear 
at all angles except 90°. The disappearance at 90° im- 
mediately indicates an odd-parity resonance. Because 
this angle is the only one at which these resonances 
vanish, the assignment of 1~ is suggested. The reso- 
nance at 5.43 Mev can be at 90° and therefore 
must have even parity. Since it vanishes at 149.4° an 
assignment of 4+ be made. The resonance at 5.53 
Mev is not present at 90° or 140.8". The disappearance 
at both 90° and 140.8 level. The 
resonance at 6.03 Mev vanishes only at 125.3° and thus 


seen 
may 


labels it as a 3 
an assignment of 2* is the only suitable one. The small 
resonance at 5.11 Mev appears very weakly at 168.9°, 
149.4°, and 140.8". It to be due to the 
presence of isotopes n O'* or to impurities 
The disappearance 


Is too large 

her tha 
at 90° indicates an odd parity 
resonance. ‘J he Le ge ndre poly nomial for [-=5§ vanishes 
at approximately 123°, whi near to 125.3°. 
The fact that the resonance does not appear at either 
90° or 125.3 
5~- as the lowest possible assignment. It is clear that 
resolved by the apparatus since 
tions at the different 


ilculated values for 


h is very 
but appears at the other angles suggests 


this resonance was not 
the observed maximum cross se 
angles are much smaller than the 
level. 

A geometric 
formula described by L 


a3 
cross-section 


Laubenstein™ 


the 
1ubenstein and 


interpretation of 
provides a very effective method of analysis for the 
relatively sharp resonance levels. This procedure was 
angles to every sufficiently 
data. The 
umination of the data 
for five of the narrow 


applied in detail at all 


resolved narrow resonance included in the 


assignments based on visual ex 
were verified by this method 
resonances. The parameters deduced from this analysis 


Since this procedure cannot be 


are included in Table I | 


applied to the unresolved resonance at 5.11 Mev, the 


assignment 5~ has not been confirmed analytically. An 
odd parity is ruled out 
this 
energy yields a value of t! iced width several times 
Wigner single-parti imit. The the 


stimated to be less 


assignment of 


because the low value of the penetrability at 


the width in 
laboratory system of tl evel is ¢ 


than a kilovolt 
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Fic. 5. Energy level diagram of Ne™. The levels found in the pres 
ent experiment are shown in an expanded scale on the right 


V. RESULTS AND CONCLUSIONS 

As a result of this experiment, eight previously 
unobserved states in Ne” in the region of excitation 
between 7.9 and 9.9 Mev have been found and identi- 
fied. Six of the resonances are relatively sharp, while 
the two others overlap and are very broad. Inter- 
pretation of a phase-shift analysis of the data in the 
context of Wigner-Eisenbud dispersion theory has 
resulted in the assignment of the spins, parities, reso- 
nant energies, and widths of the levels. The charac- 
teristic energies and alpha-particle reduced widths have 


also been deduced and the latter have been compared 
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to the Wigner single-particle limit of 3.66 Mev-cm. In 
addition to the broad 0* and 2* levels, an additional 
broad resonance in the region above the energy range 
of the data seems likely. The results of the analysis are 
shown in Table I and also in Fig. 5, which is an energy 
level diagram of Ne” up to 10-Mev excitation. The five 
levels between 6.75 and 7.86 Mev were investigated by 


. Cameron.’ The positions of the four lowest excited 


1 


states have been obtained from the work of Buechner 
and Sperduto."* The 9.2-Mev ievel reported by Ferguson 
and Walker® as 1~ does not appear. 
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A long-lived isomer of Ag’* has been detected in old Ag™®°" samples 


The isomer decays with a half-life 


$5 years. Gamma- and beta-ray spectrometer data show that 90°, of the disintegrations proceed by electron 


capture followed by a cascade of three gamma rays of 616-, 722-, and 434-kev energy, 


while 10% go by 


isomeric transition to Ag’. New values are given for the branching ratios of 2.4-minute Ag’ 


I. INTRODUCTION 


ASED on the data available for the even mass 

number isotopes of rhodium, silver, and indium, 
systematics indicate an isomer should be expected for 
Ag" with a half-life comparable to the 270-day Ag'”™ 
and with the isomeric level at ~100 kev above the 
ground state. This isomer has been observed recently in 
a sample of Ag" obtained in 1951 from the Isotope 
Division of Oak Ridge, the Ag" activity having de- 
cayed by now to ~ 0.05% of its initial value. A difference 
in neutron energy dependence for production of these 
two long-lived silver isomers could account for the dis- 
crepancies reported in the half-life of Ag. 


Il. EXPERIMENTAL 


The silver activities were studied with a one hundred- 
channel pulse-height analyzer and associated equipment 
described elsewhere.! The gamma-ray detector was a 
3-in. X 3-in. NaI (T1) crystal whose calculated photopeak 
efficiencies were checked by 4x beta counting. 

The irradiations to obtain the 2.4-minute Ag’ were 
performed using the pneumatic tube facilities of the 
Ford Nuclear Reactor at the University of Michigan.' 
An irradiation time of two minutes at a thermal neutron 
flux of ~ 1.4 10" n cm™ sec was used and the shorter- 


1W. W. Meinke, Nucleonics 17, No. 9, 86 (1959). 
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1. Gamma spectra of Ag™™ are given along with their year 


of production. A spectrum of 2.4-minute Ag'* is included 


Ag activities allowed to decay for four minutes 
before any counting started 


lived 


Ill. RESULTS 
Silver-108m Measurements 


The gamma-ray spectrum of this new isomer, Ag'®™”, 
Fig. 1 (designated as 1951 Ag"). The 
* contributes less than 1% of the gamma 


is shown in 
residual Ag 
activity of this sample. The figure includes spectra of 
Ag!" samples produced in 1954 and 1957. The activities 
of the two isomers are seen to be about equal after 5 
vears of decay 

The relative gamma-ray intensities? in Ag'*” are 
81 (5.9), 434 (100), 616 (100), 722 (100) kev. The 21-kev 
Pd K x-ray was found to be in coincidence with the 
434-, 616-, and 722-kev gamma rays. No coincidences 
with the 81-kev gamma ray were detected in the gamma 
energy range of 20 kev to 2 Mev or beta energy range of 
~ 100 kev to 2 Mev. No annihilation peak was detected 
in the gamma spectrum or in the coincidence spectra. 
The energy of the 434-kev gamma ray in Ag" and in 
\g'5™ was found to be the same within the limits of the 
measurement. The accuracy of the gamma-ray measure- 
ments is estimated to be +3 kev. 

Beta-ray spectra taken with a plastic scintillator 
detector show a 1.65+-0.04 Mev beta ray, identical with 
that of Ag’™®, of 11 
cascade gamma-emission rate. Although the low-energy 
gamma contribution, the 
spectra show a definite conversion line of ~ 1% for the 


t1)% frequency relative to the 


range is distorted from the 


2N. H. Lazar, IRE Trans. Nuclear Sci. NS-5, 138 (1958 
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434-kev gamma-ray transition relative to the gamma- 
emission rate. Since this transition is known to be E2,* 
the relative conversion-line areas were obtained by 
h the Pd K x ray. The rela- 
434, 1.0; 616, 0.41; 722, 0.21 
indicate 2 or M1 character for all 

transitions.‘ 


gating the beta detector wit 
tive abundances observed 
three gamma-ray 
The chemical assignment s confirmed by proce ssing 
1951 tracer chemical 
Hicks and | olger for the 
No cl ange 
taken before and after the separa- 
tion. The final product contained 94 (+1)% of the 
carrier silver added and also of 


an aliquot of the through the 


ised by 


separation procedure 


purification of fission product silver was 


observed in spec tra 


the initial activity, 
verifying the purity of the original silver tracer as well as 


providing proof of the activ itv being a silver isotope 


Silver-108 Measurements 
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ISOMERISM 


Iv. CONCLUSIONS 
Mass Assignment 


The long-lived isomer was shown to be an isotope of 
silver by the chemical purification procedure. The isomer 
has a half-life and levels consistent with predictions for 
Ag’**™ based on systematics. The identity of the 1.65- 
Mev beta ray and of the 434-kev gamma ray in Ag'* and 
in the long-lived isomer is taken as proof of their rela- 
tionship. Further, the K x ray observed in the decay of 
the long-lived isomer has been shown to be at 21 kev, 
being assigned as the K x ray of palladium. 

The specific activity of the available sample is too low 
to obtain high resolution conversion line data. This 
information would be necessary to establish uniquely 
the postulated isomeric level. 


Decay Scheme 


The 81-kev gamma-ray transition for which no con- 
version line was detected is tentatively assigned in 
cascade with the isomeric transition. This gamma-ray is 
not observed in the decay of Ag'*. The total conversion 
coefficient is estimated to be ~0.5 from the relative 81- 
kev gamma-emission rate and the beta-emission rate of 
the 2.4-minute daughter, indicating a spin change of 0 or 
1. From the lack of coincidence of the 81-kev gamma-ray 
with the K x rays, it is concluded that the isomeri 
transition has an energy less than the A-shell binding 
energy. This is consistent with the expectation from 
systematics of the isomeric level at ~ 100 kev. Gamma 
lifetime calculations indicate a spin change of 3 or 4 for 
the isomeric transition. 

The logft value of about 5.8 for electron capture to 
the highest excited state of Pd'®* indicates an allowed 
transition. From the cascade gamma-ray intensities and 


from calculated sum coincidence corrections, an upper 


limit of 1% is obtained for crossover transitions in the 
cascade. Calculated transition probabilities from the 
highest excited level of palladium show this to be con- 
sistent with a spin assignment of 4 to the level at 1154 
kev. The parities of these levels are found to be positive 
from the measured A-conversion coefficients. 

The second excited state of Pd'* from Coulomb exci- 
tation has been reported to be at 941 kev.* The level at 
1050 kev observed in the decay of Ag’ is either 0+ or 
2+, preferably 0+ from the absence of the cross-over 
transition.’ The sequence of the 616- and 722-kev tran- 


*P. H. Stelson and | 
267 (1957) 


K. McGowan, Bull. Am. Phys. Soc. 2, 
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Decay scheme and level diagram of Ag™**-Ag* 


sitions in the cascade cannot be uniquely determined 
from the data obtained. The sequence given is arbitrary 
and based on level spacing considerations (see Pd! and 
Cd") of the apparent triplet of close-lying levels 0+-, 
2+,4+, at about 1 Mev above the ground state. 

From the preceding interpretation of data, the spin of 
the isomeric level of Ag’’* must be 4, 5, or 6. The spins 
of the isomeric: ™ and Ag" have been 
measured and found to be 6,° but experimental data on 
the level in Ag’ are insufficient to permit definite spin 
assignment The data and conclusions are summarized 
in the de« ay st heme preset nted in I ig. 2.” 


levels of Ag 
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In the case of the zero-energy scattering of one compound system by an 
length completely characterizes the problem (e.g., the reaction A+B — C+ in additic 0A+B 
cannot take place) it has previously been shown that the Kohn-Hulthér 
upper bound on the scattering length if no composite bound states exist 
case where one or more composite bound states do exist is presented here. The 
exchange forces, and Coulomb forces is allowed. Several methods are given for obtaini 
bound on the scattering length, which involve the addition of certain positive terms to the 


variational expression 
to construct these 
results obtained, 


one real scattering 
»>A+B, 

al principle provides an 
[he extension of this result to the 
inclusion of tensor forces, 
g a rigorous upper 


Kohn-Hulthén 


rhe approximate information about the composite bound states which is required 
» additional terms can be found by standard methods 
it is shown that under certain circumstances some ordinary v: 
a bound. Thus, an analysis of a previous calculation in the light of the present results leads, without { 


As a conse: of the 


juence or one 
‘ ] | lat 
ational Caicula 


ons give 


irther 


calculations, to a rigorous upper bound on the singlet electron-hydrogen scattering leng 


I. INTRODUCTION 


HE value of variational methods in scattering 

problems is greatly increased when these methods 
are based on a minimum (or maximum) principle. This 
is especially true for the difficult case of scattering by 
a compound where calculations in which 
different trial functions are used can lead to quite 
different results. Such a minimum principle, for zero 
energy scattering, has already been obtained for the 
case in which the scattered particle cannot be bound to 


system, 


the scattering system.' The present paper is concerned 
with the extension of this result to the case in which 
one or more composite bound states exist. For clarity 
of presentation the detailed discussion is confined to 
the problem of the scattering of a spinless, neutral 
particle, of 
short 


zero orbital angular momentum, from a 
center of force. The generalization to the 
the scattering is by a compound system, 
and to long range repulsive Coulomb forces, is identical 
with the corresponding generalization in the problem 
in which no composite bound states exist,? and the 
details will be omitted 


range 
case where 


Further, the inclusion of tensor 
forces is allowed. The formulation, given in II, for the 
scattering of a particle by a compound system can be 
extended, in a straightforward way, to treat the scat- 
tering of one compound system by another. It will in 
fact be understood in the following that unless other- 
wise stated (in particular, the result of Sec. IV is 
excepted) each of the results obtained has, under the 


* The research reported in this article was done at the Institute 
of Mathematical Sciences, New York University, under the 
sponsorship of both the Geophysics Research Directorate of the 
Air Force Cambridge Research Center, Air Research and Develop- 
ment Command and the Office of Ordnance Research, U. S. Army. 

t National Science Foundation predoctoral Fellow. This work 
is part of a thesis submitted in partial fulfillment of the require 
ments for the degree of Doctor of Philosophy at New York 
University 

‘L. Spruch and L. Rosenberg, Phys. Rev. 116, 1034 (1959) 
This paper will be referred to in the following as I 

?L. Spruch and L. Rosenberg, Phys. Rev. 117, 1095 
This paper will be referred to in the following as II 


1960). 


condition discussed in II, direct applicability to this 
wider class of problems 


the essential requirement is 
that the scattering be completely characterized by one 
real scattering length). The problems which may be 
treated include zero energy scattering of a neutron or a 
proton (or in fact of nuclei) by nuclei, assuming realistic 
nuclear potentials. Similarly, the scattering of electrons 


(or atoms) by atoms may be treated. 


As discussed in II, the scattering cannot be charac- 
terized by a real scattering length if the radiative 
capture process is possible. We shall, in the following, 
make the approximation of ignoring the interaction of 
the particle with the radiation field. The bound on the 
igorous only to the extent 
that this generally excellent approximation is in fact 
valid.’ 

In Sec. ilts are obtained which 
provide upper bounds on the scattering length for the 
case where only one bound state exists. In Sec. III it 
is shown that there are 


scattering length is then 
II a number of resi 


well defined circumstances for 
which some ordinary variational calculations provide a 
bound. An method for obtaining bounds, 
based on the Kato formalism, is considered in Sec. IV. 
bound 
treated in Sec. V. Since in this ca > exact scattering 
function has a number of nodes (even for the scattering 


alternate 


states is 


The extension to the case of ma 


iny 
e the 


of a particle by a center of force), making the con- 
function more difficult, 
it would seem that a minimum principle for the scatter- 
ing length is even more valuable here 


struction of an accurate trial 


Il. THE CASE OF ONE BOUND STATE 
We begin by considering the problem of the zero 
energy, zero orbital angular momentum scattering of a 


* Actually, the neglect iative capture 
valid af zero energy since it ol a 1/e law. However, the coeffi 
cient of 1 that the capture process is 
negligible compared to the probability for elastic scattering for 
all but the lowest energies. The calculated scattering length may 
then be interpreted as an extrapolation from some small, non 
zero energy value 


process is not 


is sufficient small s 
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spinless neutral particle of mass m by a short range 
center of force whose strength is such that one, and only 
one, bound state exists. As shown in I, the scattering 
length A may, in general, be written 


A: Am f mseudr+ [ weiodr, 


where 4, is a trial scattering function, w is the difference 
between u, and the exact function, u, and £ is defined, 
in terms of the Hamiltonian, H, as 


(2.1) 


L= — (2m/h*) H = (d?/dr*) — (2m/h?) V(r). 


(Actually, since we write the one dimensional equations 
with a factor of 1/r separated out from the wave func- 
tion, the differential operator in H is not exactly the 
kinetic energy operator.) In Eq. (2.1), and in the 
following, all one dimensional integrals are understood 
to have the limits zero and infinity. The exact function 
is determined by the equation 


Lu=0, 
with boundary conditions 
u(O)=0, 


u(r) > A—r, for r=. 


The trial function, ™, satisfies the same boundary 
conditions, with A replaced by A,. It was shown in I 
that if no bound state exists, and if the normalization 
given by Eqs. (2.2) (referred to in the following as the 
“appropriate” normalization) is employed, then 


f wlw<0, 


so that the Kohn-Hulthén variational expression pro- 
vides an upper bound on A. The inequality, Eq. (2.3) 
follows from the fact that under the circumstance 
considered, the Hamiltonian is positive definite on a 
space of quadratically integrable functions or, more 
generally (see I) for functions which approach some 
finite, possibly nonvanishing constant at infinity. Thus 
the inequality will not generally be valid if the asymp- 
totic form for « has what we shall refer to as the 
“inappropriate” normalization, namely, 


(2.3) 


u—i-—r/A, for r+. (2.4) 


We assume in the following that the ‘‘appropriate”’ 
normalization is employed. (It is of course true that at 
nonzero energies one cannot generally say which normal- 
ization is superior, and that even at zero energy the 
“inappropriate” normalization provides a variational 
estimate for, if not a bound on, the scattering length.) 
In the case where one bound state exists, which is 
our present concern, the inequality, Eq. (2.3), will not 
be valid unless the error function, w, is orthogonal to 
the exact bound state function, denoted by u,;, where 
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(te1,%e1) = 1. [We have Lun —eu., where e is related 
to the bound state energy E; by «= —(2m/h*)E,. | 
Since the exact solutions « and u,, are orthogonal, the 
difference function w will be orthogonal to «,, provided 
u, and u“,; are orthogonal. We therefore have the result 
that the Kohn-Hulthén variational principle gives an 
upper bound on the scattering length provided a trial 
function is used which is orthogonal to the exact bound 
state wave function. 

It is easily shown that this statement is equivalent to 
the expression for the bound given below in Eq. (2.5), 
where the only requirement on % is that it satisfy the 
correct boundary conditions. However, we will actually 
obtain Eq. (2.5) in a slightly different way, which is 
the more natural generalization of the method used for 
the no bound state case. Although w is in fact unknown, 
we may formally construct a function, namely, 


[w— (wes) ter}, 


which is orthogonal to u,;. It then follows, exactly as in 
the case for no bound states, that 


(Lw- (Ww, ter) ter ], LLw- (W, ther) Mer }) SO. 
This inequality may be written 
(w,Lw) < €1( 144,01)”, 


where we have made use of the relation (w,t,;) = (t;,%.1). 
Thus, an upper bound on A may be obtained from 


2 
ASA, -f u,Lu—dr+ of waadr) . (2.5) 


The difficulty with Eq. (2.5) is that u,,; is not known 
in general. Therefore unless the last term in Eq. (2.5) 
is small, for a given (presumably) reasonably accurate 
trial function «,, and shows very small variation as the 
accuracy of the trial bound state function, 1, is in- 
creased, one cannot claim to have a bound. In fact, 
preliminary calculations based on Eq. (2.5), for the 
singlet e~H problem, gave negative results in the sense 
that the last term in Eq. (2.5) was large and showed 
large variations for a series of functions u.. ranging 
from a two parameter to an eleven parameter function 
with u, that given by Seaton.‘ The failure of this method 
in the particularly favorable e~H case indicates that 
Eq. (2.5) is not a useful form. However, from Eq. (2.5) 
one can obtain an expression which does not depend on 
the unknown function u,, by writing 


2 2 
of f uuodr) = (1 «)( f -cusdr) 
2 
= (1, of Hasudr) < (1/e,) f (Lu,)*dr, 


where use has been made of the Schwarz inequality. 


‘M. J. Seaton, Proc. Roy. Soc. (London) A241, 522 (1957). 
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We then obtain 


A<A, ff meeudrs (1 a) f (eu)*ar. (2.6) 


rhe experimental value of the binding energy, if avail- 
able, gives «,. Alternatively, ¢; may be replaced by 


14 f Ue LU dr < €, 


a normalized trial bound state function, 
while still preserving the inequality, Eq. (2.6). For the 
case of scattering by a center of force, where quite 


where 4,1; is 


accurate trial scattering functions may be constructed 
without great difficulty, Eq. (2.6) may be expected to 
give useful upper bounds on A. However, the use of 
the Schwarz inequality in passing from Eq. (2.5) to 
Eq. (2.6) leads to a very great overt stimate of the error 
term for any but an excellent “,. Thus, the trial function 
given by Seaton for the singlet e~H problem,‘ which is 
expec ted to be re asonably accurate, leads nevertheless, 
when used in the appropriate generalization of Eq. (2.6) 
to scattering by a compound system, to an upper 
bound on the scattering length which is so large as to 
be quite useless. It does not seem that there exist other 
many body scattering problems for which a similar 
treatment would yield more favorable results. 

It was therefore necessary to consider a somewhat 
different approach to the problem, one leading to a 
bound on A which does not require a knowledge of the 
exact composite bound state function and which does 
not utilize the often very crude Schwarz inequality. 
We now show how such a result can be obtained based 
on the following two theorems® which, for the purposes 
of later generalization, are quoted in a more general 
form than is needed in this section. 

Theorem 1: We consider a system with exactly N 
states. If KXK matrix of the Hamiltonian 
operator H is formed (K may be larger than, equal to 


or smaller than .V) using a set of K orthonormal func- 


bound 


tions, and is diagonalized, with the diagonal elements 
arranged in incre asing order, i.€., 
Ey") < Eo! -ESD<...- 


then E,*)> E,, if i< N. Here E, 
For i> JN, 


If the Hamiltonian matrix is constructed 


Ex A 


is the energy of the ith 


K)>0. 


bound state we have E 


Theorem 2 
in the 


K+1 


eigenvalues, 


same way as discussed in Theorem 1, but of rank 
with the first K functions unaltered, then the 


I K 


, satisfy the relations 
<< ELK+D < RAK 


We now 
bound state exists We } ( ] the 


apply these theorems to > case where only 


one orthonormal 
Z. Physik 65, 759 


heim, 1930 
ys. Rey. 43, 830 (1933 


SPR U(¢ 


am, mae 


functions 2X2 Hamiltonian 


matrix 


W he re 


H 


It is assumed that x is a sufficiently accurate ground 


state trial function‘ 


(If this last ine jualit method 


ce Ss ribed be iow W howe ver, 


does not represent a seri limitation since a trial 


function with the required accuracy ¢ 
be found It 
above matrix, E id itisiy the 


in almost always 
then fe é genvalues of the 


relations 


from Theorem 1, anc 


from Theorem 2, 


Since the product 


equal to the detern 


inequality 


(2.7) 


We note that sin ppears ex y twice in each of 
the two terms of t! ther the magnitude 
nor the sis f the normalization of is relevant, 
though of cour n be norm able. (Clearly the 
convenient in the 


) We now 


is valid if vt is 


Same |! 

following t« unity 
observe th: 
nol 


replaced by which is 


orthogor | to his 1s ver by VTiting 


so that tuting this 


appear in 


expression for 
Eq. (2.7 
value of 


Since the rm tion of v.’ as well as the 


ar from the 


above discus on, € now in ti | 1 o choose 


with A>O. We 
new form of Eq 


inction as 
however, 
i man\ 


in 
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=—(2m/h*)E,? and u..=;. Since beth sides 
of the inequality, Eq. (2.8), are continuous at A\=0 
(see 1) we have 


fi: Lwdr-< 1 oa(f wats ) ; 


Therefore, since Lw=Lm,, the expression which pro- 
vides an upper bound on the scattering length becomes 


i< te fi mcudr (1/€14) J wscemar) (2.9 


We have then succeeded in our purpose in that we 
have obtained a bound which does not require a knowl- 
edge of the bound function 
energy, and which has at the same time avoided the 


with €); 


exact state nor of its 
use of the rigorous but often very crude Schwarz 
inequality. (In the case where the scatterer is a com- 
pound system, the ground state wave function of the 
scatterer must still be known exactly in order to obtain 
a rigorous bound.’) Note that the earlier 
Eqs. (2.5) and (2.6), may be considered as special 
cases of Eq. (2.9 (2.9) 


results, 
the choice u#.4:=%,, in Eq 
yields Eq. (2.5), and the use of the Schwarz inequality 
in the last integral of Eq. (2.9) leads back to Eq. (2.6). 
It is of course clear that for a given form of the trial 
functions # and u,,, the optimum choice of the vari- 
ational parameters is such as to minimize the right-hand 
side of Eq. (2.9), subject to the requirement that 
S tXLuadr>0. 

For the case of arbitrary values of the orbital angular 
momentum, L, the inequality which corresponds to 
that given in Eq. (2.9 
for L=0. We merely replace A (with a similar replace- 
ment of A,) by Ax, defined in terms of the phase shift 
n1 as 


has the same form as the result 


Ay —[1X3x---« (2L+1) 2(tann,/k?& 


Further, the trial function, #,;(r), satisfies the boundary 
conditions 


u (0 0, 


ure) > [Are §/(2L4+1) j—r"*', for r=, 


and £ now contains the additional term L(L+1)/r’?. 
Of course for a particular value of Z the bound state 
considered is one with orbitai angular momentum L. 
These results for arbitrary values of Z can be extended 
in a straightforward manner to the case of scattering of 
one compound system by another; they may carry net 
charges of like sign. The regular and irregular solutions 
of the “free’”’ wave equation in the limit of vanishing 
energy have previously been given for this general case.* 
The asymptotic form of the wave function is taken as 


the “appropriate” linear combination of these solutions 


L. Spruch and L. Rosenberg, Phys. Rev. 117, 141 (1960 
* See, for exampie, L. M. Delves, Nuclear Phys § 358 (1958 
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The analysis then proceeds in a manner similar to that 
already described in I and II and we shall omit further 
details here.* 


Ill. CONNECTION WITH FORMS OF THE 
VARIATIONAL PRINCIPLE 


The inequality, Eq. (2.9), has the particular con- 
sequence that there exist well defined circumstances, 
which will now be described, under which an upper 
bound on the scattering length may be obtained from 
an ordinary variational calculation. (As in Sec. II the 
discussion in this section will be confined to the case 
where only one bound state exists.) We consider first 
the Kohn-Hulthén principle, which has the zero energy 


form 
AzxA,~- f u,Ludr, 


where satisfies the boundary conditions 


(3.1) 


given in 
Eqs. (2.2). Now suppose «, may be written 


| | 
Uy Uy + bug, 


(3.2) 


trial bound state function which is 


sufficiently accurate to give binding, i.e., 


€y: f MU. -LU,, dr> 0. 


Since #,., vanishes at the origin and at infinity, 1,’ 
satisfies the same boundary condition as ™ and can 
therefore itself serve as a proper trial scattering func- 
tion. Substituting this form for u, into the variational 
expression, Eq 3.1 
° , 
with 1, 
find 


where ti, iS a 


ind determining 6 variationally, 
and u,,;, momentarily considered as fixed, we 


1 cu) J maetudr, 
and 
{~=A,- ff omer 1/6) ( fasta , 35) 


It follows from Eq. (2.9) that the variational estimate 
of A given by Eq. (3.3) is actually an upper bound. 
Conversely, the approximation to the zero energy 
scattering function, obtained in the course of a calcu- 
lation of an upper bound on A based on Eq. (2.9), 
should be taken to be 


(1/e1, J msnenar ert, 


* In the case of electron scattering by atoms where the effective 
potential, which arises through polarization of the atom, falls off 
as 1/r* the phase shift for L>0O vanishes as # rather than #“*! 

see B. H. Bransden, A. Dalgarno, T. L. John, and M. J. Seaton, 
Proc. Phys. Soc. (Lendon) 71, 882 (1958) ] so that the method as 
outlined above would require some modification. 
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rather than ; since it is the former function which can 
be interpreted as a variationally determined trial func- 
tion. We note that the prescription given by Kohn to 
evaluate the variational parameters should be used 
rather than that of Hulthén since, while both methods 
will provide an upper bound, for a given form of the 
tria! function the Kohn method will yield a lower (and 
therefore better) estimate of the scattering length. 
(See I.) 

It is of interest to see if there are any variational 
calculations of scattering lengths reported in the litera- 
ture which were performed with trial functions which 
may be written in the form given by Eq. (3.2). Such 
calculations may be reinterpreted in the light of the 
present discussion. As an example we note that Borowitz 
and Greenberg’ have recently performed a variational 
calculation for electron-hydrogen scattering, using as a 
zero energy trial function one which was explicitly 
constructed to be of the form of a trial scattering func- 
tion plus a multiple of a trial H~ bound state function. 
Since the normalization used by these authors corre- 
sponds to what we have called the inappropriate normal- 
ization [see Eq. (2.4) ] neither the results for the singlet 
case, where one bound state of H~ exists, nor for the 
triplet case, where no bound states exist, is necessarily 
a bound. However, as described in I, for those calcu- 
lations which have been performed using the inappro- 
priate normalization the results may be converted, 
with a trivial amount of labor, so that they correspond 
to the Kohn-Hulthén form and therefore do give a 
bound under the circumstances considered. The method 
of conversion may be briefly restated as follows. If A, 
and /= /u,Ludr have been evaluated, with u, normal- 
ized as in Eq. (2.4), then the bound on A is given by 


A< 1,—A,7I. 


if A; is positive and | A;/| is small compared to unity 
then this conversion may be expected to give, in addi- 
tion to a bound, an improved approximation to the 
scattering length 

Returning to the work of Borowitz and Greenberg, 
we note that two separate calculations of the singlet 
scattering length'' were performed, using two trial H—- 
functions obtained by Chandrasekhar.'? One of these 
was a two parameter function containing no dependence 
on the interelectronic distance, r;2, so that no polarization 
was allowed for. The other function, which included a 
linear 712 dependence, contained three parameters. In 
each case the parameters used where those given by 
Chandrasekhar. The two and three parameter functions 
give values of €,, equal to 0.0266a, and 0.051849 
respectively'® (ao is the Bohr radius). 


The rigorous 


” S. Borowitz and H. Greenberg, Phys. Rev. 108, 716 (1957) 

" Since no composite bound state exists in the triplet state, 
conversion to the Kohn-Hulthén form will provide an upper 
bound on the triplet scattering length, a result which does not 
depend on the fact that an H~ function was used in the construc- 
tion of the trial scattering function. Any properly normalized 
trial function will give a bound for this problem 


2S. Chandrasekhar, Astrophys. J. 100, 176 (1944). 
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TABLE I, Results of ional calculations of the singlet eH 
scattering length, in units of th yhr radius. In the first column 
the values obtained by Borowitz ar nberg, who used what 
we have called the “inappropriate” normalization [see Eq. (2.4)], 
are given. The values which appear in the second column were 
obtained by the present hors by converting the Borowitz- 
Greenberg data to the Kohn-Hulthén form [“‘appropriate’’ nor- 
malization; see Eqs. (2.2 »btaining a rigorous upper 
bound. The fact that a slight improvement is gained in this con- 
version is in agreement with the discussion in the text. It was 
possible to obtain a bound because the u, used by the foregoing 
authors included a bound multiplied by a 
variational parameter 


1 Gree 


, thereby 


state component 


Normalization 
ropriate” “Appropriate” 
No polarization approximatior 8.16 


8.14 
Polarization considered 75 7.63 


upper bounds obtained by the conversion process de- 
scribed above yielded, in both cases, slightly improved 


approximations to the scattering length (see Table I). 


IV. AN ALTERNATE METHOD 


In this section we consider an 


ilternate method for 
obtaining upper bounds on the scattering length for the 


case of the scattering of a particle by a center of force 
exists. The 
the formalism given by Kato 
lower bounds on the scattering phase shift. (Since the 
Kato method, as the Kato identity, is 


unrelated to the other methods discussed in this paper, 


where one bound stat method is based on 


for finding upper and 
opposed to 


this section may be read independently of the others.) 
The Kato identity for arbitrary scattering energy, 
(hk)?/2m., of which Ea 


with the normalization 0<6@< i. 


2.1) is the zero energy form 
00), is 


k cot(n—6 


where now 

iL (d*/dar 
The exact solution, um, sat 
Lug=0, and the boundary conditions 
ue(O) =O, 


tue(r) — sin(kr+n)/sin(n—8), for r—7 , 


where 7 is the exact phase shift and where @ satisfies 
0<@<-. The trial function, mg, satisfies boundary con- 
ditions of the form given in Eqs. (4.2), but with 9 
replaced by a trial phase shift, 7,, which is arbitrary; 
We iS defined as us; . The Kat 


Lu9,)"*p irs f 


) inequalities are 
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Here p{r) is a non-negative function which must fall 
off faster than 1/r but which is otherwise arbitrary and 
is chosen for convenience. The stumbers ag and fy are 
defined by the associated eigenvalue problem, in which 
the equation 

(L+up)ds(r) =0 


is considered. The asymptotic form of ¢9(r) is charac- 
terized by a phase shift, 5(u). The infinite, discreet set 
of eigenvalues, {u,»}, is defined such that for any 
integer, n, 

5 (une) =O-+nr. 


The smallest positive eigenvalue is ag and the largest 
negative eigenvalue is —p. 

For zero energy scattering the phase shift in the 
associated eigenvalue problem, 6(u), is given, according 
to a theorem due to Levinson," by 5(u) =m, if there 
is no state of exactly zero energy, where m is the 
number of bound states for the operator £+yp. [If 
there are m bound states and there is one at zero energy 
in addition, the phase shift is (m+ 4)x.] We are con- 
sidering the case for which there is one and only one 
bound state for the actual physical system, i.e., for 
u=0. We choose 6=y, where 0<y<z-. (The point is 
that we wish to exclude 6=0; note that the eigenvalues 
uno do not form a discreet set at zero energy.) It is then 
clear that —@, is determined by the condition that the 
operator £—£,p has associated with it a single, zero 
energy bound state. Actually, according to Eq. (4.3), 
only a lower bound on {sz is required in order to obtain 
an upper bound on /wpLwedr. Now a lower bound 
on 8, is easily determined, according to the Rayleigh- 
Ritz principle, by 


J ¥(2-Br0bdrso, 


where y; is an arbitrary normalized trial bound state 
function. We have 


B, = f vicvedr | f ¥ipdr=8,’. 


This result is useful only if 8,’>0, that is, ¥, must be 
sufficiently accurate such that (¥,,Ly,)>0. 

If we take the zero energy form of Eq. (4.1), with 
6=+, and make use of Eqs. (4.3) and (4.4), we obtain 


A<Ac f wcuetr+(8y')-* f (em)%p \dy, (4.5) 


where 


(4.4) 


A=-— (tann/k)r—o, 

A,=— (tann:/k)x-0, 

Up= (4y1/R) emo, 
and where 8,’ is defined in Eq. (4.4). 


“N. Levinson, Kgl 
Medd. 25, No. 9 (1949). 
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A number of methods have been given previously"*:® 
for determining lower bounds on ag and #¢, for arbitrary 
scattering energy. The method just described, while 
limited to zero energy scattering, has the virtue that 
the prescription for finding a bound on fy is quite 
general. The potential need satisfy no special require- 
ments other than that it lead to one bound state,'* and 
that a phase shift be defined. This generality becomes 
quite significant in the case of scattering by a com- 
pound system, where methods based on special proper- 
ties of the potential (such as being everywhere negative, 
for example) will usually be inapplicable. However, 
serious problems arise in the extension of Levinson’s 
theorem to the case of scattering by a compound system, 
and as discussed briefly in I, the inclusion of the Pauli 
principle raises additional difficulties. Therefore, until 
these questions are clarified the method presented in 
this section should be used only for one body scattering 
problems. 

It is noted that a,, which is required to obtain a 
lower bound on A, is determined as that value of yu for 
which the second bound state appears. Now for a static 
potential, U(r), the necessary condition for the existence 
of n, bound states, of orbital angular momentum JZ, is’ 


(2m m) fr U(r) dr>(2L+1)nz. (4.6) 


In the case being considered, where the actual potential, 
V (r), supports one bound state with L =0, we have from 
Eq. (4.6) that a,’, determined by 


f- — (2m/h*?)V (r)+-a,'p(r) | de=2, 


is a lower bound on a,. This result will be useful only 
if a,’>0. In particular, a necessary condition for the 
applicability of the method is 


(2m, mw) f vara. 


An obvious disadvantage of this approach is that 
(contrary to the method for determining 8,’) it provides 
no way of successively improving the bound on ay,. 
Further, even if Levinson’s theorem can be shown to 
hold in the case of scattering by a compound system, 
no generalization of Eq. (4.6) has been obtained; there 
would still remain the problem of determining condi- 
tions for the nonexistence of many body bound states. 


16. Spruch and M. Kelly, Phys. Rev 
L. Spruch, Phys. Rev. 109, 2149 (1958). 

6 If no bound states exist, then @ may be taken to be infinite 
(i.e., there are no negative eigenvalues of the associated eigen 
value problem) so that the Kohn-Hulthén principle gives a bound 
(see references 1 and 7). The extension to the case of a number of 
bound states would proceed along the lines described in Sec. V, 
but the details will be omitted here. 

7 R. Jost and A. Pais, Phys. Rev. 82, 840 (1951); V. Bargmann, 
Proc. Natl. Acad. Sci. U. S. 38, 961 (1952). 


109, 2144 (1958); 
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V. THE CASE OF MORE THAN ONE 
BOUND STATE 


The generalization of the above results to the case 
for which there is more than one bound state of zero 
angular momentum of the particle and the center of 
force is fairly straightforward. We assume that it is 
known that there exist exactly N such bound states. 
The exact eigenfunctions and the exact energies of these 
states will be denoted by u., through uy and by £, 
through Ey, respectively, where 


E\<E,<-+-Ey <0, 


and ¢,;= — (2m/h*)E,, 1<i<.N. We do not assume that 
the eigenfunctions or the eigenvalues are actually 
known. 

The generalization of Eq. (2.6) is particularly simple. 
Since the function 


where it is assumed that the “appropriate” normaliza- 
it given by Eq. (2.2), has been used. 


f u,,Ludr 


tion, namely thi 
Substituting for w’, we find 


vy | 
Cwdr< ¥ 


The elimination of the unknown u,; by the Schwarz 


inequality leads to 


f (Lu; ‘dr. 


an improved bound may be obtained by 


f u,,Ludr 


1 


However, 
writing 


v l 
> fi Ludr 
inl € 


> 


Zz f u.,AUdr 
i 


Hy, N+1 
He wi 


€N 


Aya. Hwiis 


‘8 This alternate proof was arrived at in the course of an attempt to obtain an expr I r tl er I the 
length. While the proof actually yields the result previously obtained [1 5.1 t ‘ the hope that 


C 
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where the summation in the last term (which actually 
an integration over continuum functions) is 
functions. Making 


we have 


includes 
over the complete set of energy eiger 


s set 


use of the closurs property ol 


so that 


If ev is unknown, 

obtained, for 

Theorem 1. 
An alternate prool 


lower bound may be employed, 


example, by the method described in 


‘ 
} 


5 of | 5.1) m tne 


Ly be based on 
inequality 


which is verified by substituting the energy eigenfunc- 
e trial function, y¥;; 
ergy value and £, is the 


Che inequality, Eq. (5.1), 


tion expansion for the normalizab 


c is an arbitrary nonpositive e1 
energy eigenvalue closest to « 
follows from the choice ¢ 

To obtain the gener zation of tl 
Eq. (2.9), 
construct 


more useful result, 
introdu 1onormal functions and 
and diagona the NXA of the 
operator H, as discu Theorem 1 The V elgen- 
values of the n be denoted by E;™, 
while the A tors of the matrix 
determine A tl 


we 


matrix 


matrix 
orth i renfunct latter 


sumed that 


IONS, 


1c 
will be denoted by the trial 


fun tions r re lft ntiy accurate 


trial function, 


We 


i\7 


introduce an addit 


now in 
UN4 , which is normalized and wl is orthogonal to 
each of the 2;(r), 1<i< NV. Witl t of V+1 ortho- 
normal yns, we construct ; V+1)x(V+1 
tor H he determinant of 


prod ict 


functi K 
matrix from the oper Since 
a matrix is equal to the its eigenvalues, 


we have 


scattering 
it might 


nevertheless be suggestive of a method for obtaining the lower bound 


’ D. H. Weinstein, Proc. Nat!. Acad. Sci. U. S. 20, 529 (1934) 
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In the above determinant all the elements not on the 
diagonal nor in the last row nor last column are equal 
to zero, and we have 


Hy, La = i was = f v;Hovy,,dr, 1<i< N + 1 


the E+, 1<i<N+1, are the N+1 ordered eigen- 
values of the matrix. Since we have introduced an 
additional trial function, it follows from Theorem 2 
that E\ At? CEM), 1<i<N, and therefore, from Eq 
(5.3), that E,%+ <0 for 1<i<N. On the other hand, 
since there are only N bound states, it follows from 
Theorem 1 that Eyw4)%*>0. 

Now the expansion of the determinant in Eq. (5.4 
leads to r 


N | Om N+1 


HH w4i)?+ 


r = 
Anyi So 


K Ena 


Since from the previous discussion E,%*+”/E)>0 for 
1<i<N and Ey,,°%*>0, we have the inequality 


y gy 
ys; vied 
iat By 


(Hyw41)?. 


It is clear from this last inequality that while ry,, must 
be normalizable, its specific normalization is irrelevant. 
We choose for ty,; a function which, as required, is 
orthogonal to the 2;, 1<i<N, ie., 


N 
twui=w—)D, (w,r,)t,. 


1=1 


The difference function w must be thought of as 
normalizable, but need nol be orthogonal to the 2, 
Equation (5.5) then becomes 


v 1 2 
f wHwdr >> (f ctu) dr, (5.7) 
int BAN 


using Hw= Hu,, or, equivalently, 


\ 1 2 
fi: Lwdr< > (f: eudr) 
i=1 € N 


i 


We now obtain from this the generalization that we 
want, namely, 


v 1 . 2 
ASA f meudr+¥ - (J sed ) ; 5.8) 
imi €f4 


We might note that Eq. (5.7) is of precisely the same 
form as Eq. (5.5), with ov4, replaced by w. This in- 
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variance can perhaps be better understood by recog- 
nizing that the earlier determinantal equation, Eq. 
(5.4), is invariant under the same transformation. Thus, 
the transformation from 1, - «+, tv, Iv41 LO 2), «++, Dw, W, 
where vy4,; is defined by Eq. (5.6), is given by the 
transformation matrix B, where 


1 





(w.m,) (we) - « - | 


The invariance of the determinantal equation, Eq. (5.4), 
under the substitution ry,, — w is then guaranteed by 
the fact that B is unimodular. 

Finally, we note that the result of Sec. III is easily 
extended to the case of many bound states. That is, 
the right-hand side of Eq. (5.8) may be identified with 
the Kohn-Hulthén expression for the scattering length, 
in which the trial function 

N 
urt+>- br, 
i-1 


is used, provided each of the 0), is determined vari- 
ationally ; the 6; must not appear in % or in the 9. 


VI. DISCUSSION 


The two principle results that have been derived, 
which enable one to calculate upper bounds on the 
scattering length for those problems in which a finite 
(and known) number of composite bound states exist, 
are expressed by the inequalities, Eqs. (5.1)’ and (5.8). 
The inequality of Eq. (5.8) will lead to more accurate 
estimates of the scattering length than may be obtained 
from Eq. (5.1)’. The latter result does have one ad- 
vantage in that one has removed the necessity of con- 
structing a set of trial bound state functions and 
performing the various integrals involving these func- 
tions. However, it may be quite difficult, in the more 
complicated problems, to construct a trial scattering 
function sufficiently accurate to obtain useful results 
from Eq. (5.1)’; the performance of the required 
integrals may also present formidable difficulties. Eq. 
(5.8) the that certain 
ordinary variational calculations provide bounds. 


has interesting consequence 
I, the results are derived 
in terms of the simple case of the zero orbital angular 


As was mentioned in Sec 


momentum scattering of a spinless, neutral particle by 
a center of force, but may be directly generalized to a 
far wider class of problems. The essential restriction 
which must be maintained is that only one exit channel 
(elastic scattering, including Pauli exchange) should be 
open. As an illustration we cite the extension of Eq. 
(5.8) for the problem of the scattering of a particle by 
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a compound system. The appropriate inequality be- 
comes 


nN 1 2 
A<A,- f V,*AV dr+>- (f ava) . ira 
i~1 €; 


We have denoted the trial scattering function and 
the trial function for the ith composite bound state 
by V, and %,, respectively, instead of u, and »; merely 
to indicate that they represent the functions with no 
factors of 1/r separated out. The operator A is defined 
as A= — (2u/h*)(H—E,), where H is the total Hamil- 
tonian, where EZ, is the ground state binding energy of 
the scattering system, and where yu is the reduced mass 
for the scattered particle and the compound scatterer. 
If, asymptotically, there exists a net repulsive Coulomb 
interaction between the scattered particle and the 
scattering system then the inequality which is applicable 
is identical in form with that given in Eq. (6.1) but A is 
now defined in terms of the “additional” phase shift, 
”, as? 
A =— (tann/kC*),~0, 


where C* is the Coulomb penetration factor. (The 
asymptotic form of the trial function, ¥,, is altered in 
this case but we shall omit further details here.) 

There is a lack of completeness in the results obtained 
here in the sense that no method has been given, valid 
for many body scattering problems, which provides a 


* |. Spruch and L. Rosenberg, Proceedings of the International 
Conference on Nuclear Forces and the Few-Nucleon Problem, 
London, July 1959 (to be published by Pergamon Press, London). 
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lower bound on the scattering length. Such a method is 
clearly very much to be desired and work is now in 
progress on this aspect of the problem. On the other 
hand, while a single bound on the scattering length 
allows one, in a particular calculation, to make no 
rigorous error estimate whatsoever, and may provide 
neither bound on the zero energy cross section,”! the 
knowledge that one has a minimum principle allows 
for successive improvements not only in the calculated 
scattering length but the trial wave function as well. 
Since an accurate estimate of the effective range, ro 
(but not the shape dependent parameter, P), may be 
obtained from an accurate zero energy trial function it 
can be said that the benefits obtained from doing the 
zero energy calculation based on a minimum principle 
may be utilized in the case of slightly higher energies 
as well. Numerical calculations for the problem of 
electron scattering by atomic hydrogen (for P and D, 
ering) are now being performed. 
It is hoped that with the aid of the present techniques 
the discrepancies regarding the total low energy e~H 
scattering cross section, which have recently been re- 
ported, may be resolved. 


as well as S-wave scat 


The bounds obtained in the present paper have also 
been utilized in an analysis of zero energy neutron- 


cal 


deuteron doublet scattering.” 


4 


% For L=0 and no Coulomb interaction the zero energy cross 
section is given by o(k=0)=4rA?*. If the upper bound obtained 
for A is positive, neither small values of A nor large negative 
values are excluded so that the bound on A does not lead to a 
bound on ¢(k=0) 


® L. Spruch and L. Rosenberg, Nuclear Phys. (to be published). 
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Theory of the Photodisintegration of the Deuteron* 
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By means of a covariant fieid-theoretic technique, a formally exact expression has been derived for the 
amplitude for photodisintegration of the deuteron. By expanding the result only in the number of mesons 
exchanged and by making a series of nonrelativistic approximations, the expression is reduced to one in 
which the corrections to the conventional dipole matrix element depend only on the amplitude for photo- 
meson production, the renormalized meson-nucleon coupling constant, and the appropriate two nucleon 
wave functions. One finds that virtual meson effects play little role at energies below 100 Mev, in justi- 
fication of recent calculations based on the conventional nonrelativistic theory. At higher energies good 
agreement with the total cross vection was obtained by the inclusion of both hard core and tensor force 
effects in the wave functions. In addition the folded angular distribution could be fitted by using a reasonable 
extrapolation of the phase shifts in the 'S, and 'D, states 


I. INTRODUCTION 


OTH the existing experimental information and 
previous theoretical considerations suggest that it 
is convenient to divide the analysis of the photodisin- 
tegration of the deuteron into parts corresponding to 
two energy regions. In one, the region below 100 Mev, 
the experimental results can be completely understood 
within the framework of conventional quantum me- 
chanics.' In the other region, however, above 100 Mev, 
there is clear evidence of the presence of virtual meson 
currents which become predominant with increasing 
photon energy. It is our purpose to justify the present 
method of explaining the lower energy phenomena and 
to exhibit a satisfactory theory for the higher energies. 
For the former consideration it is necessary to show 
that any virtual mesonic contributions are negligible 
in this region. Moreover, we show that such contribu- 
tions to the charge operator, responsible for electric 
multiple disintegration, constitute a relativistic cor- 
rection to the standard operator which vanishes iden- 
tically in the limit of zero photon energy. This last 
condition is common!y known as Siegert’s theorem.” 
To date, the only relatively complete and moderately 
successful account of the latter higher energy range has 
been given by Zachariasen.*? However, his theory was 
limited by the fact that the treatment was a nonco- 
variant one, and thus one may question whether the 
renormalization effects, which must be included, were 
correctly incorporated. In addition since this calculation 
was performed, advances which have been made in our 
theoretical understanding of the pion-nucleon inter- 
action permit the inclusion of such effects in treating 


* Supported in part by the U. S. Atomic Energy Commission 

+ Now at Florida State University, Tallahassee, Florida. 

! See for example: J. Iwadare, S. Osuki, M. Sano, S. Taketani, 
and M. Watasi, Progr. Theoret. Phys. (Kyoto) 16, 455, 472, 604 
585 (1956); S. Hsieh, Progr. Theoret. Phys. (Kyoto) 18, 637 
(1957); J. J. DeSwart and R. E. Marshak, Phys. Rev. 111, 272 
(1958); A. F. Nicholson and G. E. Brown, Bull. Am. Phys. So 
3, 172 (1958); S. H. Hsieh, Progr. Theoret. Phys. (Kyoto) 21, 585 
(1959). 

2A. J. F. Siegert, Phys. Rev. 49, 904 (1936). 

*F. Zachariasen, Phys. Rev. 101, 371 (1956). 


two nucleon problems in a more complete and system- 
atic way. 

We have therefore considered it worthwhile to renew 
the attack on this problem by means of a completely 
covariant formalism, designed not only to include the 
possibility of renormalization in a straightforward 
manner, but also to provide a means of approximation 
in which the appropriate physical effects are confined 
to the lowest orders. 

In our final results all references to the abstract 
operators and state vectors of the theory will be 
eliminated in favor of wavefunction like amplitudes and 
operators in configuration space. In this form the 
details of the two nucleon system will be incorporated 
only in the appropriate wavefunctions; whereas it is 
the operators which will contain reference to the 
familiar meson-photon-single nucleon interactions. The 
detailed analysis of the matrix element will indicate 
first that there is a strong need for a hard core in the 
two nucleon potential, and second, to the extent that 
one admits the hard core ab initio, we arrive at a semi- 
empirical justification for our method of extrapolating 
pion-nucleon interaction operators off the energy shell, 
the method employed being that which is exact in the 
fixed source limit.‘ 

To proceed we exhibit a formally exact expression for 
the S matrix for photodisintegration.* However, owing 
to our ignorance of the correct relativistic dynamics for 
strong interactions it will be necessary (in order to 
carry throug han explicit evaluation) to resort to a 
phenomenological procedure, which relates this ex- 
pression to parameters available from more funda- 
mental phenomena (such as meson-nucleon scattering, 
photomeson production, and nucleon-nucleon interac- 
tions). Our object, ultimately, is to obtain a version 
of the theory in which such information can be incor- 


porated. To effect this conveniently will require certain 


* This is the method derived by C. F. Chew and F. E. Low, 
Phys. Rev. 101, 1570, 1579 (1956) 

* We use a formalism due to one of the authors A. Klein (A.K.) 
and C. Zemach, Phys. Rev. 108, 126 (1958) 
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We neglect the meson-meson inter- 
action; we assume that nucleons interact only via 
p-wave mesons; and we invoke the adiabatic limit. 

The first assumption suggests a description of two 
nucleon interactions in terms of the numbers of mesons 
exchanged, since it allows a natural separation of the 
nucleon self field quanta from the exchange quanta. 
Consequently, we can develop a perturbation treatment 
in which successive orders represent larger numbers of 
mesons exchanged. In this work we limit ourselves to 
expression arising from the exchange of a single meson 
at most. 

The above considerations will eventually lead to a 
representation of the S matrix of the form 


S=Set+Si, (1) 


approximations : 


where So will be the matrix element of the standard 
theory, and S, will arise from the one meson exchange 
effect. The latter will be characterized by f?, the renor- 
malized p-wave meson nucleon coupling constant and 
by the amplitude for photo-meson production off the 
energy shell. 

In Sec. Il we develop the formal solution for the 
S matrix. In order to arrive at the final working form 
of this matrix element, which will finally be derived and 
exhibited in Sec. IV, it is first necessary to relate the 
relativistic amplitudes (RA) which describe the re- 
spective two nucleon systems defined in Sec. II to the 
appropriate Schrédinger wavefunctions. To accomplish 
this we must here also develop a perturbation treatment 
in which the RA consists of a sum of terms, each 
characterized by the numbers of mesons exchanged. 
The effects of such a treatment are to remove, in the 
final results, all diagrams which (from a temporal 
point of view) contain no virtual mesons in intermediate 
states excepting, of course, the lowest order, standard 
matrix element 

Finally in Sec. V we report the results of the numerical 
analysis and describe and estimate the effects of the 
various approximations made throughout the analysis. 


Il. FORMAL EXPRESSION FOR THE S-MATRIX 


In this section we exhibit the formal solution for the 
S matrix for the photodisintegration of a deuteron 
(4-momentum P”’) by an impinging photon (4-momen- 
tum & and polarization A) resulting in two nucleons 
(4-momentum /; and ps2), which is defined by 
as= (Pipe P’R(X) >), (2) 
Che superscripts distinguish in the usual manner the 
ingoing wave-state (—) from the outgoing wave-state 
(+), each being a member of a complete set of states. 
We have suppressed the polarization degrees of freedom 
necessary to specify the particle aspects of the initial 
and final states 
The starting point for developing a useful expression 
for the definition (2) is a formalism for bound state 
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problems proposed by Klein and Zemach,° in which all 
quantities of interest are developed with the aid of the 
renormalized many body Green’s functions.*’ For our 
case it will be sufficient 
Green’s function*® 


G (12) =G(xy02,01' 2% 
= #(0| TW (x1) (x2) 9 (x2') 9 (x1’)) [0 (3) 


to consider the two-nucleon 


and the two nucleon single photon Green’s function, 
G)(12; &)=Gy (x43 ,X1'xX0'; £) 
PO; TY (x 


j } ‘VT 


¥ (x2) (x2) ¥(a1')An(€))/9), (4) 


where T is the chronological ordering symbol of Wick® 
and y(x)[A(é)] are the renormalized Heisenberg 
operator for the nucleon [photon ] field with 


¥ r)=y(x)'4 (5) 


The two-nucleon Green’s function satisfies a differen- 
tio-integral equation of the symbolic form” 


(G; G I 12 G 12) 1(2), 


G(12)—'G(12) = 1(2), 


where G; is the free nucleon Green’s function, 7(12) 
is the interaction for two nucleons, and 1(2) is the 
antisymmetric 6 function, i.e 


| ; , . 
(XX | 1 X; Xe OU xX, 


i 


‘5(xe—x,’). (8) 


We exhibit a rel and (4) by 
introducing an auxiliary external field characterized by 
a source function /,(£) coupled linearly to the photon 
field. This coupling is described by an addition to the 


Lagrange density of the form 


itionship between (3 


; 


£3 me (9) 
By means of the quantit 


0 
(10) 


where the vacuum states 0 ’ 2) are defined 


if we assume /,(x) to vanisl 


remote past and 


* We shall be dealing throughout with a theory which can be 
renormalized via a unitary | 
that such a transformation has been applie 

7R. P. Feynman, Phys. Rev. 80, 440 (1950); J. Schwinger, 
Proc. Natl. Acad. Sci. U. S. 37, 452, 455 (1951) and unpublished 
lectures; I Freese, Nuovo cimento 11 312 1954 : R. T. 
Matthews and A. Salam, Proc. Roy. Soc. (London) 221, 128 
(1953); F. Coester, Phys. Rev. 95, 1318 (1954); H. Umezawa and 
A. Visconti, Nuovo cimento 1, 1079 (1955); Y. Nambu, Phys 
Rev. 100, 294 (1955); 101, 459 (1956); J. M. Yauch, Helv. Phys. 
Acta. 29, 287 (1956 

® We use the ; = yo = 
=Y:x + 4, dx=d‘x, ix=d*x, A= =1 - . . v} = — 2 ys. 

*G. C. Wick, Phys. Rev. 80, 268 (1950 

Equation (6) has beer in unpublished lectures by 
J. Schwinger. See also J. Schwinger and Umezawa and Visconti, 
reference 7 


ation. Hence, we assume 


scale transiort 
" 
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future, we obtain by a consideration of the variation of 
(OLJ }) with respect to J,(£), the formula” 
(0| T(Q(E)A,(€))|0 

= ((A,(&))—16/8L/,(€) JMOL) 
Applied to the two nucleon propagator, Eq. (11) yields 


Gy(12; €) = ((Ay(£))— 18/8 n(€) JG (12) | yo. 


J =t- (11) 

(12) 

Recalling that 

Dy E,€') =1(0 T(A,(&)A,(€))|0) 
=[8(A,(€))/8J-(€’) }| =o. 


Equation (12) yields, since A,(£)| 7~0 vanishes, 


(13) 


G)(12; )= ~i f Dig [9G12) 5(A)(£’)) ]! pod’, (14) 


where we have chosen the diagonai form of the photon 
propagator, D,,=46,,D. 

To utilize the constructs so far introduced for the 
evaluation of (2) we introduce the related Relativistic 
Amplitudes (hereafter referred to as RA) 


X pipe (x12) = (pip2 | T (0 (x2)P(x1))|0). 


(15) 
and 
Xp) ny ** (%1%2; &) Xp P (x42) Azay(é) 
= (0 TWW(x)W(%2)Ar(E)) PPRAY™), (16 
which will serve as relativistic descriptions of the n—p 
scattering system and deuteron, respectively. 
By means of the limiting procedure of Gell-Mann and 
Low" one can demonstrate that the relativistic am- 
plitudes satisfy the symbolic homogeneous equations 


X pips (12)G(12) i=() (17) 
and 

G(12)'X p-P (12) =0 (18 
or when converted to the integral form they obey 


Xpipo' (12) =Xpipe “ (12) +Xpip.“ (12)7(12)G,Ge, (19) 
and 

X p-? (12) =GyGel (12)X p-? (12). (20) 
In Eq. (19) Xpip2?(12) is the solution of the free equa- 


tion given by 


Xpip2 (12)Gr "G2 i=/(), (21) 


and has been added to satisfy the boundary conditions. 
Finally it will be necessary to understand what is 
meant by the T symbol in the limiting instance of equal 
times, namely 
lim TW (x1) (42)) = 3 (a) (22) — 0 (2) (01) 
Xi9—X26—¢ 
LY (x1)W (2) J. 


11M. Gell-Mann and F. E. Low, Phys. Rev. 84, 350 (1951) 
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For the case {+ + © we define the special limits 


(v(x h(x) J 


lim 


tom (—a 


[W(x yp | ry) puttin), (23) 
The tools developed will now be used to construct 
the S matrix. This is done by noting that from a 
knowledge of the Green’s function, G,(12; &), the S 
matrix can be identified as follows: We note first that 
lim G,(12; &)=#(0! [W(2)W (a2) Pe" 
ie 
) . . ; 
[are (21') An (€) J" | 0). (24) 
Introducing the appropriate complete set of states and 
utilizing Eq. (2) results in 
lim G,(12;¢é 


" > as! 0 [y { x1 )W (x2) }"* la) 


f+—« 


K Sag(B | CC ae’ h(a") An(€)]*|%. (25) 


Inserting for G,(12; &) the results of Eq. (14) and the 


identity 
6G(12)" 
G' 12)( )eaa), (26) 
5(A,(£)) 


5G 12) 
5(A)(£) 


we obtain on the other hand for the same limit as in (24) 


if XD Ol L(x Ware) "a ) Ke 


au 


(x4/'x9"") 
8G (2: x2" 01'" x") 
x ) Xp, + »(a0y!""x4!"t") 
b(A,(E | A am{) 


« (B+? | [yh (ae’ (91) An (E) | Oday” + + «dng! dt’ 


? > (O\ (W(x) (22) P"* 1a) 
a8 


K Sag(8B [ba Sh ( 41’) Ay (€) }* 10). 


) 


{ v;'x't \dx; PP? -dxq'dé, 


(27) 


From Eq. (27), we conclude that” 


oe BG (x 4% 2,%1' x2" 
e 5(A)(£) 


K Xm . 


A=0 
or for our case 


Sas . fa Xpip2 
ye 


The expression for the S matrix given by (29) can also 


(y2)(6G(12)-*/8(Ay(€)))| ano 
Pp P(x4'x0')A, » (E) dx’: : -dxy'dé. (29) 


“ For further justification, see A. Klein and C. Zemach, refer- 
ence 5. Also note Gell-Mann and Low, reference 11. 





196 ny ws 


be written in the form 


Sas -f >a Xprp2 (x pae) (x pre! fx (E) | 1'x2") 


XXp Di t;' Xe’). 1, ay(§),dxy- , -dxe'dé, 
where 
- . , , 
5G (X1%2,%1 Xo )| 
(xyX2) jx (E) | x1 (31) 
6(A,( £)) ‘ 


This form should not be unexpected since the varia- 
tional derivative of the Hamiltonian with respect to 
the photon field (—6H/5(A,£))| 4-0) is the current 
density operator in the noncovariant formalism and as 
seen from Eqs. (17) and (18), the inverse 2-nucleon 
Green’s function, in the covariant theory plays the role 
analogous to the Hamiltonian. 

Recalling the expression for the inverse Green’s 
function given by (6) and (7), we write 


Sap = S482 


2 ‘ t* ’ 


where 
(12) 
i I’) 


(E)G2 £)G,| 12’) 


xx?(1'2") Ano 


ef Eston 


XX) ° 12’) 1, x) (E)dxy+ + dx,’ 


(E)dx,---dx,'dé, 


In Eq. (33) the electromagnetic vertex operator for the 
ith particle, T° (£) is defined by the equation 

Ty { 6G,-'/6.(Ay(£)) ° (35 
The division of S,3 into S“ and S®, not to be confused 
with the one described in the beginning of this section 
[see Eq. (1) ], is a natural one from a covariant point 
of view, since it appears to be a clean separation into 
one and two body effects. From a practical point of 
view this is an illusion, for in order to evaluate Eq. (32) 
it will be necessary to carry out a noncovariant ex- 
pansion of the RA. It will then be seen that S° 
contains in addition to the standard interaction some 
mesonic contributions; of course S® will consist ex- 
clusively of meson interaction terms. 

The expansion of the RA alluded to above is designed 
to relate it to the analogous Schrédinger two nucleon 
wave function. To effect this we use an iteration pro- 
cedure™ in which the RA depending on unequal times 
is related to an equal time amplitude, recognized to be 


8 This result has been derived 


y both E. Saltpeter, Phys. Rev. 
87, 328 (1952) and A. Klein, Phys 


Rev. 90, 1101 (1953). 
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essentially the appropriate Schrédinger wave function. 
This technique leads to a natural division into two 
contributions, one the lowest order amplitude (de- 
pending on no meson coordinates), and the other, the 
one meson exchange effects. The details of this pro- 
cedure will be III. It is after it has 
been carried out that one has the dec omposition referred 


to in Eq. (1). 


exhibited in Se 


III. REDUCTION OF THE RELATIVISTIC 
AMPLITUDE 


To reduce the RA e will be guided by the fact that 


W 
we wish to separate the amplitude into two terms 
X= Xo-+X (36) 


ind X,; contains one 
meson ext hange corrections. We will 


where X» is the lowest order forms 
concern ourselves 
only with the continuum amplitude, Xpip2 (x42) 
amplitude, Xp-?(x:x2), the 
reduction will proceed in an analogous manner. We find 


it desirable to separate the former into its dependence 


since for the deuteron 


on the total and relative coordinates 


whi h y ields 
xX 


wherein we have chosen the standard normalization of 
one particle in a box of volume (27)*. It is our purpose 
to relate X,“~ (x), depending an unequal time amplitude 
%,°’(x), which in momentum space is equivalent to 
relating X,“~ (4g D q) where, 


Since by « 


(40) 


ifs 


we shall requir ondition for the determination of 
that 
Xi» q la 


0 (41) 


Che reduction of the relativistic amplitude is accom- 


plished from a consideration of the integral equation 


(19) which in momentum space reads 
g 6' P VU 


* 


fx 


At this point we break away from the 
of the theory by tak 


6(P—Q). (42 


covariant form 
ng only positive energy projections 
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of the RA, denoted by the relation 
X44 9° (g)t=X, (g) tA, ™ (gi) Ay (ga), 


where A,“ (q;) is the Casimir positive energy projection 
operator for the first particle as defined by 


(a -qit+Bm+Ea:)/2Ea, (44) 


(43) 


A,“ (q:) 
with 


1= (qr°'+m’)!. 45) 


In lowest order the (+—) and (—+) projection give 
a vanishing contribution whereas (— —) contains cor- 
rections negligible for our purposes."* These approxi- 
mations are all consistent with retaining only the p-wave 
pion-nucleon interaction. In the considerations which 
follow we suppress the dependence on the projection 
operator. 

Owing to the assumption that we keep only the one 
meson exchange term, the matrix element of the inter- 
action, J, is given by"® 


(qige|T| qx'qa’)= —(i/ (20) 5 (q1, g—9’) 


Vs” (q2, ¢’—g)8*(O—0"), (46) 


with the meson-nucleon 
defined by the equation 


(p| [6G-*/8(4(g)) || oo! p’) = F's(p,9)5"(p— p’—¢ 


where ¢(g) is the renormalized meson field operator. 
The matrix element given by (46) is represented by the 
Feynman diagram in Fig. 1. 

In evaluating (46) and (47), we shall make what is 
essentially a low-energy approximation, introducing 
forms for the Green’s functions of the theory that have 
been utilized in the proof of the so-called low-energy 
theorems."* These forms depend on parameters all of 
which can be taken from experiment, such as nucleon 
charge, magnetic moment, mass, etc. We thus write'’ 


vertex functions, I5(2,p), 


(47) 


G~'(p,[@),[A )}) 
y p—cA)}(1 TT 
—(u, 1 + 7 


—(f/ulyevpt $+ (ef/u)ysvAhlrs, 


+m 


\ + un’ }( 1—73) doy l yu» 


'(g,[A }) = (q—€ATs)?+2". 


4 See A. Klein, reference 13. 

6 See J. Schwinger, reference 7. 

6 See A. Klein, Phys. Rev. 99, 998 (1955). 

'’ This form is a reasonable approximation for threshold reac 
tions. However for the higher energies one must make a more 
sophisticated approximation to arrive at the proper form of 
51 /6,(A)| ao: We must include the scattering corrections insofar 
as it is these terms which are primarily responsible for the reso- 
nance which occurs in both photomeson production and photodis- 
integration. The occurrence of the analogous terms in the expan- 
sion of the RA is expected to be of much less importance since 
here it can be shown that they do not retain their resonant be- 
havior. For further details note: A. Klein and B. C. McCormick, 
Phys. Rev. 104, 1747 (1950), and H. Miyazawa, Phys. Rev. 104, 
1741 (1956). 
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Fic. 1. Feynman diagram for the 
two nucleon interactions consid- 
ered. 


In Eq. (48) F,, is the electromagnetic field tensor, 


u»'(un’) is the proton (neutron) anomalous moment, 
and in (49), 7; is the matrix 


Ts (50) 


defined by the equation 

<7 ¢2 

From the approximate forms 
Ps” (p,q) 

A(q)= 


AT r.™, <¢ |. (51) 
(48) and (49) we obtain 
(f uw) (yey) ge, (52) 
(+e), (53) 
and 
Gi(q) = (yq+m)—. (54) 
ee: 


(qige I q'9 [i (29)*\(ysv)@ (q—q') (vsy) 


X (q—q')2 2 A(g—q/)8(O—-Q’). (55) 
To initiate the iteration procedure we assume first 

that the interaction is static, i.e., 

= ts a; 0)8(0O—0’) 

- $(4,"; 080-0’). 


(9192 I qi’ qx 
(56) 
Realizing that'® 
A. : (q:)Gi(qi)y ' 


=—A,(q;)(4Oc—Ear—qotie), (57) 


we obtain after integrating over go and go’ in Eq. (42) 


¥p (q)'= ¢p(q)' t fe 


X (—2wi)(Po- 


(q’)9(q',q; P) 


Ea ~— Eay dq. (58) 
wherein we have 


qai=}0+q=)P+q, q.=}QO—q=4P—q. 


To proceed it is first necessary to note that X, (q)' 
can be written in the readily verified form 


(59) 


X »® (q) =i(2x) 41(F,(q)+52(q))e,™(q), (0) 


where 
$1(g)= (4Po— Eait+ qo)", 


61 
F2(q)= (4P.—E 2— qo). (61) 


In the Feynmann definition we add a small negative imagi- 
nary part of the mass 
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Inserting (58) and (60) into (42) and again demanding 
that the interaction be static, we find that 


Xp (q) = i(2e)-(F1(g)+52(q))Sp~(q). (62) 


To continue the iteration procedure we insert (62) 
back into (42), which yields 


(q) Ky q rife, 


xl 9,9 3 P)yo ; 


q')(F:(q') +F2(q’)) 


$1 (q)Fo(g)(2w)~idq’. (63) 


The right-hand side of Eq. (63) is readily separated into 
the sum Xo,“~(¢)+X1,“~ (q). However, before doing so 
we make one further assumption, namely, that we can 
neglect the fourth component of the meson nucleon 
vertex since it is a recoil correction to the spatial part 
of the vertex operator.” Consequently, inserting the 
resulting interaction, (63) takes the form 


Xp q) X : gd 


P | 


x fe (q’)(Fi(q')+52(q’)) 


Xe"! 


+ (2a) 4h f?2/? 


‘(q~—q')o- (q~q’) 


K-22 ((q—q'P +e?) 


XK F1(g)F2(q)yo yo dg’. (64) 


Integrating the r.h.s. of (64) over go’ we then obtain 


x, 0 (g) ar) 7/2( f2/p2) 


‘eg? -(q—-q’) 


X Fi(g)Fo(q)vo : - 2 dq’, (65) 
where 

w= ((q—q’)?+y?)'. (66) 
Finally, by some straightforward algebraic manipula- 


tion, (65) can be cast into the desired form 


Pp a 
+1(2r)-7?( f* 

x {(Po— Ea: 

x (APo— Eq 

+ (Po— Ew— Ea 


x 2P Ea: 


Fe q)) (2x) } 


oe 


(67) 


Essentially this involves w/m which is a Uy/e correction. 
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The integral equation which ¢, 
easily determined from Eq. (65 


(q) satisfies can be 
and is seen to be 


Op \q 


u*) (2x) dq’. (68) 
need 
only replace P by P’ and interchange the order of all 
operators. To complete the description of the reduction 
of the RA all that is necessary is to determine the 
appropriate normalization of the single time amplitude. 
The need for such a consideration may be understood 
as follows: It has long been known that the single time 
amplitude which we have obtained is roughly equivalent 
to the two nucleon no meson amplitude of a Fock space 
expansion of the state vector. We must therefore antici- 
pate that the norm associated with this amplitude be 
less than unity. We determin 


To obtain the analogous results for x?(g) we 


the appropriate nor- 
the framework of our method from a 
consideration of the element of the 
“number” operator” 


J xo(12) 12\T 


+67 /5(Vo(E)) | 5 ib 2 dx,:+-dxe, 


malization within 


matrix nucleon 


(69) 
where V,(£) is an external vector field which is coupled 
to the nucleon “particular current,” :¥(x)y,(x) :.™ 
Examining the normalization of 
plitude, it can be shown that to 
mation™ 


single nucleon am- 
sufficient approxi- 


(70) 


whereas from a consideration of the linear coupling, 
V .(é) W(E)yv(~):, we realize that the meson prop- 
agator depends on (V,(£)) in a manner completely 
analogous to its dependence on 1.(é except that T; 
is replaced by the unit matrix. Consequently, for a 
single meson exc! 


(49), we have 


inge, recalling the approximate form, 


(qig2 | 51 /5( V o(« 
2i(2x)-*( f?7/ Je 
(q—a’—4x)(¢ 

-22§(O—O’—«), (71) 

x > use a metho 

2 The doa ao lrrounding the operator 


“normal” order 


2 See A. Klein ar 


Zemach, reference 5. 


» A. Klein and ( 
nd indicates the 
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the variational derivative of the vertex” giving a small 
additional relativistic correction which we shall ignore 
(and wherein we have again limited ourselves to the 
spatial part of the vertex operator). Incorporating the 
results of (69)—(71) we find that for the deuteron state 


2(27)-* volume 


(N,+Ne2)(2r)* volume 
+2(24)-*(2x)-* volume f x(q) ).g@ 


Xe). (q—q’)o® -(q—q’)(Go— qu’) 


X[A(q—q') Px? (q')dgdgq’, 
where 


(73) 


N= =i f x(QG*Cq)r0 x (dg 


Owing to the fact that the integrand on the r.h.s. of 
(72) is odd in the variable (go--go’) the corresponding 
integral vanishes, and we find that 


Nit N2=2. 


In the present approximation in which 


(74) 


X=XotX, (75) 


as given by (67) converted to the deuteron state, we 
are led to the result 


1= fear \dq+ (2x)-*( f?/u?) 


x fi 2w(q q’)/ bP ( q’)"{ (Po'— Ea Eq’ 
— Wiq—q’)) 14+ (P; — Eqo— Eq’ —we 4 "7 
Xa". (q-q')o® . (q—q’) 
> a ee ae ¢(q')\dqdq’. 76 
Finally taking the adiabtic limit, i.e., setting 
Po’ — Eq— Eq’ —w= —w, (77) 
which means essentially that we neglect the relative 
kinetic energies q’/m, (q‘)?/m compared with yu, the 
meson mass, we arrive at the expression 


1 = fear q)dq + (29)—*( f?/p?) 


x f orca" wi) *o-(q—q/)o® - (q—q’) 


X 2). ¢) oP(q’)\dqdq’. (78) 


% This involves the matrix element of ys and contributes a 
relativistic correction to the surviving meson term. 
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If we take the adiabatic limit of the integral equation 
which g?(q) satisfies, as determined from (68) and use 
the result in the second term on the r.h.s. of Eq. (78), 
we obtain a crude estimate for the latter, 


xf Parte q)d'q 


+ (@) fo q) (Po — Eu— Ea) ¢?(q)dq, (79) 


where @ is an average value of w¢_,’). Consequently 
we see that indeed the normalization correction (q?/ma) 
is of the order of u/m as the relative kinetic energy, 
q’/m, is about 20 Mev and @ is approximately y= 140 
Mev. It should be remarked that had we retained the 
temporal part of the vertex operator it would have con- 
tributed a normalization correction of order (u/m)*. A 
detailed calculation of the second term on the r.h.s. of 
(79), shows it to be even smaller than the order of mag- 
nitude value we have attained.™ We shall not take this 
correction into account in our numerical results, since 
it involves effects of an order of magnitude that will be 
neglected throughout our work. 

Performing the calculation for the continuum state 
we achieve the result analogous to Eq. (79), 


(2r)~* volume 
fe. (q)' ep (q)dq+ (a) 


xfer 


where, in this case the adiabatic limit states that the 
difference in the kinetic energies of the free and inter- 
acting states, (p’/m—q’/m) is negligible compared to 
the meson mass. Examining (80) we see that the Lh.s. 
and the first term on the r.h.s. go as the volume of the 
system whereas the second term on the r.h.s. is inde- 
pendent of the volume and consequently negligible. 
This is to be expected since the continuum state is 
non-normalizable. However, the second term on the 
r.h.s. arises from the one meson bound state which 
exists only when the two nucleons are no greater than a 
pion compton wavelength apart and consequently 
should be finite and independent of the size of the 
system. 


q)'( Po—- Eqn Eqn) ¢,~(q)dq, (80) 


IV. WORKING FORM OF THE MATRIX ELEMENT; 
PROOF OF STEGERT’S THEOREM 


We are now in a position to exhibit the explicit form 
of the S matrix. Previously, we have shown that 


Sap=S+LS®, (32) 


* J. Bernstein and A. Klein, Phys. Rev. 99, 966 (1955). 
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(e?/4arko)'X, re 


MK (442 


(x)é 
G"? 


T© t -(; l 


xP xv’ eth’ R’ ¢ eikE (Qe) ‘dx, 


(e/4dark fx, re" iP 


XK (xyxe| 67/8, 


and 


A,(€) 


Kel?’ Re et ( Qe) *daxy---dxe'dt. (34) 
In re-exhibiting Eqs. (33)—(34) we have changed to the 
total and relative coordinate dependence of the RA as 
defined by Eqs. (37) and (38). Also we have assumed 
the usual normalization for the photon wave function. 
1 ec) (E) = (2m) 9 (2ho)4e,e**. (81) 
lo perform the evaluation of (32) we make a trans- 
formation from the photon coordinate, to £—R, the 
coordinate relative to the center of momentum. The 
value of this transformation is obvious since it is only 
meaningful to make a multipole expansion in the rela- 
tive photon coordinate. 

To rewrite (32) we proceed as follows: taking the 
fourier components of the matrix elements in (33) and 
(34) we obtain 


r fork if. a RX, \g 


iN Ge +). , (x)G, ; q1g2') 


x 4 iq , I s. 
4 »” ‘)R’ ; 
x xP q R'¢ ky edgy: _ -dqr 


< dRdR'dxdé(2r) 


A ==() qi'q2' x? (q’) 
ke. (2e)-"dqi:-- 


x dgo'd RdR'dxdé, 


(27) fx vjedx, 


and (for other than the wave-functions) 


k) fi te dé, 


define the fourier transforms. Noting that 


where 


(g2| Ga | go’) =G2" (¢2)8*(G2— G2’), 
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and 


and defining 


(q1q2|61/8.(A 


X «dqdudy (2x 


(90) 
where 
for). (91) 


a € 


Recalling the definition of the 
we now have 


S matrix as given by (30) 


with 
ju(n) 


sx) }dq 


Following a method due to Foldy,”* we can separate 
the S-matrix element into its contributions from electric 
and magnetic multipole radiation, 


Sas=([Sas(E)+Sas(M) |6*(P—P’—k), (94) 


where 


Saall 1 


a} 


Lor)? 
and 


LS nie 
» 


}. 
Sas! M) i(4ork ; Zz 


Sef; 


96) 
with 
kns=k-ns—kon (97) 
We now need only determine the current density, 
defined by the equation 


V2.2 
g jdgaq , 
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since we have already determined an approximate 
representation of the RA. For the electromagneti 
vertex operator, first note that to our approximation 
ly "(qg1,K) 

7," 4(1i+r; D)+i@¢ DX «)/2ef hu,’ (1 +73 aD) 


+4yn'(1—r3)], (99) 


in consequence of Eqs. (87) and (48). We also require 
the form of I,(g,q'; «) defined by Eq. (88). According 
to (46), we can write 
(qig2 | 61/6. (Ay(K))| amo gi q2’) 

= —i(2mr) *(q192 (6 5,(A,(«))) 


x fre a)aAN)-Fs(—¥) 


« ddd’ 4 = qi'q2')- (100) 


Carrying through the functional! differentiation, we 
obtain, as described in more detail below, the form 
1, (9,q' ; «) 
= —i(2e)-*(f?/w){C (ver) ™ (ver) 
x (q—9q'— 3x) A(g—q' — 3%) + (y5%4)® (yey) 
X (q—q’ +4x)A(q—q+4x) (Tse) 
—[2(q—q') (ver) (q—q +4) (ver) ® 
x (g—q’'— 3x) A(g—q' + 4x) A(g—q'— 4x) ] 
X (2, Tee) + (u6/ NLL (ver) 
x (g—q' +4«)7 5 PA(g—q'+4x) 
XV, (q—q' +4, 7; D+(1 4 2; qe 9’) }); (101) 


where V,‘°(p,j;«), the p-wave meson part of the 
“photon-nucleon-meson” vertex operator, is defined by 
the relation 


(p);| ' 


&G 
‘|. : ) 
5A, (x) )6(6)(P))| smpmol 


PFN hie ne VRE oi KD 17 
C—(f/1) (vere) 308,75 ] 


+ V, (p,7; x) 6*(g+p—q’—«) (102 
The first term here follows from the approximate form 
of G-' given by Eq. (48) and is recognized to be the 
Kroll-Ruderman, s-wave contribution,”* whereas the 
second term, which is responsible for the resonance in 
photomeson production is represented by the Feynman 
diagrams in Fig. 2. Thus the matrix element (102) 
describes photomeson production (off the energy shell) 
exclusive of two contributions, namely that of the 


* N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954) 
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2. Feynman diagrams obtained from 8//8,{A,)| a-o. Dashed 
lines represent mesons and wavy lines represent photons. 


nucleon current transitions proceeding via one nucleon 
intermediate states and that of the meson current. The 
analog of the latter accounts for the second term of 
(101). It is characteristic that the dominant effects of 
the former (the “Born Approximation”) do not occur 
explicitly in the current density, since they are in fact 
absorbed into the definition of the nuclear wave 
function. The terms depending on the operator 
V,'°(¢,7; x) will be seen to be decisive for understand- 
ing the high-energy photodisintegration. 
In determining the current operator, j,(9), as defined 
by (93) we consider the RA, in the approximate form 
X==Xo+X, (103) 
defined by Eq. (67). Utilizing Eq. (103) we realize that 
Ju (KAIF (uw) +5, (a), (104) 


where the quantities in (104) are defined by the fol- 
lowing equations: 


Julx) = 


jx) =e f KOGA 9-0) 
XI, (bpt+g, «)Xo?(g— 4x) +Gr"(4p+q) 


xT, (4p—q, «)Xo?(q+4x)dg, (105) 


§o°?(a)= —ef (Ry (g)LGi"(hp+9) 
XT, ($p—q, «)%1?(q+-4x) 
+Gr(1p—9T (Ap+g, #)X%19(Q—40)] 
+X, (g)[Gr"(4p+g)l,” (4p—g, «) 
X Xo? (gt+hx)+Gr"(hp—q) 


xT, (Ap+q, «)X:?(q—4x)]}dg, (106) 


ju™ (x)= ~¢ f Xonlain(aa's x)Xq?(q')dqdq’. (107) 
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It will be seen presently that j7,@(«) is the standard (88), and (99), we obtain for (105) and (106). 


contribution to the current, whereas 7,%°(«) is that 


part of the current ontaining the residual aspects of the ;, @)(,) ief op (q)'TR, 
Born approximation to photomeson production. 

We now turn to the evaluation of Eqs. (105)-(107). +R, xo Ly) ] (108) 
Inserting the pertinent definitions, namely Eqs. (67), and 


q')dqdq’, (109) 
wherein 
[i(o K «%)/2em \(y,$ (14 
C(q—q’+}x)?+n"}}, 
with y,(y,) the gyromagnetic ratio of the proton (neutron) and 
P=0, Po=Ep;t+Epe=2Ep, (112) 
the center-of-momentum coordinates for the continuum state. Equation (108) is now recognized to be the standard 
current operator. Consequently, in the adiabatic limit, namely, for 
Po—E,—Ey—w=}kho—w, Po’ —Ey—Ey—: bko—w, (113) 
we obtain for the complete one meson contribution to the current, the addition to the standard result (108), 


, 


-4x)oe-(q—q'’—}x) 


- (q—q'—}x)o- (q—q'—}x) 
2 1,2 
2— bh?) 


Ye®-(q—q'—}x) 


tb? 


wherein once again we have dropped the temporal part of the meson-nucleon vertex function. Also we note that 
the fourth component of the meson current, the second term of Eq. (115) is identically zero in the adiabatic limit. 

The currents (108), (114), and (115) are now to be inserted into the appropriate 
the S matrix given by Eqs. (95) and (96). The standard contributions require no a onal discussion at present 
and will be found recorded below in Eqs. (128) and (129). We then turn to a consideration of the additional electric 


effects to show that they conform with Siegert’s theorem.’ From (114) and (115) as inserted in (95) we find that 


ectric and magnetic parts of 
lie 
| 


] 
i 
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iak,’ f? ' a)-(q—q'—tks)o sks) 
S,29(E)=— f dse-vas fe! ca — Deg® B(1+7,)), 
0 


(2x)? Vg 2w (w_?— 4h,?) 


De q’)dqdq’, (116) 


take f? ¢' io) -(q—q'+ ks) io -(q—q'—}ks) 
5S, (E) = ——— - f ds Vue f oo" @*|{" ——————(ysye)®)- (ver | 
0 


(2r)* yw? w,2— tke? w?—Ak? 


{ 


De®. (q th fen rj" a) -(q—q'+ ks) 


WwW 2122 w4?— 4k? 


u T 
x G0.ree) 44] 140 (Q— q’—4ks, }ho, 7; ks, ko)— 


x Vo (q— q t hks, bo, J; ks, | |e?a)dada’ (117) 


wherein « has been replaced by ks and { , } indicates that the anticommutator be taken. 

Examining the first term on the r¢.h.s. of the latter equation, we note that it is proportional to the matrix element 
of ys which in one case is equal to @)- (q—q’—}ks)/m and consequently, since it is a correction of order w/m 
compared to the analogous term arising from (116), we can neglect it. A similar argument allows us to drop the 
contribution from Vo‘" since it too can be shown to be at best a correction of order w/m compared with the terms 
of Eq. (116).27 We now examine the £1 contribution from (116) given by 


S$,8°( E1) =—— 
(2x)? yw? 


eg ee a) -(q—q’)o”-(q—q’)(q—q’)-e 
—— —) on = —_ na 

p q 

- | w(w* — dy?) 


1 l 


ao) - eg). (q—q') +e - ea" -(q—q’) 


¢?(q')dqdq’, (118) 
2w (ww? — }ho?) 

wherein we have removed the isotopic spin dependence. Had we evaluated the electric effect from the original 
form of the S matrix, Eq. (92), it would have been evident that the mesonic correction given by (118) is a recoil 
effect of order v/c compared to the former: thus we have a proof of the Siegert theorem. 

We now turn to a consideration of the magnetic contributions ; however, instead of working with Eq. (96) we 
find it more convenient to extract the magnetic terms directly from Eq. (92). Since we will be concerned only with 
an evaluation of the M1 effect, which is the predominant one-meson phenomenon, we now limit ourselves to that 
contribution. With this in mind, inserting Eqs. (114) and (115) into Eq. (92) and retaining only the prescribed 
terms we arrive at 

Si(M1) = S,7°(M1)+-S1% (M1), (119) 


where 


a fi | a”) -(q—q')o™-(q—q’) o”-(kXe 
S,2°( M1) =——(ky)-*~— feo @) -q@). me ; 
(2r)* w | 2w (w? — dR?) 2m 


i+7; 1—7, 
x(1. ed )| + (16> 2)| dada’, (120) 


and 


S . (M1)=4 2 —( ko) — p J P “ + 


a f? : [(e Xe" a es 
(2° yt P— the teil 


“\q- q Tj : V; ‘ (q—q’, bk -kXe, ko) 


+e -(q—q')rV,(q-—q, bs boxe, | (add, (121) 


7 A consideration of the leading contributions to this term—see A. Klein, reference 18—shows it to be of order w/m. 
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with 
w= ((q—q’)?+y?)!. (122) 


In Eq. (121) V,;“ (q—@q’, ko; kXe, ho) is the amplitude, excluding the Born approximation, for the photoproduction 
of a meson by a M1 photon from the 7th nucleon and is defined by the relat 


e- V“(q—q’—4dk, hho, 7; kXe, ko) lan=V q , tho; kXe, ko), (123) 


To determine the form of this function it is convenient to examine a representative diagram, viz., Fig. 2(d). 
We note first that in the adiabatic limit the kinetic energy of nucleon “1” in the final state is about 4&o. If the use 
of a fixed source model to describe virtual photomeson production is to have any validity, we must certainly take 
some account of this final nucleon energy. To first approximation, this can be done by defining an effective meson 
energy which is the sum of the actual energy of the meson (4p in the adiabatic limit) and the kinetic energy of 
the associated nucleon (also $).”* All that remains then is to relate the above operator, which is off the energy 
shell, to its well-known form on the energy shell. Within the framework of the fixed source theory this is pres isely 
the problem that has been solved in the study of photo-meson production by Chew and Low.‘ They have shown 
that the isotopic vector part of the p-wave amplitude for this process in the M1 limit, 7,,,,” is related to the am- 
plitude for p-wave meson-nucleon scattering, Tm», by the equation 


(ail T...¥ (be) |k ae Yn ees . — . 
QI) 7 am’ (A Xe3)=- q7| Tmalh (124) 


J 4m 


Owing to the simplicity of the fixed source model the above equation holds also for virtual photomeson production.” 
Hence, remembering that the operator eV ; of Eq. (123) is equal to the full amplitude 7,,,", given by (124), minus 
the Born approximation, we arrive at the relation 

V;(q—q’, hho; kX, ko) =Lu(yp—7n)/4mf lLe™ -kxXe o" 


+ (oa -(q—q’)e" 


where 


© diy 033(1) 
C (Ro) { -_— 
24r « t } 


" w,—k 


with oa.or the meson-nucleon cross-section in the state of total angular n 


writing down Eq. (126) we have made the approximation 
O31 =013=01;=0. 


Inserting (125) and (126) into Eq. (121) we obtain, after removing th toy pin dependence, 


S;™(M1) 


f{(eoXe™)-(kXe) 2(e Xe) xX )}-Liq—q’)X (kXe 
(q)"| -7 - > 


(f/f 
re 


) 
(30°) -kXee™-(q—q’)Xe™-(q—q’)(1< 2)) |- q’)dqdq’. (128) 
l2mr v, w,r— k, w?— i 
The expression given by Eq. (128), as it now stands, contains an integral over the physical meson-nucleon 
cross section ; to evaluate such a contribution we resort to a form of the meson-nucleon scattering amplitude which 


% The success of the low-energy description of photomeson production and meson-nu n scattering using this theorv vields 
some hope; that such a treatment is valid 

*®% Owing to the separability of the momentum and energy de- pendence of the various amplit : h an identity car 

see Chew and Low, reference 4 


1 be made 
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is equivalent to that in Eq. (126), namely, 


' fs * dud, O43(1) l ® diy Oa3(1) 
4re*®® sind;3= + f . 
l OT ko 182 s t wit ko 


f? 2 dw, 733(t) 
Ve Ox “~s t wit ko 


wherein we have applied the approximation expressed by (127). In Eq. (129), 533 is the phase for the 3 § state. 
Inserting the above result into Eq. (128), we obtain 


a P(e XKa™)-(kKXe) 2(e™ Xe) xk (q—q’) ]-L(q—q’)X (kXe) ] 
§,(M1)= k } fos @|-i ( a, + ) 
(2x) y? wt — hh? (w*— fh)? 


Yo— Yn {8m Sindz;c%" 3 f? 1 
i ( (ke—-w2)) ok ) (30 (kX e)o™ -(q—q')e® -(q~q’)— (1+ +2) fercarndade’ 
(ko — yu") om? 


12m w*— 4k? 


(130) 


Removing the isotopic spin dependence, Eq. (120) can be rewritten as 


a S' ¥9—% 1 1 
S,29(M1)=— (ko) “| -_-* foe. (q),’ (30 - (kX e)e" -(q—q’)o™ -(q—q’) 


(2r)8 Va tin 2w ur — Lk? 


' ' YetYn 
—o-(q—q')o™- (kX e)e™ -(q—q’)— (1 2))+— f 
4m 


K (eo -(q—q')o™ - (kX e)o® -(q—q’)+e™-(kXe)0" : 
Xo (q—q’)+(1 <> 2))]e?(q’)dqdq’, (131) 


wherein the subscripts ¢ and s on ¢,~’(q)' refer to the triplet and singlet spin states, respectively. 

We finally note that the matrix element on the r.h.s. of Eq. (131) is inversely proportional to 2. Had we used 
an expression of the symbolic form X»-JG’T,“’X»9” which is proportional to the covariant Born approximation, 
we would have found that such a term is inversely proportional to ko. Consequently the ratio of that part of the 
Born approximation as given by (131) to the total effect is of order ko/2w. 

In summarizing the results of this section we have 


Sap= So(E)+So(M)+S12°(M1)+-S,9(£1) +S, (M1), (132) 


where 

1 2 
So( E) = —ialk f ds evn fe (q)*[L41 +173) o? (q—4fks)+4 (14+ 73%) 9? (q4+-hks) ldq, (133) 
and 


1 
So(M)=—ialk if ds{ (ksXe)X Vi. |}: » \q (eo Kks){4(1 +7," Yet i(1- T3 en} ge? (q— dks) 


+(o™ Xks){4(1+73")y,4+4(1—0,™) yw} oe? (q+-4hs) ](2m)dq, (134) 


are the standard contributions as obtained from a consideration of Eqs. (95), (96), and (108). The remaining 
terms are defined by Eqs. (118), (130), and (131). In the next and final section we shall compute the cross sections 
from these expressions and compare the results with experiment. 


V. NUMERICAL ANALYSIS AND CONCLUSIONS meaning. Finally, we consider in detail the various 
In this section we describe the results of the numerical @pproximations made and describe their range of 
analysis of the various constituents of the single meson applicability. These approximations can be subdivided 
terms; we compute the cross sections and discuss their into two categories, one referring to the assumptions 
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made in arriving at the final form of the matrix elements 
and the other pertaining to the explicit choice of n-p 
wave functions. 

It is important at this point, however, at least to 
enumerate some of the simplifying assumptions made 
with respect to choice of wave functions: 


(1) We consider no wave higher than d wave. 

(2) In all transitions in which the matrix element is 
small we shall neglect the tensor interaction in both 
initial and final states. 


To proceed, we consider in detail the contributions 
from the £1 and M1 transitions. The former terms are 
of interest only for the express purpose of exhibiting 
Siegert’s theorem in practice, whereas, as has been 
previously mentioned, it is the latter terms which are 
responsible for the resonance. In calculating these latter 
terms we shall exclude the Born approximation con- 
tribution given by Eq. (131) as (see the discussion 
following Eq. (102)) it contributes a recoil correction 
compared to the main contribution given by S,“)(M1). 
Since, as has been shown, the considered £1(M1) terms 
lead to triplet (singlet) final spin states, there will be 
no interference, and consequently we may sum the 
individual cross sections. 

We now consider the £1 effect which is given by Eq. 
(118), and when written in coordinate space has the 
form 


S29 a(ko)*(f u)[u 2r)* if ¢ (x)! 


XK {eo -0@X- eK (ux)—e™ - xe 


X (2K 1 (ux)+pxK o(ux))} oe? (x)dx, (135) 
wherein K,(ux) is a modified Bessel function of the 
second kind. In deriving Eq. (135) we have neglected 
the kinetic energy of each of the nucleons in the final 
state (}ko). This is certainly a justified approximation 
at low energies, i.e., kc<2y, and fortunately at the 
higher energies the over-all electric contribution will 
prove to be negligible. In addition it is necessary to 
remark that a singularity arises at threshold for pion 
production (}ko=wz,) is defined in the usual 
manner (we add a small negative imaginary part to the 
mass). The resulting imaginary contribution turns out 
to be insignificant compared to the real part for all 
matrix elements. Consequently, if we invoke all the 
prescribed simplifications we arrive at the expression 


which 


S,2(E1) = toys (29) ( f?/u?) (Ro /2)! 


x foo \*¢ 1 6-e(3K, (ux) 


— pxK o(ux))—(e™-fo®-e+e%ee® - ) 


X (2K 1 (ux)+pxK o(ux))}U?(x)xdx, (136) 


ARLSTEIN 


AND | KLEIN 


for the final form of (135 
the wavefunction [phase shift | 


In Eq. (136) 0,°(px)[6, | is 
for the *P final state 
defined by the expansion 


) ly m So 


Gp? (x (29) 'X, 1; 2/+-1), 


(137) 


pxje™'P,(p-2)i 


with X,” the appropriate triplet spin state. In Eq. (136) 
U(x) is the radial part of the S-st 
function. 

For the nuclear wave 


ate deuteron wave 


functions we choose hard core 
functions for both initial and final states with a core 
radius of 0.5 10-" cm. The explicit forms of the wave 
functions are given by 


U?(x)=0 


and 
© A px) 


BK Be 


SP> Be 
(139) 


(7~1-1( pre) Ji px) + Ji( px) 7-1-1( px)), 


wherein 7;(px) is a spherical Bessel function. In Eq. 
(138) @ is the deuteron binding energy and 8 is fitted 
to the effective range. The reasons for these particular 
choices will be clarified when we consider the magnetic 
contributions. The resulting cross section for the pure 

3, and is evi- 
standard result 
not considered the cross 
the detailed form of the 


mesonic contribution is plo in Fig 
dently insignificant compared to the 
in its entire range. We have 


term since we do not have 





, (Experimenta 


o** eo) —— 


, oS any 


Total cross section 1 











° 


‘.-— 


Fic. 3 in the center-of- 
mesonic cor- 


mass system com] order 


rection to the electri 





THEORY OF PHOTODISINTEGRATION OF DEUTERON 207 
standard amplitude; however, this cross term, although more significant than the effect considered, is also 


inconsequential compared to the standard result. 
We next turn to a consideration of the magnetic terms. We must evaluate the expression [see Eq. (130) ] 


Sy (M1)= 


a Pi (ao Xe™)-(k&e) We Ke™)& (q—q’) }-L(q—q’)X (kXe) ] 
fe (q)i -1 t _ 
3 


(2x) ui w— lke? (w?— 1 hg?)? 


7 fT 


N ' 

F (ky) [3e™ - (kX 2)e™ -(q—q')e™-(q—q') +a" (q—q')a"- (kX e)e”-(q—q’) 

12m 
ee 

Ga je? (a’)dada’, (140) 


where F (ko), which contains the meson-nucleon resonant effect, is given by the formula 
F(k )= Sr sind 336°? k? — ps") ! — 3k, f? p’. 
When rewritten in coordinate space, Eq. (140) has the form 


a us j | is 
5S, (M1)= ( ) feo rca i—[—(e Xe®)- (kX e)kx+(o" Ko) -FR- (kX e)(14+ 4x) ] 
(2n)!\ 2k ly? 


Yr—Yr_ TR 5 Se Nd 
+] ———F (kp) (eo —@®)- (kX e) (30 -2e® -F—1) +—+«’  (e~**/x) ge? (x)dx, (142) 

12m vo4 
wherein «= (u?—}ke?)! and where «= —i|x| for }4o>w. In arriving at Eq. (142) we have made use of the spin 
properties of the initial and final state. 

It is found that the transition matrix, S;“’(M1), is completely dominated by the resonant contribution (the 
term in the second square bracket on the r.h.s. of Eq. (142) ; consequently we shall apply our list of approximations 
to the term in the first square bracket. We thereby arrive at the form 

S;,(M1)=M(NR)+M(R), (143) 


where 


M (NR) =iaN (82°*k | frornre “#04 (a Ko) - (kX e)(1— exe" U(x) dx 


- f va(prie ®1 (ae Xo) -bp- (kX e) ' Ke YX @)- (kX e) (1+«xe "7? (x)dx 


iaN (8x*ko)3( f?/uw*){4(o™ Xa) - (kX e)Jo( koe —L(e™ Xa™ - fp (kXe 
—k(oe™Xa™)- (kX e) Volkole™}, (144) 


and 


M(R)=—aN(8n*k | fvsipare #2(@) —@®)- (kX e)(3e - po -f—1)x*(3+ 2nx— 22x? 


X(U?(x)-—2 Wr(a) y+ f ver(pr)e o(@) —@™)- (kee)? (3-4 2ext x2x*)y/8W? (x) be **dxF (Ro) 


XK (¥p— ¥n)/12m 
= —aNy(8x*ko)1F (Ro) (4 p— yn) (12m)-“{ (oe —@) - (kX 2) (30 -pa® -p—1) 


é bs ~I os koje 2) 4 oO -“@™ )- kX el o2( hole}. (145) 
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the photon energy in center-of-mass system 
In the above equations, (144) and (145), we have made 
use of the definition 


Xo? F (2+-1)t"O i ( pxle*ipi( p- i (147) 

Once again we use hard core functions with a core 
radius of 0.510 cm (144) with the 
wavefunctions defined by Eqs. (138) and (139) except 
that the final state is now in a singlet spin state. In 
Fig. 4 we have plotted our results for Jo(ko) and J2(Ro) 
in suitable units 


to evaluate 


lo determine its contribution to the 
must include as well the interference 
with the resonant term. The resulting part of the total 


cross section we 
cross section at the resonance constitutes about a five 
percent effect 

We shall now discuss in detail the essential properties 
of the resonant term, Eq. (145). First we note that in 
the absence of the deuteron D state there is only an 
2+-3 sin*é 
of the 
interference 


s-wave final state, which gives rise to a 


angular distribution the inclusion 


D state will 


However, 


introduce s-wave—d-wave 


with an angular distribution of 2—3 sin’?@. We note 


that for the greater range of interest (see Fig. 5) the 


KLEIN 


folded angular distribution is approximately 2+sin’6;* 

hence we can easily see the need for the interference 

term. Our fit to this angular d 

figure is discussed below 
Next we note that the tu 

inverse powers of the two-nucleon separation, thereby 


stribution, shown in the 


tegrand is proportional to 


emphasizing the interior part of the wavefunctions 
Thus it is to be expected that our calculation containing 
the 
existence 


the 
this has therefore 
f the parameters of the 


S-wave states rather sensitive to 


and size of a hard ind 
| 


been essent ily taken 
theory. 

There remain tion of what to do con- 
effect of 
potential on the wavefunctions. For the final si attering 


cerning the ive part of the nuclear 


state we included its effect only in the phase shifts 
E | 147). We are limited 


simply because at the photon 


occurring in the expansion, 
to this approximatior 
energies of inter¢ which correspond to n—p laboratory 
energies of greater than 350 Mev, no adequate quan- 


titative description of the scattering states exist. 
However, we do expect the behavior at small distances 
to be most strongly determined by the core. Thus we 
note that in the angular distribution there is an 
unknown parameter, namely the relative phase between 
A phase shift analysis at the 


appropriate m-p energies should afford a check on our 


s- and d-wave states 
( hoi Cc. 

As for the deuteron wavefunction we examine the 
consequences of using a Hulthén, a Gartenhaus, and a 
Hulthén with hard core for the S state; for the D state 
we assume the Gartenhaus form. We have, of course, 
chosen the correct normalization for the total deuteron 
wavefunction. 

As can be seen from the plot of / 


] lt 


nnai result 


in Fig. 6, the 
the radius of 


does depend most strongly on 


photon energy in the 


ne represents our fit. 


points ned from: E. A. Whalin, 
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J. C. Keck and A. J. Tollestrup, Phys. Rev. 101, 360 (1956); J. C. 
Keck et al., Phys. Rev 93, 827 (1954 
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the hard core. In Fig. 7 we plot the value of /22(ko) 
and I2(ko). 

We find that agreement between theory and experi- 
ment is reasonably good. To produce this agreement 
in both the total and differential cross sections it is 
important to include the deuteron D state, and further- 
more it was necessary to fix upon a core radius of 
0.5 10—* cm, a value which is indicated by the Gammel- 
Thaler analysis.” Had we not included a hard core, our 
cross sections would be an order of magnitude too 
large. The values of the relative s-wave—d-wave phase 
shifts needed to fit the folded angular distribution are 
plotted in Fig. 8; to arrive at these results we have 
included the nonresonant effect as well as the extra- 
polated results of the de Swart-Marshak® calculation 
at the lower energies. We note that this choice is 
consistent with the Gammel-Thaler prediction.” We 
have already alluded to the resultant fit shown in Fig. 5. 
Finally we have plotted the total cross section as 
compared with experiment in Fig. 9; here too we have 
included the complete matrix element. To obtain a 
true comparison we have subtracted the results of the 
de Swart-Marshak calculation.” 

To sum up, our calculation shows that in order to 
achieve agreement with experiment we must includ: 
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(1) a hard core (r,=0.5X10~" 
cm), (2) an attractive nuclear potential, (3) a tensor 
interaction in the initial state (deuteron). 

It is also of interest to note that for the resonant 
term our results have the form of Wilson’s,” namely it 
is essentially a product of two probabilities, one the 
probability of photoproduction into a (4, 9) state and 
the other, the probability of absorption by the remain- 
ing nucleon. However, in our case the probability for 
absorption is dependent on the nucleon relative mo- 
mentum. Furthermore, photodisintegration via s-wave 
mesons does not have this simple form. Thus the simi- 
larity is actually quite superficial. 

It is of more interest to compare our work with 
Zachariasen’s calculation. Although the underlying 
formalisms were quite different, the two calculations 
differ, in a practical sense, 


the following effects: 


as follows: 


(1) the treatment of the nuclear wave functions, 

(2) the technique of introducing the resonant meson- 
nucleon interaction, 

(3) the treatment of higher order exchanges, i.c., 
Zachariasen includes a piece of the two meson exchange. 


As for (1) it seems somewhat surprising that 


relatively good results 
without including any details of the nuclear potential 


achieved such 


* RK. R. Wilson, Phys. Rev. 104, 218 (1956) 
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in the wave functions. Especially so since our results 
depend So sensitive ly on such effects. 


the method of going off the energy 


Concerning (2 
+} 


hell, both methods assume that the major effect is 
just the J/=3, T= 4 transition. However, the two cal- 
culations differ in the technique of handling this term. 
Basically, once we have made the fixed source approxi- 
mation led unequivocably to an expression 
which is dictated by exact pion-nucleon scattering in 


we are 


the prescribed state. Zachariasen, on the other hand, 
makes a one-meson approximation to the Tamm- 
Dancoff method to arrive at the resonant meson-nucleon 
interaction which he handles in an approximate manner. 
This major difference has the effect of introducing a 
much larger resonant effect, which in our calculation 
results in the great sensitivity to the qualitative form 
of the nuclear wavefunctions. 

We shall now discuss 
portances of the errors made in the explicit evaluation 
of the formal solution of the S matrix. These can be 
subdivided rhe low- 
energy approximations on the vertex operators ; (2) The 


the sources and relative im- 


into the following classes: (1 


neglect of recoil; (3) The method of going off the energy 


shell; and (4) The exclusion of higher order meson 


exchanges. 


Concerning (1), we mean that in making the low- 


energy approximations we have neglected both finite 
] 


size effects as well as all consequences arising from the 


fact that these operators are off the ene rgy shell. It is 


unfortunate that within the framework of the present 


theory of strong interactions we have little de tailed idea 


How - 


as to the actual form of these neglected effects 
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ever, it is strongly believed that effects are 


decreased by a factor of at least the nucleon recoil, 
relative to the terms ret 
By “recoil effects”? we an 


order tw/e which can be determined explicitly. Since 


those terms of relative 


their neglect involves an error of the same order of 
magnitude as that made in the inevitable low-energy 
approximations, we | tried to evaluate these 
terms. We note that t leon recoil effect arises in 
whic h we 
vertex 
cor- 


Since, 


Lnese, now 


three possible ways; two of 
consider, namely, the temporal part of the 


functions and the nonadiabati wavefunction 


rections order tw/c. 
the 


contribution) recoil can only be of qualitative im- 


are true corrections ol 


however, there is one dominant term resonant 
portance in this term. Moreover, in this term recoil 
enters as a factor in the energy denominator which lends 
justification to our procedure of going off the energy 
shell. Thus we have for 
quately in a way dict 

As for the error in 
we can make no rigorous 


iccounted recoil semiade- 


ited by the fixed source model. 
irred in going off the energy shell, 
comments since to do so would 
entail a detailed knowledge of its form off the energy 


shell, an unknown factor present. Hence, our only 
or failure of such a procedure. 


} 


justification is the succ 


Finally, as regards the higher order exchanges, we 


t. An examination 


1 1 


hould indicate the 


can offer no justification for its negle 


of the 


two-meson 


seriousness of suc] 


\ consequence ( e overwhelming 


importance of the leletion would 


result in a cro ction whicl factor of ten too 











THEORY OF 


large. Hence if we assume that the higher order meson 
exchanges are unimportant we can view our theory both 
as an independent conformation of the hard core as 
well as an indication that our method of going off the 
energy shell is qualitatively correct. Furthermore, our 
work shows the necessity of using qualitatively accurate 
wave functions. Thus we believe that the major 
unknown effect is the higher order exchanges, recoil 
being completely overshadowed by the hard core. An 
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extension into two meson exchange effects should deter- 
mine whether the above conclusions are meaningful. 

Finally we remark that at the lower energies our 
work indicates that the entire effect is essentially a 
contributions of 
importance. Thus we may conclude that the various 
classical calculations' account for the low-energy phe- 
nomenon in a manner which is consistent with first 
principles. 


classical one; there are no mesonic 
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By polarizing both the neutron beam and the nuclear sample, the spin states of the first three slow neutron 


resonances in the target nucleus In™* have been measured 


These were obtained by observing the direction 


of change in the transmitted intensity upon reversing the polarization of the neutrons with respect to the 


target nuclei. The spin states associated with the resonances at 1.46 ev, 3.86 ev 


and 9.10 ev were found to 


be J = 5, 4, and 5, respectively. These spin assignments are consistent with measurements of other parameters 


of these resonances. 


INTRODUCTION 


HERE has been much recent interest in the spin 
states of ievels in compound nuclei formed by 
interaction with neutrons. In particular, the 
information desired is the relationship of the spin state 
to the other resonance parameters such as the radiation 
width, neutron scattering width, level spacing, capture 
gamma-ray spectrum, and the distribution of the two 
possible spin states among the resonances in an isotope. 
We are considering only cases where the neutron orbital 
angular momentum is zero. Sailor' has made a survey 
of the measured spin states and concludes that the often 
made assumption that the two possible spins are equally 
distributed among the levels may not be valid, since 
there are many more levels with measured spin states 
J =1++4 than with J=]—}4, where / is the spin of the 
target nucleus ground state. 

Generally speaking, the spin states of these compound 
nucleus levels have eluded measurement because the 
methods commonly used to obtain the resonance 
parameters are rather insensitive to the spin state. In 
principle, the combination of good measurements of 
total and scattering or capture cross sections would 
yield all the resonance parameters, including J. Several 
laboratories ?~* are presently using this method to 


slow 
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obtain J values, although partial cross-section measure- 
ments to the necessary degree of accuracy are difficult 
to make and results obtained in different laboratories 
have not always been in agreement. In some cases, 
spin assignments could be made on the basis of total 
or scattering cross-section measurements alone** (see 
also cases cited in reference 1). In the kilovolt region, 
Hibdon’ has reported J values for several resonances 
in aluminum from analysis of total cross-section curves. 
Other investigators’ have measured spin states by 
looking for the presence of a ground-state transition. 
his technique is applicable only when J= 4. 

The 


polarize both the neutron beam and the target. The 


technique adopted in this investigation is to 


spin state of the compound nucleus can then be ob- 
tained directly by observing the direction of change in 
the transmitted intensity upon reversing the relative 


orientation of the neutrons and the nuclei. The trans- 


mission of a polarized neutron beam through a polarized 
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target is given by” 


t=e-% [cosh fi fwNoo fnsinhfrfwNo |, (1) 


where JN is the target thickness in atoms/cm’, ao is the 
cross section in the absence of polarizations, fy is the 
polarization of the nuclear target, f, is the polarization 
of the neutron beam, and f; is a spin dependent factor 
given by 


I/(I+1) for J=I+} 
1 for J [- 


> 
1 
3. 


Upon reversing the relative spin directions of the 
neutrons and the nuclei, the fractional change in trans- 
mission is then 


Al/t 20} » tanh frfwN 0 2b fnfrfn N 00, (2) 


where ¢ is the efficiency for flipping the neutron polari- 
zation direction, and é is the transmission when /,=0. 
The direction of the change then gives the spin state 
of the compound nucleus directly. The approximation 
is true since fy is quite small with presently available 
experimental techniques. Experiments of this kind have 
been pioneered by workers at the Oak Ridge National 
Laboratory who have measured spin states in the 
thermal neutron region in 8 samarium," 
and indium.'® The principle difficulty, of course, is in 
producing a target polarization large enough to yield 
a significant effect. Our work is based largely on the 
experiment of Dabbs, Roberts, and Bernstein,'® here 
after referred to as DRB, which first demonstrated the 
“brute force” method for polarizing a target. In this 
technique, the sample is polarized to a few percent by 
direct coupling of the nuclear magnetic moments with 
an external magnetic field when the sample temperature 
is reduced to a few hundredths of a degree Kelvin. The 
polarization produced is given by" 


manganese, 


1/+1uH 
kT 


when pH/kT<1. In this formula, yp is the nuclear 
magnetic moment, & is Boltzmann’s constant, and 7 
is the absolute temperature. Although the “brute force” 
method doesn’t produce as large a polarization as some 
of the more subtle methods," it is more appropriate 
for the present application since it produces a polarized 
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target free of all nuclei except those under investigation. 
In addition, it ré jul! 


no spe chemical techniques 
and is applicable to a wide range of nuclei. 

the 
to provide a means for changing 


the neutron energy so that 


The main improvement we have made over 
experiment of DRB is 
several resonances in the 
same isotope can be investigated. The measurement of 
spin states by this technique then requires three basic 
components in addition to the usual detection equip- 
ment: (a) A method for polarizing and monochro- 


matizing the neutron beam, (b) A method for con- 
trolling the polarization in flight, and 
(c) A method for producing a I 


Pp larized target. These 
will be discussed in the fe 


neutron beam 


lioWwiIng secuon 


POLARIZED NEUTRON SPECTROMETER 


A schematic top view of the shown 
in Fig. 1. The 


monochromatized by 


pectrometer is 


neutron beam both polarized and 


reflection from the (111) planes 
of a cobalt-iron crystal.'* This crystal is 
the poles of a ‘led electromagnet which 
produces a field in air of about 6 k 
can be rotated about 


located between 
small water-coc 
gauss. The magnet 
a vertical axis by an external 
control connected to a rotary table. A fine adjustment 
to the tilt of the cry il planes can also be mad by an 
external control whi he crystal via a rod 
which middle 
section of the cy of masonite 
surrounded above 
d with water and 


through 


goes 


g piece. The 


ylindric: made 
and is cut as shown 

and below by cylindrical tanks fille 
boric acid. The i i h 3 inches of lead, 
and the top is covered with a masonite lid. This entire 
it it can be rotated. 
feet 
is necessary to reduce the 
the NRL type 


iement 
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assembly rests on a bearing so tl 
The shield is 3.5 feet 
This large size 
flux from a reactor of 
with MTR type fuel « 


in diameter. 
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level, since the beam ports look directiy at the fuel. 
Two collimators are used. One is inserted in the beam 
hole before the crystal; it is of the Soller slit type, 
employing steel shims and it produces an angular 
divergence of 15 minutes of arc. Another collimator is 
placed at the exit hole of the cylindrical shield and 
employs removable brass shims so that the beam 
polarization will not be affected. With all the shims in, 
the angular divergence from this collimator is 13.5 
minutes of arc. This second collimator serves mainly 
to reduce the background from neutrons scattered 
inside the shield, and is important only when operating 
at small angies to the direct beam. 

The cryogenic equipment, including a heavy water- 
cooled magnet with a Dewar between its poles, is 
mounted on a car which is mechanically coupled to the 
rotatable shield, and rolls on a track. The coupling is 
covered with a platform which is a convenient place 
for putting vacuum pumps and other equipment. The 
entire assembly is easily moved manually by means of 
winches. The position is obtained from a scale attached 
to the outside rail. The instrument was calibrated by 
observing the positions of the resonances in In‘, and 
these agreed well with calculated positions. The total 
distance between the polarizing crystal and the sample 
is 160 inches. This distance was made large to satisfy 
the adiabatic rotation condition for higher energy 
neutrons, as explained below. All of the runs were 
performed with the spectrometer set at the center of 
the resonance under investigation 

The orientation of the neutron spins after leaving 
the polarizing crystal is controlied by current-carrying 
copper bars. These bars are powered by a 4.5-kilowatt 
motor-generator set, and draw about 300 amperes. The 
field between the bars is about 25 gauss. The bars have 
a 90° twist in them over a length of 8 feet so that the 
neutron spins are adiabatically rotated from the vertical 
direction at the polarizing magnet to the horizontal 
direction at the cryogenic magnet. By throwing a set 
of switches, this condition can be changed to one in 
which the neutrons are “flipped” relative to the field 
by sending the beam through a region of rapid field 
reversal."* We have incorporated a suggestion of DRB 
here by sending the beam through a current-carrying 
aluminum foil 0.08 inches thick, which improves the 
flipping condition considerably. To change from one 
neutron spin orientation to the other requires a change 
in the field direction of the polarizing magnet and also 
in the section of copper bars between the polarizing 
magnet and the aluminum foil. These changes are made 


by ganged switches, and require only a few seconds. 
Measurements have been made of the shim effect and 


the double reflection effect® by using another cobalt 
» FE. Majorana, Nuovo cimento 9, 43 (1932) [English trans 
lation available from Armour Research Foundation, ADI Docu 
ment 2229] 
™C. P. Stanford, T. E. Stephenson, L. W 
Bernstein, Phys. Rev. 94, 374 (1954). 


Cochran, and S$ 


rRON 


RESONANCES IN In!?8 213 
crystal as an analyzer in the gap of a 2300 gauss 
permanent magnet. These measurements indicated that 
the beam polarization was about 0.95 and that the 
flipping efficiency was about 0.90. These values were 
considered adequate for these experiments. 

Data were taken by reversing the orientation of the 
neutron beam every five minutes. This procedure com- 
pletely removes any errors due to fluctuations in 
reactor flux or counter stability when enough counts 
are accumulated, so that a monitor channel was not 
necessary. Background data were taken by setting the 
crystal off the Bragg angle. This was done while liquid 
helium was being transferred and pumped down, and 
after the liquid was gone. Counting rates varied 
between the three resonances investigated because of 
the differences in cross section and reactor spectrum. 
For the 1.46-, 3.86-, and 9.10-ev resonances, the count 
rates were approximately 50, 100, and 120 counts per 
minute, respectively. The backgrounds were about 20, 
21, and 30 counts per minute, respectively. The reactor 
was operated at 100 kilowatts. The detector is a one 
inch diameter, 22-inch long BF; counter filled to a 
pressure of 120 cm Hg, and surrounded by a shield of 
paraffin, boron, and cadmium. 


NUCLEAR POLARIZATION 


The apparatus used to polarize the nuclear target is 
shown schematically in Fig. 2. It is basically the same 
arrangement used by DRB in their “brute force” 
polarization experiment. The polarization is achieved 
by reducing the temperature of the sample to a few 
hundredths of a degree Kelvin by the adiabatic de- 
magnetization technique,” simultaneously keeping it 
in a strong magnetic field. The magnet is of the H-type 
and is made of Armco iron; the total weight is about 
2.5 tons. It is powered by a 15-kilowatt motor-generator 
set. The generator field current is electronically regu- 
lated by an error signal from the load. We have usually 
used a field strength of 19 kilogauss with a 2-inch gap. 
The magnet is used both to magnetize the paramagnetic 
cooling salts and to provide the polarizing field for the 
indium sample, as will be explained below. The salt- 
sample assembly is contained in a tube which is inserted 
into the liquid helium bath. A radiation shield of the 
ring and disk type with felt washers prevents radiation 
from reaching the sample from the warm end of the 
tube. The upper part of this sample tube is made of 
K-monel and the lower part is made of brass. It can 
be smoothly raised or lowered through an O-ring seal 
by means of a hydraulic lift. By throttling the flow rate 
of oil operating the hydraulic cylinder, the rate of rise 
is easily controlled. The sample tube is pumped via a 
bellows connected to an MCF-300 oil diffusion pump 


%1 Excellent 
given by D. de Klerk, 
Fliigge (Springer-Verlag 
E. Ambler and R 

Physical Society, 


summaries of the magnetic cooling method are 
in Handbuch der Physik, edited by 5S 
1956), Vol. 15, pp 38-209; and 
P. Hudson, in Reports on Progress in Piysics 
London, 1955), Vol. 18, pp. 251-303. 
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Nuclear polarization apparatus 


and backing forepump. In this way, the sample tube 
can be pumped while in motion. The liquid helium bath 
is pumped by three Cenco Hypervac 100 mechanical 
pumps backing a KB-150 oil booster pump. This 
system can bring the temperature of the liquid helium 
to about 1°K. Since the cryogenic equipment is movable, 
a variable length pump line is used between the booster 
pump and the Dewar. This contains sliding sections 
with O-ring seals, and bellows. The temperature of the 
liquid helium bath is obtained from the vapor pressure 
using the compilation of Clement.” The vapor pressure 
is read on a mercury manometer for pressures above 
4 cm, and a dicapry! phthalate manometer for pressures 
below this 

A pair of mutual inductance coils are wound on the 
brass portion of the sample tube ; the lower set surrounds 
one of the paramagnetic salts. These coils are connected 
so that the primaries are aiding and the secondaries are 


2 J. R. Clement, Report of NRL Progress, June, 1958, Naval 
Research Laboratory, Washington .D. C. 


bucking. Magnetic 
made on the paramagnetic salt while the liquid helium 
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susceptibility measurements are 
is being pumped down. The 
from the deflection of 
of 100 milliamperes is reversed in the primary coils. 


lity is obtained 
a galvanometer when a current 


igainst the bath tem 
After demagnetizing the 
salt, its temperature can thus be obtained and moni- 
vored during a run. These temperature” 
readings are converted to thermodynamic temperatures 
by using the data of Bleaney™ and Daniels and Kurti*® 
for chromium potassium after the 
appropriate demagnet since the 
salt is not spl erica! 


These deflections are calibrated 
perature in the usual way 
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A drawing of tl 
shown in Fig. 3. The a cylinder of iron 
ammonium alum grown around flattened gold wires. 
The lower salt is 


sample asst mbly is 


a cylinder 
alum grown around flatt 


connected by a thin Ie 


of chromium potassium 
silver wires. They are 

Each salt is about 2 
The flattened 
portions of the wires were crimped in a zig-zag manner 
to increase the suriace the salts. Forty 
annealed, 0.020 inch in diameter, high purity silver 
wires form the thermal link between the lower salt and 
the indium sample. Ths area between the salt 
and the wires is about 100 cm’. A pair of wires is soldered 
to each of twenty indium f ten of which are 0.010 


ened 
ad wirt 
inches long and 2 inch in diameter. 


contact with 


contact 
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Fic. 3. Two-stage salt 


sample assembly. 
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inch thick and ten 0.015 inch thick. The foils are in- 
sulated from each other by very thin sheets of Mylar 
to reduce eddy current heating. The entire assembly 
is suspended by nylon fibers from a brass frame, with 
spring loading to provide tension. 

The demagnetization cycle is performed as follows: 
With the magnetic field on, the temperature of the 
entire assembly is brought to about 1°K by several! 
microns of helium exchange gas, which establishes 
thermal contact with the pumped liquid helium bath. 
The gas is then pumped out until the pressure at the 
top of the sample tube is about 7X10~* mm, as read 
with an ionization gauge. The sample tube is then 
slowly and smoothly raised by the hydraulic lift until 
the first salt leaves the field and enters a magnetic 
shield (see Fig. 2). As it cools, it lowers the temperature 
of the second salt via the lead wire linking the tw« 
Further raising of the sample tube brings the lead wire 
into the shield, where it becomes superconductive, and 
thus thermally isolates the upper salt from the rest of 
the assembly. The cycle is completed by raising the 
second salt into the shield, where it cools the indium 
sample via the silver wires. The time required to raise 
the sample tube through the traverse of 5.5 inches is 
about one half hour. This process must be done slowly 
to reduce eddy current heating in the silver wires and 
sample, to keep the system in temperature equilibrium, 
and to allow the gas evolved when the tube is pulled 
out of the liquid helium to be pumped off. Vibrational 
heating was considered to be negligible. The average 
temperature for a run lasting one and one half hours 
was about 0.04°K, although initial temperatures of 
the order of 0.01°K were reached. A typical warm up 
rate was 0.015°K/hr at about 0.04°K, corresponding 
to about 200 ergs/min. We believe the main source of 
heat input to be eddy current heating due to fluctuations 
in the generator output supplying the magnet, in spite 
of the electronic feedback regulator. It 
impractical to run the magnet with batteries. Residual 
gas in the sample tube probably constituted the second 
largest source of heat input. A complete discussion of 
transient and steady-state heat inputs is given by DRB, 
and most of their remarks are applicable to our experi- 
ment. It should be mentioned that the average tem- 
peratures we have obtained with the setup of Fig. 3 
are not very much lower than we have obtained with 
single-stage demagnetizations. However, the upper salt 
serves as a good getter for residual gas and also as a 
trap for radiation that managed to get through the 
radiation shield. 


would be 


RESULTS 


The results of our measurements on the first three 
resonances in In"* are listed in Table I. After the J 
values, we have listed the observed changes in the 
fractional transmitted intensity when the neutron spin 
direction was reversed with respect to the target 
polarization. The errors quoted are the fractional 
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Taste I. Measured spin states associated with neutron reso- 
nances in In"*. Also listed are the observed and corrected percent 
changes in the transmitted intensity upon reversing the neutron 
beam polarization, and the corresponding values of the average 
nuclear polarization and temperature. The last column gives the 
measured average temperature of the cooling salt. 


Al/t 
in “ 
in ‘ cor 
rected ty // 


T (°K) 
meas 
ured 


T (°K) 
com- 
observed puted 
0.064 
0.052 
0.062 


0,039 
0.033 
0.043 


standard deviations, i.e., (2N)'/N, where N is the 
number of counts accumulated in either of the two sets 
of numbers corresponding to the two relative spin 
orientations. The minus sign used for the 3.86-ev 
resonance simply indicates that the direction of the 
effect here was opposite to that for the other two 
resonances. For a resonance with J=/+4, the trans- 
mitted intensity is lower when the neutron spin and 
nuclear spin directions are parallel. In assigning spins 
we must remember that the neutron spin direction 
produced by the magnetized cobalt crystal is parallel 
to the field (since the neutron magnetic moment is 
negative), and that the magnetic moment of indium is 
positive. Our result for the 1.46-ev resonance agrees 
with that found by DRB, and also with a previous 


. Measurement”’ we have made using a block of mag- 


netized steel for a neutron polarizer. The observed 
transmission changes were corrected for the presence 
of potential scattering, which is spin independent. In 
addition, a large correction was necessary in the case 
of the 3.86-ev resonance because of the presence of the 
1.46-ev resonance which has opposite spin. These 
corrected transmission changes are listed in the fourth 
column of the table. We can then use these results to 
compute the average nuclear polarization using Eq. 
(2), and the average temperature of the indium sample 
using Eq. (3). These numbers are also listed in the table. 
The last column lists the average temperature of the 
chromium potassium alum salt obtained from suscepti- 
bility measurements. Since these temperatures are 
always considerably lower than the temperature of the 
indium sample, we suspect that the thermal contact 
between the sample could be improved. 
However, eddy current heating of the metallic parts 
of the suspension may be the principle problem, since 
this would tend to warm up the sample faster than the 
salt. 


salt and 


To be certain that the effects shown in the table are 
real, we ran a series of warm runs on the 1.46-ev reso- 
nance. These were performed in exactly the same 
manner as a normal run, except that the sample was 
at room temperature. The resulting effect was At/lo 
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= (0.60+1.15)%. This clearly demonstrates that the 
effects obtained are due to the polarization of the 
sample. 


DISCUSSION 


The 1.46-ev and 3.86-ev resonances are known to 
have radiation widths which are significantly different.” 
The low-energy capture gamma-ray spectra associated 
with these resonances have been studied by Draper 
et al.” who found significant differences in the intensity 
ratios of two pairs of gamma-ray lines between the 
1.46-ev and the 3.86-ev resonances. However, they 
also found a significant difference in the ratio of one 
pair of line 9.10-ev 1.46-ev 
resonances, which we have found to have the same J 
value. Recent measurements on the resonance capture 
gamma-ray spectra in indium have been made by 
t,” in which he observed low-energy gamma rays 
in coincidence with high-energy gamma rays. These 
measurements show that the spectra associated with 
the 1.46-ev and 9.10-ev resonances are almost identical, 
while the spectrum associated with the 3.86-ev reso- 
nance is significantly different. It appears then that 
there is a correlation between the level spins and both 
the total and partial radiation widths for this isotope. 
However, Rae et al.? found no correlation between 
level spins and radiation widths in their work on the 
silver isotopes. Similarly, the work on manganese by 
Kennett et al.*' showed no clear correlation between 
spin states and capture gamma-ray spectra, although 
the largest differences in the spectra were between 
resonances with different J. It is clear that many more 
spin states need to be measured for resonances in the 


between the and the 
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ly if the other resonance parame- 


same isotope, esper ial 
ters are well known.” 

In conclusion, we would like to point out that the 
method of measuring resonance spin states used here 
has the advantage of yielding an unambiguous result 
with a minimum of interpretation it attacks the 
problem directly. It has two serious drawbacks, 
ever: It would be difficult to observe resonances much 


d be difficult 


since 
how- 
above 20 ev, and it wou to polarize nuclei 
with magnetic moments much below 2 nuclear magne- 
tons. With increased reactor power these limitations 
could be reduced, but many resonances still would not 
It follows that all 
methods that will yield resonance spin states are to be 
a coherent picture of the role of 
the spin state can be obtained. It should be mentioned 


be observable with this technique. 


encouraged, so that 


that the technique used here is the only one that gives 
any promise of obtaining the spin assignments of 
ble is Lope 


resonances in the fissiona 
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® Note added in proof.—Recent measurements of the ratio of the 
54-minute to 13-second activities of In"* by F. Domanic and V. 
L. Sailor show that this ratio differs for the 1.46-ev and 3.86-ev 
resonances by a factor of 3.5. Similarly, recent work by J. E. 
Draper and T. E. Springer show that the capture gamma-ray 
multiplicities for the 1.46-ev and 9.10-ev resonances are the same 
while that of the 3.86-ev resonance is significantly larger. These 
measurements coupled with ours indicate that the decay of these 
levels is strongly spin-dependent 
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The photodisintegration of Li* by bremsstrahlung radiation of 17.3-Mev peak energy was investigated 
by use of coincidence techniques to detect neutron-proton coincidences and by measurement of the photo- 
proton energy spectra. The Li*(y,)Li* reaction is found to be responsible for 0.582+-0.13 of the photo- 
neutron yield measured by Romanowski while the Li*(y,p)He* reaction contributes 0.314-0.04 of the 
yield. No angularly correlated neutron-proton coincidences were detected which would support a deuteron- 
alpha-particle mode} for the Li*(y,#p)He* reaction; however, the possible existence of this reaction is not 


eliminated 


1. INTRODUCTION 


EASUREMENTS'* of photoneutron yields from 
lithium show evidence for three energetically 
p ssible reactions in Li®, 


1. Li®(y,np)Het— 3.7 Mev, 
2. Li®(y,n)Li'—5.4 Mev — He*+ p+1.6 Mev, 
3. Li®(y,p)He'—4.7 Mev — He*+n+1.0 Mev. 


In their recent paper, Rybka and Katz! interpret three 
breaks in their photoneutron yield curve of natural 
lithium to be due to the thresholds of the three Li® 
reactions. Although Romanowski’? measured the yield 
of Li® using a highly enriched sample of Li®, the sensi- 
tivity of his experiment was not sufficient to detect 
breaks in the yield curve. 

Concurrent with the Rybka and Katz experiment 
and following the Romanowski experiment, studies of 
these reactions were made by detection of proton- 
neutron coincidences and by measurements of the 
proton energy spectrum. The results, although more 
qualitative than quantitative, definitely establish the 
existence of the (y,#) and (y,p) reactions. The (y,p) 
reaction was not detected. 

Since two models‘ for the Li® nucleus had been 
proposed, this experiment was designed to check the 
validity of each model. The deuteron-alpha particle 
model as calculated by Carome‘ is a model for the 
(y,np) reaction, while a single-particle model calculated 
by Bing® is used for the (y,p) and (y,#) reaction. 

In the deuteron-alpha particle model, the photon 
disintegrates the orbiting deuteron resulting in an 
angular correlation between the neutron and proton 
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similar to that occurring in the photodisintegration of 
the deuteron. The photon in the single-particle model 
simply knocks out either a proton or neutron leaving 
the unstable five-nucleon core to separate into a nucleon 
and an alpha particle. For this case there would be no 
correlation between the neutron and proton. In the 
following sections, each reaction is analyzed to show 
how experimental identification can be made. 


2. THEORY AND EXPERIMENTAL PRINCIPLES 


Differences between the quasi-deuteron and single- 
particle models enable experimental distinction between 
them. This section outlines these differences and the 
experimental techniques used to distinguish one reaction 
from another. 

The quasi-deuteron mode! of Li* pictures the nucleus 
as an alpha-particle core with an orbiting deuteron. 
The (y,"p) reaction is assumed to be an interaction 
between the photon and the orbiting deuteron with the 
result that there is a strong 180° correlation between 
the neutron and proton. In addition, the available 
gamma-ray energy tends to be equally divided between 
the neutron and proton. 

The independent-particle model describes the Li* 
nucleus as a 5-nucleon core with the sixth nucleon 
orbiting about this core. The photon simply separates 
the sixth nucleon from the nucleus, leaving the 5- 
nucleon core to decay isotropically in its own rest frame. 
In this model the single particle is ejected with § of 
the available photon energy. Because the two stages in 
the process are independent, the energy distribution of 
the particles can be calculated for a given experimental 
situation. 

In either case, neutron-proton coincidences are avail- 
able for detection. The strong correlation predicted for 
the quasi- deuteron model enables a positive identi- 
fication of this reaction by use of small solid angle 
detectors. The 0.1-steradian detectors used in this 
experiment give an expected counting rate 30 times 
higher for the quasi-deuteron model calculated by 
Carome than can be obtained from the isotropic dis- 
tribution expected from the single-particle model. 

When no found for the correlated 

yp) reaction, the equipment was adapted to enable 


eviden € was 
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detection of the (y,p) and (y,#) reactions. From the 
(y,p) reaction protons are emitted with energies equal 
to } of the available photon energy. Because the neutron 
from the decay of the He’ core has little kinetic energy, 
the coincidence technique was not practical in this case. 
Instead, a proton energy spectrum was taken using the 
proton detector alone. The resulting spectrum with the 
high-energy protons included in it is indicative of the 
presence of the (7,p) reaction. 

The (y,) reaction is characterized by high-energy 
neutrons and low-energy protons from the decay of 
Li®. Separation of the (y,2) and (y,p) reactions can be 
accomplished by requiring that the neutrons in co- 
incidence with low-energy protons have energies above 
those coming=from the He® decay. Although the 
counting rates are low, enough counts were obtained 
in a reasonable time to establish the existence of the 
(y,%) effect. 

Calibration and testing of the system were accom- 
plished by measurements of the type done in the Li® 
experiments on the D(y,)p reaction which is well 
enough measured to be used as a standard. 


3. EXPERIMENTAL APPARATUS 


The Case betatron was operated at 17.3-Mev peak 
energy with a beam burst 50 ysec long to provide 
gamma rays for the entire experiment. A calibrated 
transmission air ionization chamber was used to meas- 
ure the gamma-ray beam intensity which was } r/min 
at the sample position. The beam was collimated to a 
diameter of 1.18 cm at the target position with the 
shielding geometry shown in Fig. 1. The permanent 
magnets were used to remove electrons from the beam. 
An evacuated chamber (equipped with a 2-position 
solenoid-operated target changer) housed the samples 
to be irradiated. The plastic scintillator used for the 
proton detector served as a vacuum window placed at 
90° to the incident beam direction. 

Targets used in the (y,#p) and (y,p) experiments 
were 1 cm square samples of Li® and natural Li con- 
taing approximately equal numbers of atoms with 
masses of 34 mg and 42 mg, respectively. The natural 
lithium target was used to establish the background 
due to the photon beam. In the (y,#) experiment, 
0.0042-in. thick targets were used to allow the low- 


NEUTRON 
COUNTER 


Pb CONCRETE BLOCK 
SHEET WALL 


Al BEAM 
HARDENER 


PARAFFIN 


MAGNET ‘ff 
a 


= | — | | 


— a2 — 


— i go 
- | 


COLLIMATORS oad 
lo——1g°—o| | macneT J 
ne §6PROTON did 

COUNTER 


ca" -——_e 
— 173¢m —e 


. Experimental arrangement 


AND W. H. 


VOI 


energy protons to « target. The Li® was 92.8% 
Li®, while the nat 92.6% Li’, 7.4% Li*. 
Deuterated and undeuterated paraffins were used for 
the D(y,2)p calibration of the experimental equipment. 
The 80-mg deuterated target was 0.94 cm square with 


ural Li was 


96.2% of the hydrogen atoms replaced by deuterium. 
A 70-mg sample of undeuterated paraffin of the same 
size was used for the background target. 

The proton detectors w made of plastic scintil- 
lators. Energy calibration was mmplished by use of 
the Po*” 5.3-Mev alpha and Cs’ @ rays. 
Calculations® of the response enabled extra- 
polation to the proton energy calibration. 
the low 
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the protons to be detected were of low energy. Thus a 
0.004 in. thick scintillator, 14 
0.53 in. from the target; its t] 
stop 2.5-Mev protons 

A plastic scintillator was also used for the proton- 
4 10° truncated cone, 2.94 in. 
ter of 0.75 in., was made 
or. It subtended a solid angle of 
Its efficiency, ¢ 


diamneter, was placed 
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recoil neutron detector 
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0.10 steradian ’ was calculated on the 
basis of the neutron-proton scattering cross section, 
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block diagram Fig. 2. The fast coincidence channel has 
a resolving time of 6 mysec. To within its resolving 
time, it insures coincident events and eliminates a large 
fraction of the background. The Brookhaven amplifiers 
are used to provide pulse-height analysis by use of 
discriminators in the 3-channel coincidence circuit or 
in the 10-channel pulse-height analyzer. The pulse- 
height analyzer is gated on by the 3-channel coincidence 
circuit to obtain coincidence spectra. Thus, an output 
pulse from the system is obtained when a fast coin- 
cidence is detected between two pulses whose heights 
are above the threshold desired. All scalers are gated 
on during the beam burst only. The detailed operation 
of the components of the system are discussed more 
fully elsewhere.’~"” 


4. EXPERIMENTAL RESULTS 
(a) Calibration with the D(-;,n)p Reaction 


Because of its similarity to the Li® reaction, the 
D(y,)p reaction was used to check the over-all oper- 
ation of the detection system including the energy 
calibration calculations and efficiency calculations. 
Satisfactory agreement between the measured yield 
from the D(y,n)p reaction and the expected yield was 
obtained. Agreement between calculated and measured 
proton and neutron energy spectra was also obtained. 

The measured proton energy distribution may be 
expressed as follows: 


N(E,)=PP-A( ey) f N pn(Ee,(E)dE, 
E 


lp 


where V(E,)=number of coincidences per 100 r per 
1 Mev interva! in measured proton energy; E= energy 
of the proton formed in the target; P,= probability 
that a neutron will strike the neutron detector using a 
sin’@ distribution for the neutrons, where @ is the angle 
between the incident photon and emitted neutron; 
P.= probability that a proton associated with a neutron 
striking the neutron detector will fall into the solid angle 
of the proton detector; V,,(£)=product of the Schiff 
bremsstrahlung spectrum and the D(y,)p cross section 
in terms of FE; e,(/)=neutron detector efficiency, Eq. 
(1); and A(£,)=number of deuteron atoms which give 
protons into the detector of energy E,+AF,; i.e., this 
is the target thickness correction." 

Numerical integration of Eq. (2) leads to a proton 
energy distribution curve as shown in Fig. 3. In this 
instance, the neutron detector threshold was set for 
0.8 Mev. The total number of counts above any desired 
proton energy is found by integrating Eq. (2) from the 
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Fic. 3. D(y,")p proton energy distribution after 
proton leaves target 


proton detector threshold to the maximum energy. 
The measured proton energy distribution is plotted on 
Fig. 3 such that the total measured number of proton- 
neutron coincidences above 2.5 Mev proton energy is 
normalized to the computed number of coincidences. 
The measured total was 11% higher than the calculated 
total. 

Equally good agreement was found for neutron 
detector thresholds of 1.7 and 2.7 Mev. A neutron 
pulse-height spectrum was also computed and compared 
with the measured spectrum. In addition, calculated 
and measured total counting rates were compared as a 
function of neutron detector thresholds to help estab- 
lish the neutron detector energy calibration. 

The good agreement between measured and calcu- 
lated spectra and total yields was taken as evidence 
that the methods employed were valid. 


(b) Li*(y,np)He* Reaction 


Because of the similarity of the Li*(y,np)Het* reaction 
based on the deuteron-alpha particle model to the 
D(y,")p reaction, the only change made in the equip- 
ment after calibration was a change in the thresholds 
of the discriminators. To add to the discrimination 
against the independent-particle model effects already 
provided by small! solid-angle detectors, the neutron 
detector threshold was increased to 1.4 Mev and the 
proton threshold to 3.0 Mev. 

If the entire yield of photoneutrons as measured by 
Romanowski is due to the (y,mp) reaction, then the 
expected rate may be calculated in a manner similar to 
that of the calibration experiinent. The expression for 
the coincidence rate is as follows: 


V(E,)=P,P f V pn(E)e,(E)A(E,E,)dE, (3) 

Ep 
where V(/,)=number of coincidences per 100 r per 
1 Mev energy interval; P= probability that a neutron 
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Fic. 4. Li*(y,p)He® proton energy distribution after proton 
leaves target. The point at 9.2 Mev is the surplus channel posi 
tioned and normalized to a channel from 7.9 Mev to 10.4 Mev 


will strike the neutron detector using sin’@ dis‘ribution ; 
P= probability that a proton associated with a neutron 
striking the neutron detector will fall into the solid angle 
of the proton detector; E= energy of the proton formed 
in the target; \,,(£)= product of the bremsstrahlung 
spectrum and Romanowski’s section; ¢,(£) 

neutron detector efficiency; and A(£,E,)=number 
of Li® atoms giving protons of energy £,.” 

The integra! is evaluated numerically, plotted, and 
graphically integrated to give the total expected 
counting rate. The angular correlation of Carome was 
numerically integrated to give an approximate value 
of 0.25 for P.. The target thickness factor A(E,E,) was 
calculated using the assumption that the proton and 
neutron each take half of the available gamma-ray 
energy ; since the target is relatively thin, this correction 
is not so sizeable as to eliminate the correlation effect 
even if the assumed energy distribution is far from 
accurate. The calculated coincidence rate based on the 
assumption that the total neutron yield measured by 
Romanowski is due to Carome’s model for the (y,"p) 
reaction is 42 c/100 r. An irradiation of 240 r gave a 
yield from the Li® target of 3 coincidences, while the 
same irradiation of the Li’ background target yielded 
2 coincidences. Within the counting statistics, there is 
no observable correlation. 


cross 


(c) The Li*(y,p)He®’ — He‘+n Reaction 


It was found that for proton energies above 4 Mev, 
coincidence techniques were not necessary to enable 
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differentiation between the Li*® and Li’ targets. Pulse- 
height spectra were taken of the proton detector output 
without the use of coincidence gating to discover any 
differences between the Li® and Li’ targets used in the 
(y,np) experiment. 

The proton energy spectrum from the (y,p) reaction 
may be calculated in a manner similar to the previous 
calculations [Eq. (3) |] except that no neutron detector 
efficiency term is needed, the correlation factor P, is 
not needed, and isotropic distribution of the emitted 
proton is assumed. The energy distribution of the 
protons formed in the target is based on the assumption 
that the proton absorbs } of the available gamma-ray 
energy. The calculated proton energy distribution is 
shown in Fig. 4. 

In this measurement, the identification of pulses as 
proton pulses has to be inferred. A Li’ target containing 
the same number of atoms was used as a background 
target to separate the Compton and pair pulses from 
the proton pulses. Because of the possibility of (7,p) 
and (y,/) reactions in Li’, a 63-mg paraffin sample was 
also used to help establish the target-produced Compton 
and pair background. Runs were also taken with no 
target to show the size of the nontarget background. 
The actual pulse-height analyzer data are reproduced 
in Table I. The net number of counts above 5.65-Mev 
measured proton energy, corrected for the Li® in the 
Li’ sample, is 97 counts for a 120-1 irradiation with a 
statistical uncertainty of 12%. The data of Table I, 
corrected for channel widths and normalized so that 
the total number of counts measured above 5.65 Mev 
is equal to the calculated number above 5.65 Mev, are 
plotted on Fig. 4. With the assumption that the total 
neutron yield is due to the (y,p) reaction, the calculated 
rate of proton production above 5.65 Mev is 258/100 r 
while 81/100 r are measured, with a statical uncertainty 
of 12%. 


(d) The Li®(y,n)Li® — He*+p Reaction 


Because of the high background in the neutron 
detector, coincidence between the neutron and proton 
from the reaction is required to separate the (y,n) 
reaction from the background. In this reaction, the 
neutron absorbs $ of the available photon energy; it is 
possible to set the neutron detection threshold high 
enough to discriminate against a large part of the back- 
ground in the neutron detector. Since the Li’ nucleus 
breaks up with an energy release of 1.6 Mev, the protons 
have energies sufficient for detection in this system. The 
thin targets used eliminated the necessity of a target 
thickness correction for the and the thin 
scintillator aided significantly in reducing the coin 
cidence background. The pulse-height analyzer was 
used on the neutron detector to provide a choice of 
thresholds; the proton threshold was set for 0.8 Mev, 
low detect the desired protons. Again 
Romanowski’s cross section was used to estimate the 


pre tons, 
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TABLE I. Proton detector pulse-height analyses-uncorrected (counts/120 r). 


Proton energy 
(Mev) 
Chan. No. 
Li‘ 
Li’ 


Parafhn 
No target 


coincidence rate based on the assumption that all the 
neutrons were produced by the (y,m) reaction. For a 
neutron detector threshold of 1.3 Mev, the expected 
rate was 7.91 coincidences/100 r. The measured rate 
was 4.7 coincidences/100 r with a statistical uncertainty 
of 22%. 

5. DISCUSSION 


The lack of any effect in the Li*(y,np)He* experiment 
indicates that a correlated (y,np) reaction of the type 
predicted by Carome produces at most 2% of the total 
observed neutron yield. However, this experiment by 
itself does not eliminate the possibility of a weakly 
correlated or uncorrelated (y,mp) process which would 
produce a considerably higher fraction of the neutron 
yield. 

The proton spectrum, in spite of its poor statistical 
accuracy, shows the existence of the (y,p) reaction by 
the fact that there exist protons of sufficient energy to 
have § of the available photon energy. The dominance 
of protons in the 5-Mev energy range could be caused 
by several effects; however, the precision of the data 
is not sufficient to warrant any firm conclusions other 
than that the (7,p) reaction alone does not explain the 
data. One possible explanation is that the He*® nucleus 
is left in an excited state of about 2.5 Mev more than 
50% of the time. Another possibility is that an un- 
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correlated (y,mp) reaction produces about 50% of the 
photoprotons. Calculations of the proton energy spec- 
trum were made using each of these assumptions. 
Because of the lack of distinguishing features of the 
calculated curves and the poor statistics on the data, 
it is impossible to say that these assumptions signifi- 
cantly improve the fit to the data. 

The (y,) data provide only a measure of the relative 
integrated cross section for the (y,m) process. Thus, 
the (y,#) reaction is responsible for about 58% of the 
photoneutron yield and the (y,p) reaction for about 
31% of the photoneutron yield with each figure having 
sufficient statistical error to cover the 11% discrepancy 
between the total and 100%. The prediction by Bing 
that the Coulomb barrier reduces the (7,p) cross section 
to 0.6 that of the (7,) reaction is roughly supported. 
From these data, it appears that an independent- 
particle model might give a better description of the 
photodisintegration of Li’ at these photon energies than 
a deuteron-alpha particle model. 
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The gamma-ray threshoid technique has been used with the F(d,ny) Ne™ 
in the residual nucleus, Ne”. Thin targets of CaF, were bombarded with 
Graaff accelerator. Two NalI(TI) crystals (1.75-in.1.75-in. and 3-in. x 3-ir 
arrangement to measure the gamma rays as a function of deuteron energy. Nin« 
thresholds were found, at bombarding energies of 0.514+0.02, 0.60+0.02 ?, 0.764 


ind excited states 
a 2-Mv Van de 
a coincidence 

or neutron 
0.85+0.02 ?, 1.15 


ga ma-ray 
0.02 


+0.02, 1.35+0.02, 1.7040.02, 1.7940.02, and 2.064+0.02 Mev. These threshold energies correspond to 


excited states in Ne™ at 11.11+0.02, 11.1940.02 ?, 11.334-0.02, 11.42+0.02 
12.19+0.02, 12.27+0.02, and 12.5140.02 Mev, respectively 
ground state of Ne” except the 11.11-, 11.19-, and 12.27-Mev states, which decay primarily to the 


11.69 


ates ecay 


+ 0.02, 
prin 


11.87+0.02, 
ipally to the 
1.63-Mev 


All of 


these st 


state. Possible isobaric spin assignments are discussed. 


I. INTRODUCTION 


HE success of the shell model in predicting the 

spacing and other properties of excited states for 
nuclides in the vicinity of doubly closed shells makes it 
highly desirable to obtain more data on such nuclides. 
For some years a great deal has been known about the 
level structure of Ne”, except for the region from 10 
to 13 Mev. 

The region of excitation in Ne” below 10 Mev is 
accessible by means of a number of nuclear reactions: 
O'*(a,a), O'(a,y), Ne (x,x’), Na™(p,a), and F(d,n). 
The region above 13 Mev.is accessible by means of the 
proton bombardment of F”. The region between about 
10 and 13 Mev is not easily accessible by any of these 
reactions. States in this region can be excited by means 
of the F"(d,n) reaction, but conventional methods in 
neutron spectroscopy are inadequate to resolve the neu- 
tron groups leading to states in Ne” from 10 to 13 Mev. 
The high bombarding energy required for the Na* p,q) re- 
action to excited states in this region makes resolution 
of the different alpha partic le groups leading to these 
states likewise impractical, at least up to the present 
time. 

The use of neutron threshold techniques with the 
F'° (dn) Ne” reaction offers a means of detecting excited 
states in this region of excitation in Ne”, but because of 
the large number of neutron groups having positive Q 
values, the detection sensitivity of conventional neutron 
threshold techniques is not sufficient for definite identi- 
fication of any slow neutron thresholds in this reaction.' # 

In order to measure the energies of excited states in 
this region of Ne*® (10-13 Mev), a “gamma-ray thresh- 
old” detection technique was developed and used with 
the F"(d,ny)Ne® reaction. This technique has since been 
used to find neutron thresholds in the O'8(d,ny)F"™ re- 
action. These later experiments have been reported? 
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and the ‘gamma-ray threshold’ 
detail. 
The essential element of the gamma-ray threshold 


technique described in 


detection technique is the use of a gamma-ray spec- 
trometer (for example, a Nal crystal with associated 
differential pulse-height analyzer). The spectrum of 
gamma rays is taken at each bombarding energy chosen. 
The appearance of a new gamma ray (as a function of 
bombarding energy) marks the 
neutron group leading to the state which decays by 
emitting this new gamma ray 
others). 

If the over-all yield of gamma rays is increasing 
rapidly with bombarding energy (because of the energy 
dependence of Coulomb barrier penetrabilities), it is 
sometimes desirable to eliminate this energy dependence 
of the yield by dividing the counts in each channel of a 
differential pulse height analyzer by the total number of 
counts in all channels. This 


threshold for a new 


(perhaps along with 


“normalization” process 
therefore makes the average yield constant as a function 
of energy. Thus if a new gamma ray appears, it can be 
seen as a rise of yield in the channels corresponding to 
the peak (or peaks) of the gamma ray. 

Before the present experiment was performed, the 


region of excitation in Ne” between 11 and 13 Mev was 


almost completely 


unexplored. With a variable energy 
deuteron beam available, up to a maximum of 2.14 Mev, 
the region from 11.0 to 12.5 Mev has been investigated 
by the technique described above, 
reported herein. An abstract 
present experiment has been published,° and other por- 
tions of the experiment were reported orally.® A resume 
of the results has been included in a Naval Research 
Laboratory progress report.® 


and the results are 
account of a part of the 


Il. EXPERIMENTAL PROCEDURE 


Targets of CaF, were prepared by evaporation in 
vacuo onto cleaned and polished Ag disks, 1.25-in. 
5 J. W. Butler, 
‘y.W 
Quarterly 
published), p 
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diam X0.010-in. thick. The target thicknesses used 
ranged from 100-500 micrograms/cm* corresponding to 
energy losses of about 20-100 kev for 1.5-Mev deuterons. 
Most of the data were taken with a 50-kev thick target. 
The deuterons were supplied by the NRL Nucleonics 
Division 2-Mv Van de Graaff accelerator. The gamma- 
ray spectrometer consisted of two Nal(Tl) crystals, 
1.75 in.X 1.75 in. and 3 in.X3 in., two DuMont multi- 
plier phototubes, 6292 and K1197, a 20-channel differ- 
ential pulse-height analyzer, and associated electronic 
equipment, including time coincidence circuits. 

Since the gamma rays of interest were quite high in 
energy (9-13 Mev), a large fraction of the pulses result- 
ing from pair creation in the crystal did not lead to 
“photopeak” or “total absorption” counts because of 
bremsstrahlung emission by members of the pair travel- 
ing through the sodium iodide, conventional wall effects, 
etc. In an effort to recapture some of the energy emitted 
in the form of bremsstrahlung, two crystals were used 
“in line” with the target. The two crystals were placed 
at 90° with respect to the deuteron beam as illustrated 
in Fig. 1. At high energies, the most probable direction 
for bremsstrahlung emission is along the direction of 
motion of the electron, and the most probable directions 
for the two members of a created pair make a relatively 
small angle with respect to the direction of the gamma- 
ray quantum. Therefore, the larger crystal was placed 
“behind” the smaller crystal to capture as much as 
possible of the bremsstrahlung radiation coming from the 
smaller crystal. The anodes of the two phototubes were 
connected together and the gains carefully balanced. A 
coincidence requirement was placed on pulses to be 
accepted for counting. A minimum of 0.8 Mev was re- 
quired to be deposited in each crysta! before a pulse was 
accepted for analysis, the individual pulses for coinci- 
dence purposes being taken from the No. 10 dynodes of 
the phototubes. The 20-channel analyzer, which meas- 
ured the spectrum of the combined anode pulses, was 
gated on by the coincidence pulse, the coincidence cir- 
cuit having a resolving time of 1 usec. 

For the data taken at the lowest bombarding energies 
(where the gamma-ray yield was very low), the crystals 
were placed as close as possible to the target. But at 
somewhat higher bombarding energies (where the 
gamma-ray yield was fairly high), it was not necessary 
to place the crystals so close to the target. And since the 
corresponding neutron yield was also high, it was very 
desirable to use a neutron deflector between the target 
and the crystals. This was accomplished with the use 
of a truncated cone of paraffin. Above about 0.8 Mev, 
a Pb collimating cone was used in addition to the 
parafhn. The effect of the Pb cone was to shield the 
outer parts of the first crystal from direct illumination 
by the gamma rays, thus decreasing the wall effects and 
the escape of annihilation radiation from the crystal 
sides. 

In addition to the Pb collimator and paraffin neutron 
deflector, at the higher bombarding energies an alumi- 
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Fic. 1. Geometrical 
arrangement of target 
and Nal crystals. Sig 
nals on the No. 10 dy 
nodes of the phototubes 
triggered a coincidence 
gate which turned on 
the 20-channel analyzer 
The two anodes were 
connected together, and 
the combined pulse was 
analyzed. The paraffin 
served aS a neutron 
deflector. 














num attenuator (not shown) was used to decrease the 
intense low-energy gamma-ray yield, for example, the 
1.63-Mev gamma ray, resulting from the de-excitation 
of the 1.63-Mev state of Ne”. This state is fed by three 
channels: the (d,n) reaction directly, gamma-ray cas- 
cades from higher states of Ne”, and the decay of F” 
formed by the competing F"(d,p)F” reaction. The 
thickness of the Al shield varied from } in. up to 2 in. 

The gamma-ray spectrum was displayed on the 20- 
channel analyzer at each bombarding energy used. The 
calibration factors used varied from 150 to 300 kev per 
channel, and the threshold of the 20-channel sweep was 
set in the 6-8 Mev range. 

Because the yield from the reaction increased rapidly 
as a function of deuteron energy, and because the gain of 
the phototube was observed to be a function of counting 
rate (or phototube current) it was necessary to take 
precautions to insure gain stability from one bombard- 
ing energy to another. The 3.09-Mev gamma ray from 
the C"(d,py)C™ reaction gave an outstanding peak in 
the gamma-ray spectrum, and was therefore used as a 
check on gain stability. A liquid nitrogen cold trap was 
used between the target and the magnetic beam ana- 
lyzer, but this did not completely prevent the formation 
of a thin carbon film on the target, and the relatively high 
cross section of the C"(d,py)C™ reaction made the in- 
tensity of the 3.09-Mev gamma ray sufficient to enable 
rather precise calibration measurements to be made. (A 
later adaptation of the cold trap target protection 
technique’ proved much more effective in preventing 


J. W. Butler and C. R. Gossett, Phys. Rev. 108, 1473 (1957). 
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carbon, fluorine, and other contaminants from forming 
on the target.) 

Before and after the spectrum was obtained at each 
different bombarding energy, the linear amplifier gain 
and pulse-height analyzer threshold were changed to 
display the 3.09-Mev peak on the 20 channels. If the 
position of the peak had shifted slightly between bom- 
barding energies, the phototube high voltage was 
changed slightly to bring the peak back into the same 
channel as before. The beam was on the target con- 
tinuously, thus eliminating possible systematic changes 
in phototube gain with periodic changes in gamma-ray 
intensity. 

Ill. RESULTS 


Of the various reactions possible when F is bom- 
barded with deuterons, the (d,) reaction has the highest 
Q value (except for radiative capture of the deuteron, 
which has a very low cross section and has not been 
observed). The (d,a) reaction has almost as high a Q 
value, but at a bombarding energy of 1.8 Mev, the 
highest energy state observed to be excited in the reac- 
tion was 6.869 Mev.* Because of Coulomb effects, one 
would not expect to observe states excited in the residual 
nucleus as a result of the emission of low-energy 
“threshold” alpha particles. The (d,p) reaction on F™¥ 
has a Q value of 4.377 Mev, the (d,p) reaction on C” 
has a Q value of 2.721 Mev, and the (d,n) reaction on C” 
has a negative Q value. (The prompt gamma rays follow- 
ing neutron capture in the Nal crystal were observed to 
exhibit a spectrum which decreases rapidly with in- 
creasing energy, having a cutoff at about 6-7 Mev.) 
Therefore, it is reasonable to expect that essentially 
all the gamma radiation above about 6-7 Mev was due 
to the (d,wy) reaction. 

The thresholds are illustrated graphically in Fig. 2. 
Because of the very wide dynamic range of the yield 
over the interval of bombarding energies the detectors 
were used at several distances from the target, with 


‘ 
ener n WEY 


Fic. 2. The “normalized” high-energy gamma-ray counts as a 
function of bombarding energy. For the different regions of the 
curve, the following information is given: the ordinate scale (left 
or right) and the energy windows used to obtain the ordinate value 

the numerator and denominator \—left scale, 8.7-10.0 and 
6.4-11.4 Mev. B—right scale, 9.5-11.5 and 6.3-11.5 Mev. C 
right scale, 10.0—-11.3 ar 12.5 Mev. D—right scale, 10.5-11.8 
and 7.8-13.0 Mev. I is ale if numbers are multiplied by 
five, 9.8-10.8 and 7 12.0-13.0 and 
9.0-13.2 Mev. The reasons for these energy windows and the 
method of analysis are discussed in the text. The 
thresholds at 0.00 and 


0.85 Mev is not certair 
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different amounts of absorber, different target thick- 
nesses, etc. Furthermore, the gamma-ray energies at 
threshold were changing with excitation energies in the 
Ne” excited and hence with bombarding 
energies. Therefore, the “excitation curve” 
tinuous over the entire range 


nucleus, 
is not con- 
of bombarding energies. 
The ordinate values of Fig. 2 represent the ratio of 
counts corresponding to total absorption channels for 


transitions to the ground state and the 1.63-Mev state 
The 


all 20 channels of the 


to the counts i analyzer. 


positions of the changes in slope are interpreted to be the 
threshold bombarding energies. TI 


1ese values are listed 
in Table I, together with their uncertainties, the corre- 
sponding Q values, and the excitation energies in Ne”. 

For curve A in Fig. 2, the plotted points correspond to 
the number of counts in the gamma-ray energy interval, 
8.7-10.0 Mev, divided by the 
interval, 6.4-11.4 Mev 


interval A is on the left of the 


number of counts in the 


Che pr 


yper ordinate scale for 
graph. The first break in 
the curve occurs at a bombarding energy of 0.51+-0.02 
Mev, corresponding to a neutron threshold, leaving the 
Ne 11.11+0.02 Mev. The latter 


value was obtained by making use of the Q value for the 


nucleus excited by 


F(d.n)Ne™ reaction, 10.646 Mev, which was in turn 
1es of Wapstra.® 
with this first 
t0.3 Mev by taking the 
ind below the break. Sper ifi- 
cally, the spectra at bombarding energies of 0.56, 0.58, 
and 0.60 Mev were added together, ch 
in order to obtain the spectrum 


The spect 


obtained from the mass val 
The 


break was measured to 


gamma-ray energy associated 


difference in spectra above 


iunnel by channel, 
well above threshold 
with good statistics 1 corresponding to bom- 


bar 50 Mev were similarly 
were then 


nt spectra 
nber of total counts, and the 


normalized t 

aggregate spect id subtracted from the 
one above. This differen pectrum then gives a meas- 
ure of the gamma ray (or gamma rays) giving rise to 


* A. H. Wapstra, Physi 





ENERGY LEVELS IN Ne?** 
the threshold. The measured value of the gamma-ray 
energy, 9.60.3 Mev, corresponds to a transition from 
the excited state at 11.11 Mev to the lowest excited 
state in Ne”, 1.63 Mev. 

A probable second break occurs at a bombarding 
energy of 0.60+0.02 Mev, corresponding to an excited 
state in Ne™ at 11.19+0.02 Mev, and indicating a 
gamma-ray energy of 9.7+0.3 Mev. This energy is 
also consistent with decay to the 1.63-Mev state. 

Since the gamma-ray energy associated with the next 
threshold (0.76+0.02 Mev, curve B), was considerably 
higher than those shown by curve A, the energy interval 
chosen for the plot was also different. Curve B represents 
the counts in the gamma-ray energy interval 9.5-11.5 
Mev, normalized by dividing by the counts from 6.3 to 
11.5 Mev. The proper ordinate scale for curve B is on 
the right side of the graph. The gamma-ray energy 
associated with the 0.76-Mev threshold was determined 
to be 11.540.3 Mev by the same technique described 
above for the thresholds represented by curve A. This 
energy indicates a ground-state transition. 

At 0.85+0.02 Mev of bombarding energy, another 
change in slope occurs and probably represents a neu- 


tron threshold corresponding to a state in Ne” at. 


11.42+0.02 Mev. The residual excited state emits a 
gamma ray whose energy was measured to be 11.5+0.3 
Mev, a transition to the ground state. 

For curve C (ordinate on right side), the plotted 
points represent the counts in the interval 10.0-11.3 
Mev normalized by dividing by the counts in the inter- 
val 7.3-12.5 Mev. The two breaks shown, 1.15 and 1.35 
Mev, represent states in Ne” at 11.69+0.02 and 11.87 
+0.02 Mev, and are associated with gamma rays whose 
energies were measured to be 11.6+0.3 and 11.8+0.3 
Mev, respectively. These correspond to ground-state 
transitions. 

Curve D (ordinate on right side) shows the counts in 
the interval 10.5-11.8 Mev normalized by the counts 
in the interval 7.8-13.0 Mev. The threshold at 1.70 
+0.02 Mev corresponds to a state in Ne” at 12.19+0.02 
Mev emitting a gamma ray whose energy was measured 
to be 12.0+0.3 Mev, a ground-state transition. 

For curve E, the numbers on the right-hand ordinat« 
scale should be multiplied by five. The normalized 
counts are higher than for the other curves because the 
gamma-ray transition is to the 1.63-Mev state of Ne”, 
and the energy window including the usual three peaks 
from such a transition also includes a considerable 
number of counts corresponding to higher energy gamma 
rays. The intervals used were 9.8-10.8 and 7.8-13.0 
Mev. The threshold bombarding energy was measured 
to be 1.79+0.02 Mev, and the gamma-ray energy meas- 
urement was 10.8+0.3 Mev, indicating decay to the 
1.63-Mev state of Ne”. 

The highest energy threshold observed is at 2.06+0.02 
Mev, residual excited state energy, 12.51+0.02 Mev, 
and is shown by curve F (right hand ordinate). The 
energy windows used were 12.0-13.0 and 9.0-13.2 Mev, 
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and the gamma-ray energy was measured to be 12.6 
+0.3 Mev, thus indicating a ground-state transition. 
The excited states corresponding to neutron thresh- 
olds found in the present experiment are shown sche- 
matically in Fig. 3. Also shown are the observed modes 


of decay. 
IV. DISCUSSION 


Since the binding energy of the last alpha particle 
in Ne® is 4.753 Mev,’ any excited state above this value 
can decay by either alpha emission or gamma-ray 
emission, as far as energy requirements are concerned. 
Since O"* and the alpha particle both have zero spin, an 
excited state in Ne” having a high spin value might be 
expected to have a relatively narrow alpha-particle 
partial width because of the centrifugal and Coulomb 
barriers. An odd-parity state in Ne” with even spin, or 
an even-parity state with odd spin could not decay into 
an alpha particle and O** in the ground state because 
of the spin-parity conservation requirements. And finally 
a T=1 state in Ne” could not decay by alpha emission 
leading to a T=0 state in O"* (in particular, the ground 
state) if the simple application of isobaric spin selection 
rules are quantitatively valid in this case. 

Thus, even though the excited states of interest to the 
present discussion are unstable for alpha emission by 
about 7 Mev (and without the considerations discussed 
in the above paragraph, would be expected to decay 
almost exclusively by alpha emission), it is reasonable 
to expect to find states in the region which have ap- 
preciable probability for decay by gamma emission. 
Indeed, this is the basis on which the present experiment 
was performed. 

Another conceivable method of detecting states in 
the region of excitation in the present experiment is by 
observing alpha-particle groups from the F"(d,na)O" 
experiment. This reaction, however, has the inherent 
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FG. 3. The excited states in 
Ne™ found in the present ex- 
periment and their observed 
modes of decay. 
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disadvantage of ‘smearing out” the particle groups be- 
cause some of the disintegrations would involve three- 
body breakup. It is conceivable, however, that the 
partial width for neutron emission might be sufficiently 
greater than that for alpha-particle emission that the 
majority of such three-body breakups would proceed by 
two steps sufficiently separated in time that the neutron 
leaves the residual Ne” nucleus in a well-defined state, 
which subsequently decays by alpha emission. The alpha- 
particle energies would sti!l be influenced, however, by 
the angle between neutron and alpha emission. Thus 
some smearing of alpha-particle groups is inevitable. 

Watson and Buechner® analyzed the alpha-particle 
groups from the F*(d,«)O"’ reaction. Since the above- 
mentioned F"(d,na)O"* reaction completes with the re- 
action observed by Watson and Buechner, the alpha- 
particle groups from the latter reaction would be present 
in their alpha-particle spectrum. They did observe a 
broad distribution of alpha particles and assumed this 
distribution to arise from the F"(d,na)O"* reaction. 
Under this assumption, they calculated the value of the 
highest state in Ne” leading to this distribution to be 
11.85 Mev. This value is in good agreement with the 
excited state corresponding to the 1.35-Mev threshold 
of the present experiment, 11.87 Mev. The agreement is 
improved if one corrects their value by recalculating it, 
using the presently accepted value® of the mass differ- 
ence between Ne” and O"* plus an alpha particle, 4.753 
Mev. The Ne” excited state of Watson and Buechner 
then becomes 11.87 Mev. 

We examined their published curve for possible alpha- 
particle groups corresponding to other states observed 
in the present experiment. We did find two possibie 
weak alpha-particle groups in the continuum, and after 

onverting the Hp values obtained from their curve to 

energy excitation values, we obtained 11.44 and 11.34 
Mev for excited states in Ne”. If these values are sig- 
nificant, they correspond to the thresholds at 0.85 and 
0.76 Mev in the present experiment, the excited states 
being 11.42+0.02 and 11.33+0.02 Mev. The two highest 
states in Table I could not have corresponding alpha- 
particle groups in the curve of Watson and Buechner 
because their bombarding energy was 1.8 Mev, just at 
the threshold corresponding to the 12.27-Mev state. 
One would therefore not expect to find much yield of 
this state at that energy, and of course would expect no 
yield of any higher energy states. If there were alpha- 
particle groups corresponding to the two lowest states 
of Table I, they were obscured by an intense alpha- 
particle group from the F"(d,a)O" reaction. 

According to the selection rules, excited states in Ne”, 
having T=1, can be produced by the F'*(d,n)Ne”™ re 
action, and for reasons discussed above, one would 
expect that some states having an appreciable proba- 
bility for decay by gamma radiation (in the energy 
region of interest) would be T7=1 states. (The lowest 
energy T=1 state in Ne” is believed to be the 9.97- 
Mev state."*) 


If one compares the known-level density in F*® below 
about 2.5 Mev (all 7=1 states) with the known-level 
density in Ne” from about 10 to about 12.5 Mev (the 
corresponding region if the 9.97-Mev state in Ne” is the 
first 7 = 1 state), one finds that there are eight such states 
in F™, and there are nine states in the corresponding 
region of Ne” from the results of the present experiment. 
In addition, there is a possible 7=1 state in Ne™ at 
10.61 Mev.” Thus, probably most, if not all, of the 
states found in the present experiment are 7'=1 states. 
As mentioned above, the application of the simple 
isobaric spin selection rules forbids such T7=1 states 
from emitting alpha particles to the ground state of O"*. 
However, in practice, one usually finds some configura- 
tion mixing and some degree of isobaric spin impurity. 
Therefore, the naive application of the rules is seldom 
quantitatively valid. So the possible weak alpha-particle 
groups mentioned above from the work of Watson and 
Buechner do not necessarily mean that they cannot 
correspond to 7=1 states. Although there probably do 
exist states in this region which are predominantly alpha 
emitters, they would not necessarily appear prominent 
in the alpha-particle spectrum from the deuteron bom- 
bardment of F" because the population of such states 
would first be dependent on the proton width of the 
state in Ne” (assuming the direct process mechanism) 
or the neutron width of the compound state in Ne”! 
(assuming the compound nucleus model). 

The alpha-particle scattering by O'* has been meas- 
ured up to a bombarding energy of about 5.5 Mev," 
corresponding to an excitation in Ne™ of about 9 Mev. 
Therefore, no direct comparison can be made between 
states observed in the O'*(a,z) reaction and those of 
the present experiment 

Terrell and Phillips'* measured the gamma-ray spec- 
trum from the F"(d,ny)Ne” reaction at a bombarding 
energy of 1.56 Mev, and reported a gamma ray of 
11.5+0.4 Mev. Bent et al.,! 
but at a bombarding energy of 3.6 Mev, reported gamma 
rays of 11.51+0.2 and 10.61+0.1 Mev. These gamma- 
ray energies can be fitted into the level scheme observed 


using the same reaction 


in the present experiment, but the uncertainties in the 


gamma-ray energies are approximately equal to the 
level spacing, so a unique assignment cannot be made. 
Marion,” using the F'*(d,2)Ne” reaction, the neutron 


ratio technique,’ and a CaF, target, found evidence for 


several neutron thresholds between bombarding energies 
of 1 and 5 Mev. But it was not definitely established 
that these thresholds were due to F. Only one of these 


thresholds was below 2 Mev, its energy being 1.487 


+ 0.010 Mev. Since it does not correspond to any of the 
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thresholds found in the present experiment, either (1 
it was not due to F” or (2) the residual state does not 
decay by gamma emission principally to the ground 
state or first excited state of Ne™. 
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Ytterbiuns oxide enriched to 30.9% in the 168 mass number was irradiated with 6-Mev protons. An 
activity decaying by electron capture with a half-life of 7.140.2 minutes was produced and assigned to 
Lu’, The activity consists of gamma rays with energies of 8741, 90047, 98747, 1410420, 1800440, 
2130+ 60 kev in addition to the ytterbium K x ray. An energy level scheme for this decay is presented. 


Wan oxide enriched to 30.9% in the 168 
mass number was irradiated with 6-Mev protons. 
rhe initially resulting activity is assigned to Lu'™ by 
the identification of the ytterbium K x ray and by 
comparison with the activities produced by similar 
proton irradiations of each of the other enriched 
isotopes of ytterbium. Each of these irradiations 
produced the well known lutetium activity with the 
same mass number as the irradiated ytterbium isotope 
by a (p,n) reaction with no evidence of other reactions. 
The initial activity observed following the irradiation 
of Yb'® was different from all of the activities produced 
by the irradiations of the other enriched isotopes of 
ytterbium. It is assumed that this activity was also 
produced by a (f,#) reaction. 

Tke observed activity of Lu'® consists of the ytter- 
bium A x ray and gamma rays with energies of 87+1, 
900+7, 987+7, 1410+ 20, 1800+60, and 2130+80 kev. 
From an analysis of the decay of the annihilation 
radiation in the gamma-ray spectrum of this activity, 
it is concluded that if positron radiation exists in the 
activity of Lu'®, it results from less than 1% of the 
disintegrations of Lu'® and that the mode of decay of 
Lu'*® is therefore essentially by electron capture to 
Yb'*. The half-life of Lu'® is 7.140.2 minutes as 
measured by following the decay of the individual 
gamma rays for over six half-lives with a scintillation 
spectrometer. The approximate ratios of the relative 
numbers of the observed radiations in the activity of 
Lu'® after correction for crystal counting efficiency are 
K xray :87-kev y:900-kev y: 987-kev 7 = 100: 7.5: 10: 13 
The remaining three gamma rays are weak. 

The energies of the established first rotational levels 
of even-even nuclei in the region of Yb'® are between 
76 and 95 kev; in particular, those of the other even- 
even nuclei of ytterbium are 84, 79, 77, and 82 kev in 
order,of increasing mass number. It therefore seems 
probable that the 87-kev transition observed in the 


activity of Lu'® proceeds from the first rotational level 
to the ground state of Yb'®*. Thus an 87-kev 2+ level 
is tentatively assigned to Yb’. Because the energy 
difference between the 900- and 987-kev gamma rays 
is the same as that of the now assigned first rotational 
level of Yb'®, a 987-kev level of spin 1 or 2 is tentatively 
assigned to Yb'®. 

7iLilg7'™ is in the region of elliptically deformed 
odd-odd nuclei. Shell theory predicts spins of 1— and 
6— for this nucleus using the measured spins of 7Lu'”® 
and oD yo7'* which are 7/2+ and 5/2—, respectively. 
Because gamma rays corresponding to transitions 
between rotational levels in Yb'® above the first are not 
observed in the activity of Lu', the choice of 1— is 
favored for the ground state of Lu'®, 

Assuming the 87-kev transition to be E., its K, Li, Le, 
L;, and M internal conversion coefficients are 1.20, 0.13, 


,Lus* (7.1 win) 





Fic. 1. Proposed 
energy level scheme 1,2 
for the decay of 
Lu’ 
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1.42, 1.42, and 1.41 as calculated from Rose’s data.' 
The ratios of the total number of transitions to the 
number of gamma rays and the number of K-converted 
transitions are then 6.6 and 5.5, respectively. Assuming 
internal conversion of the high-energy transitions of 
Lu'® to be negligible, the ratios of the relative numbers 
of transitions in Yb'® are 49:10:13, respectively. The 
relative number of AK x rays can be corrected for 
fluorescence by dividing the 100 K x rays observed by 
the K fluorescence yield in ytterbium which is 0.937.? 
The result is 107. Applying the ratio 5.5 to the 87-kev 
transitions implies that approximately 9 of the 107 K 
x rays result from internal conversion of the 87-kev 
transition and approximately 98 result from K capture 
to the levels of Yb'™. 

Figure 1 shows a proposed energy level scheme for 
the decay of Lu'®. The approximate branching ratios 


1M. E. Rose, /nternal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958) 

*A. H. Wapstra, G. J. Nijgh, and R. Van Lieshout, Nuclear 
Spectroscopy Tables (North-Holland Publishing Company, 
Amsterdam, 1959) 
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of electron capture to the levels of Yb'® were obtained 
by determining the difference between the number of 
transitions from each level and the number of transitions 
into the same level. The number of K x rays remaining 
after correcting for internal conversion and fluorescence 
was used as the relative number of electron capture 
transitions to the ground state of Yb'™. 

There is no information currently available in the 
literature concerning the radioactive decay of Lu'™ nor 
have any energy levels been established in Yb'®* by 
Coulomb excitation. The natural abundance of the 168 
mass number in ytterbium is only 0.14% 
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Cross Sections for the (n,2n) Reaction in N“, P”’, Cu”, and Pr™ 
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The (,2m) cross sections have been measured for N™*, P®, Cu®, and Pr, 
18 Mev. The annihilation radiation emitted from the product nuclides was cou 
crystals in coincidence. In the energy range measured, the cross sections were fi 
N*, 3.03 to 11.67 mb; P®, 0 to 74 mb; Cu®, 186 to 836 mb; Pr, c 
The data are compared with curves pl 


generally in agreement with those of others 
theoretical expression for (n,2m) cross sections. 


INTRODUCTION 


LTHOUGH many (n,2n) cross-section measure- 
ments have been made for 14-Mev neutrons,'~’ 
relatively few measurements have been made over a 
range of neutron energies." Weisskopf and Ewing 
presented an approximate theoretical equation for the 


' B. L. Cohen, Phys. Rev. 81, 184 (1951 

* H. C. Martin and B. C. Diven, Phys. Rev. 86, 565 

*S. G. Forbes, Phys Rev. 88, 1309 (1952) 

‘E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953) 

*V. J. Ashby, H. C. Catron, L. L. Newkirk, and C. J. Taylor, 
Phys. Rev. 111, 616 (1958). 

*L. A. Rayburn, Bull. Am. Phys 3, 337 (1958); aiso 
4, 228 (1959); also Report to the Atomic Energy Commission 
Nuclear Cross-Sections Advisory Group, WASH-1018, 1959 
unpublished ) 

7 J. J. Dudley and C. M. Class, Phys. Rev. 94, 807(A) (1954) 

* J. L. Fowler and J. M. Slye, Jr., Phys. Rev. 77, 787 (1950). 

* J. E. Brolley, Jr., J. L. Fowler, and L. K. Schlacks, Phys. Rev 
88, 618 (1952) 

” H. C. Martin and R. F. Taschek, Phys. Rev. 89, 1302 (1953) 

"A. V. Cohen and P. H. White, Nuclear Phys. 1, 73 (1956 


1952 


OK 


lor neu 


ron energies from 12.5 to 
t with two Nal(TI 


as follow s 


1 to vary, 


1231 to rhe results are 


ytted from Weisskopf's 


variation of the (m,2m) cross section for nuclides with 
A> 50 as a function of neutron energy as long ago as 
1940." However, this equation possesses two parameters 
(the cross section for the emission of one neutron from 
the compound nucleus and the nuclear temperature) 
which in general are not known, and hence it is difficult 
to compare the theory with experimental data at only 
one energy. 

It was, there fore, decided to take advantage of the 
energy-angle of the neutrons 
d,n)He* reaction to measure some 
in the range from 12 18 Mev 
studied: N“, P®#®, Cu®™, and Pr! 


range in atomic 


unique relationship 


produced by the 1 
(n,2n) reactions to 
Four nuclides wer 
These were chosen to give a wide 
weight and for experimental convenience (each of the 
Ye * 


the reaction for a given neutron 


product nuclides, N u™, and Pr™, is a positron 


emitter). The yield of 


2 V_ F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 452 (1940). 





CROSS SECTIONS FOR 
bombardment was obtained by counting the annihila- 


tion radiation from the product nuclide 


EXPERIMENTAL APPARATUS AND TECHNIQUES 


Neutrons were produced by the H*(d,n)He* reaction, 
with the NRDL Van de Graaff accelerator providing 
a beam of 1.80-Mev deuterons. The target consisted of 
a 0.025-inch thick platinum foil onto which had been 
evaporated a 1 mg/cm? layer of zirconium which was 
later converted to ZrH*, with the H* content being 
approximately 0.4 curie.” 

The target materials were melamine (N¢C;Hg) for 
nitrogen, elemental phosphorus and copper, and a 
mixture of oxides with the effective formula Pr¢Q,, for 
praseodymium. All of the samples were in a powdered 
form, and were placed in yg-inch diameter test tubes, 
filled to a depth of one inch. 

On a typical run, the sample was held in a thin 
aluminum holder at the appropriate angle and at a 
distance of 9 cm from the tritium target. The sample 
was irradiated for about two half-periods of the 
product nuclide, and then was placed in position in 
the annihilation radiation counter within 60 seconds 
The sample was counted for about two half-periods. 

The time-integrated neutron flux for each run was 
computed using as data the counts from a 1.5-inch 
diameter, 0.5-inch height Li®I(Eu) scintillation counter. 
The technique for using this crystal as a neutron 
counter has been previously discussed.*® The Li®I (Eu) 
crystal was placed at an angle of 110 degrees to the 
deuteron beam, and the neutron flux at the sample 
position was computed from the differential relative 
cross-section values of Bame and Perry.'* 

Since the bombarding time was two half-periods, it 
was necessary to correct the time-integrated neutron 
flux for the number of product nuclei which decayed 
during the bombardment. An expression for the ratio of 
nuclei surviving to a time T to the total number of 
nuclei produced during a bombardment may be 
obtained in the following manner. The number of 
nuclei produced between times ¢ and /+dt is propor- 
tional to gdt where ¢ is the neutron flux per unit 
time. Of these nuclei, the number left at a later time 
T is proportional to e~?—® gdt, where \ is the decay 
constant of the radionuclide being produced. If we 
integrate gd/ over the neutron bombarding time we 
obtain the total number of nuclei produced, while if 
we integrate «™?- gdt we obtain the total number 


‘8 The zirconium tritide targets were obtained from the Radio 
active Isotopes Division, Oak Ridge Nationa! Laboratory. 

“ B. D. Kern and W. E. Kreger, Phys. Rev. 112, 926 (1958 

'* B. D. Kern, W. E. Thompson, and J. M. Ferguson, Nuclear 
Phys. 10, 226 (1959) 


'©S. J. Bame and J. E. Perry, Phys. Rev. 107, 1616 (1957) 


THE REACTION 


surviving to a time 7. Hence, 


number of atoms left at end of bombardment 


number of atoms produced during bombardment 


T »f 
f- vedt | | gdl (1) 


This quantity the “survival! factor”) was 
determined by feeding the output of the Li®l neutron 
monitor into an electronic device similar to a count-rate 
meter. The RC time constant of this “count-rate 
meter” was set equal to the mean life of the product 
nuclide under study. The output current of the count- 
rate meter is proportional to the numerator of Eq. (1),"” 
while the denominator is proportional to the total num- 
ber of input pulses to the count-rate meter. Thus s was 
determined from the readings of the count-rate meter 
and a scaler monitoring the output of the Li®l crystal 

The annihilation-radiation counter consists of two 
4-inch diameter 4-inch height NaI(TI) crystals placed 
6 cm apart. After bombardment the test tube 
containing the sample was placed in an aluminum 
container thick enough to stop the positrons between 
the Nal crystals. After amplification, the output of 
each crystal was fed into a differential discriminator. 
The differential discriminator outputs were run in 
coincidence and the coincidence counts were recorded 
with a scaler. The windows of the differential discrim- 
inators were set to accept pulses from the full-energy 
peak of the 0.511-Mev annihilation radiation. The 
counter was calibrated with a standard Na™ source 
after each run to correct for any drift in the electronic 
equipment. 

The efficiency of the counter was obtained with a 
Na™ source prepared by the Chemical Technology 
Division of NRDL. Small correction factors had to be 
applied to the efficiency to correct fer the different 
ranges of the positrons, and for the effect of the 1.27-Mev 


(¢ alled 


, gamma ray in Na”. The correction for the gamma ray 


was obtained by studying the Na™ singles and coin- 
cidence spectra with a 100-channel analyzer. The 
correction for the different ranges of the positrons was 
obtained by moving a smal] Na™ source around to 
determine the effects of small spatial displacements of 
the source. These corrections were never more than 
10%. 

Also, high-activity samples of N“, P®, Cu®, and 
Pr” were produced by taping the small test tubes 
directly to the tritium target and irradiating. These 
samples were counted both in coincidence and singly 
for comparison with the Na” standard. Checks were 
made on the half-life of the activity produced. The 
gamma-ray pulse-height spectra were examined for 
interfering activity or unreported gamma rays. All 
(McGraw-Hill 


7R. D. Evans, The Alomic Nucleus Book 


Company, New York, 1955), p. 804 
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TasB_e |. (n,2n) cross sections in millibarns 


Nu 
Standard 
deviation 

(mb) 


Neutron 
energy 
(Mev) 


Energy 
spread On, tn 
(Mev) (mb) 


3.03 +0.75 


5.18 
8.69 
9.25 
10.49 
11.57 


+0.6 
+09 
+1.0 
+1.0 
t1.2 


: Wi a Ww he he 


the data obtained agreed with the literature,'*® except 
for the half period of Pr’, which was found to be 


200+ 5 seconds 


RESULTS 


The number » of radioactive nuclei which are 
present at the start of the positron counting depends on 
the one hand on the cross section ¢; on the other hand, 
n may be expressed in terms of the number of positron 


coincidence counts A: 


(2) 


goLWsa/G=n= A (1—e™*)-"/ pn. 
Che remaining symbols in the equation are ¢, the 
time-integrated neutron flux density at the midplane 
of the sample; L, Avogadro’s number; W, the weight 
of the sample; s, the survival factor; a, the relative 
isotopic abundance of the target isotope; G, the target 
gram atomic weight; A, the radioactive decay constant; 
p, the number of positrons per disintegration; , the 
efficiency of the annihilation-radiation counter; and 
t, the length of time that the annihilation radiation is 
counted. The cross sections have been evaluated from 
Eq. (2). The number of positrons per disintegration is 
taken to be 1.00 for N“ and P®, 0.98 for Cu®™, and 
0.54 for Pr 

The results are tabulated in Table I and plotted in 
Fig. 1. Each point on the experimental curves is based 
on from two to six runs, with the number of annihilation- 
radiation counts varying from 20 to 1000. The results 
of other experimenters*”* are shown in the figures for 
comparison. 

The significant sources of error and an estimate of 
their magnitudes are: (1) uncertainty in the Li®(m,/)He* 
cross section, 5%; (2) uncertainty in the relative 
differential cross section for the H*(d,n)He* reaction, 
4%; (3) statistical error in the number of neutron 
monitor counts, 2 to 3%; (4) uncertainty in the survival 
factor, 2%; (5) uncertainty in the annihilation- 
radiation counter efficiency, 5%; (6) uncertainty in 
the sample position with respect to the target, 2%; 
(7) statistical error in the number of annihilation- 
radiation counts, 1 to 15%. The first, second, and 


‘81D. Strominger, J. M 
Modern Phys. 30, 585 


Hollander, and G. T 
1958 


Seaborg, Revs 


p# 
Standard Standard 
deviation deviation 
mb) mb 


Standard 
deviation 
(mb) 
+19 
+21 
+ 34 
+45 
+- 58 
+O 


fifth sources of error introduce systematic errors; the 


others are expected to vary from run to run. 


DISCUSSION 


Che following approximate equation for the (n,2n) 
cross section, based on the compound nucieus model of 
nuclear reactions, is given by Weisskopf and Ewing": 


on n= o(nn,)| 1— (1+. 


jee? |. (3 


where © is the Mev of the target 
nucleus at the bombarding energy, and e is the difference 
between the incident energy and the (m,2n) 
threshold energy Eu, represents 


the cross section for 1 


tempt rature in 


neutron 
The 


¢ emission of at least one neutron 


juanlity o( M,N 


j 


from the compound nucleus, 
equal to the sum of the 


and ideally would be 


ross sections of all the reactions 
which involve emission of at least one neutron from the 
compound nucleus. In this equation, however, the 
competing effect of other secondary reactions, such as 
(n,np), are ignored. Hence the equation 
expected to overestimate the (n,2n 
the energy is increased to the point where secondary 
and tertiary reactions be 
To compare the equation with the experimental data, 
one must obtain values for Ey, ¢ and ©. The 


threshold energies were computed from data given by 


would be 


cross section as 


ome important 


nny 


Ajzenberg-Selove and Lauritsen,’® Sullivan,” and Way 
lides considered, the neutron 
has been measured at 


et al. For the four nu 


inelastic scattering cross section 
14 Mev only: for nitrogen 
for the nonelastic cross section are available.” For the 


purposes of this paper it is assumed that 


LAL On Tiny . (4 


However, accurate values 


where o(n.2,) is the cross section for the emission of 


the first neutron from the compound nucleus, as in 

ie 
1959) 

»”W.H. Sullivan, Trilinear Chart of the Nuclides (| 
ment Printing Office, Washington, D. C., 1957 

1K. Way, R. W. King, C. L. McGinnis and R. Van Lieshout, 
Nuclear Level Schemes, A=40—A=92, Atomic Energy Commis 
sion Report TID-5300 (U. §S Printing Office 
Washington, D. C., 1955 

= J. RK. Smith, Phys. Rev. 95, 730 (1954 

3M. H. MacGregor, \ » Ball, and R 
108, 726 (1959 
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Fic. 1. The solid lines are theoretical estimates of the (n.2") cross sections using Eq. (3), where the values of o(n,m;) are given in 
lable {1, and the values of @ are indicated on the figure. The points are the experimental cross sections given in this paper and by 
‘ther investigators. The symbols representing each of the investigators are shown in the relevant figure 





M FERGUSON AN 


Data used for theoretical estimates 


rase Il 


One Cr 
barns 


ona 
barns 


a(n, 
barns 


i 
barns 


Ni4 
p@ 
( u® 
Pri4 


0.48" 
0.91 
1.35 
2.06 


1.13* 
1.49* 
2.11* 


0.077' 
0.120° 
0.050" 


0.146" 
0.030" 
0.014 


* See reference 25 

> See reference 4 

* See reference 25 

4 Estimated from cross sections 
* See reference 22 

' Calculated from Eq. (4 

& See reference 19 

+ Calculated from nuclear masses from reference 20 
! See reference 21 


#f neighboring nuclides 


Eq (3), One 


and Ona are the cross sections for proton and a-particle 


Is ine 


nonelastic cross section, and Onp 
emission. The values used for estimating o(m,m,) are 
given in Table II. Where there were no measured values 
available for oy» OF Ona, the cross section was estimated 
from those of neighboring nuclides.*.*:** 

In using Eqs. (3) and (4), we have ignored the effect 
of other competing reactions, such as o(n,np) and 
a(n,d). Also, since Eq. (3) is based on the compound 
nucleus model of nuclear reactions, we have ignored the 
effect of direct interactions. Solutions of Eq. (3) for 
I, 


different values of © are plotted with the experimental 


the o(n,n;) values given in Table and several 


results in Fig. 1 
of ) 


On,2m Curyes bracket the experimental ones 


theoretical 
For the 
isotopes with higher mass numbers (Pr'® and Cu®), 


Values were chosen so that the 


these values for © are reasonable when compared with 
those estimated on p. 372 of Blatt and Weisskopf.”* 
For the isotopes with lower mass numbers (P* and N") 
of © 
reference 26 have to be used to bracket the experi- 
that 


much larger values than those estimated in 


mental curves. These considerations suggest 


compound nucleus formation is a relatively less 


important mechanism for the (,2m) reaction in isotopes 
with low mass numbers. In particular, Hassler, Zatzick, 


“H. G. Blosser, ¢ 
Rev. 110, 531 (1958 
*% >. L. Allen, Proc. Phys London) A70, 195 (1957) 

* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley & Sons, New York, 1952 


D. Goodman, and T. H. Handley, Phys 


SOK 


D W J rHOMPSON 
and Eubank” have obtained angular distributions of 
emitted particles for the N“(,p), P®™(,p), N™(n,d), 
and P#®(n,d) reactions for 14-Mev neutrons, and all 
their data show angular distributions characteristic of 
the direct interaction process 

In the direct interaction process, the average energy 
of the “first neutron” given off in an interaction is 
expected to be larger than for a compound nucleus 
reaction. Hence there are fewer cases when there is 
enough energy available for a second neutron to escape 
and the (,2) cross section is expected to be smaller. 

The Cu® cross sections show the best agreement with 
Eq. (3). The data of Rosen et al.” indicate that the 
compound nucleus process accounts for 85 to 90% of 
the for 
weight would 
agreement for Cu® 
Cu® appears to increase less rapidly than the theory 
predicts at the higher energies. This can be attributed 
to the effect of secondary nuclear reactions which were 
neglected in Eqs. (3) and (4 

The Pr" cross section appears to be dec idedly lower 
than theory predicts, especially at higher energies. As 
in the case of Cu™, this discrepancy is attributed to 
the effect of secondary reactions. The threshold for the 
Pr'" (n,np) reaction is about 5.5 Mev, and the threshold 
for the Pr'(n,d 3.3 Mev: It 
therefore, not unreasonable to assume that in the high- 


inelastic interactions medium and heavy 


reasonable 
lhe experimental cross section for 


nuclides, so one expect 


4 


reaction is about is, 
energy region these reactions are important enough to 
account for the difference the theroretical 
curves for ©=1 1.5 Mev and the observed cross 
sections. 

In conclusion, it appears that Eq. (3) overestimates 
the (n,2m) cross section for nuclides with low mass 
numbers for reasonable values of the nuclear tempera- 
ture. This lack of with the 
view that the direct interaction process predominates 
for nuclides with | 
medium and high mass numbers, the equation agrees 
reasonably well near the threshold, but overestimates 
the cross section at higher energies where other second- 
(3) begin competing 


be tween 


or 


agreement is consistent 


ow mass numbers. For nuclides with 


ary reactions not included in Eq 


effectively with the n.2 process 
7 F. L. Hassler 
Phys. Soc. 4, 321 
LL. Rosen, | 
Proceedings 


, M. R. Zatzick and H. P 
1959); also private con 
Stewart J H. Coor 
nd United Nation 
on the Peaceful Uses of Energy, Geneva 
Nations 1958 15/P/666 
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munication 

and D. B. Nicodemus 
International Conference 
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Nuclear Spin of Samarium-153* 


Amapo Capezas, Epcar Lipwortn, Ricnarp Marrus, AND JoserH WINOCUR 
Department of Physics and Lawrence Radiation Laboratory, University of California, Berkeley, California 
Received October 28, 1959) 


The atomic-beam magnetic-resonance method has been used to measure the nuclear angular momentum 
of 47-hour Sm", It is found that / =} 


INTRODUCTION min), and its counting rate is measured. Typical reso- 
nance counting rates are about 15 counts/min. 

Optical spectroscopic measurements? on samarium 
had established the ground-state configuration of this 


HIS paper presents the results of measurements 
performed to determine the nuclear spin of Sm'®. 
These measurements are part of a program to determine 
the properties of the nuclear ground states and of the 
low-lying electronic states of the radioactive rare earth 
isotopes. 
BEAM PRODUCTION 


Samarium-153 is produced by neutron irradiation of 
50 mg of stable Sm'*? at a flux of 210" neutrons/cm? 
sec for 16 hours. The irradiated material is placed 
directly into the tantalum oven which contains a small 
inner crucible with a sharp lip designed to control 
creep (Fig. 1). The oven is then heated in the atomic 
beam apparatus to about 1300°C at which temperature 
an adequate samarium beam is found. This procedure 
was successful on the first attempt and no subsequent 
difficulties were experienced. 





EXPERIMENTAL TECHNIQUE AND OBSERVATIONS 


The apparatus used in this experiment has been 
described elsewhere, and employs the flop-in type of 
magnet arrangement first proposed by Zacharias.' 
Radioactive detection of the samarium beam is used. 
Platinum foils in the detector position are exposed to 
the samarium beam at a particular frequency setting 
of the rf oscillator used to power the hairpin. After a 
5-minute exposure the foil is placed in a gas-flow pro- 
portional 8 counter (background about 2 to 5 counts/ 
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Fic. 1. Cutaway view of oven used to produce samarium beams Fic. 2. Resonances observed in the J=1 and J=2 states of 
Sm'. The direct beam is the beam reaching the detector with the 
* Work done under the auspices of the U. S. Atomic Energy ™agnetic fields switched on and the stopwire removed. 
Commission and the Office of Naval Research. 
1 J. R. Zacharias, Phys. Rev. 61, 270 (1942). 2 W. Albertson, Phys. Rev. 47, 370 (1935). 
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CABEZAS, LIPWORTH, 


Taste I. All observed gp values. 


poll /h (Mc/sec J=i, f=} J=u2, F=uj J=u2?, Fu} 


1.000 
1.985 
3.945 
Mean gr 


0.61 +0.05 
0.60 +0.03 
0.598+0.010 
0.598+0.010 


0.91 +0.05 
0.86 +0.02 
0.855+0.011 
0.856+0.011 


1.01 +0.05 
0.94 +0.02 
0.941+0.013 
0.941+0.010 


Predicted 44 


(1=4;¢7=1.5) 0.600 0.857 0.943 


element to be (4/)*(6s)*, coupling to the ground-state 
term ‘F. In this experiment, measurements were made 
on the states /=1 and J/=2 that arise from this term. 
That these states are both present in the beam in 
sufficient quantities to enable measurements to be made 
is consistent with the optically measured fine structure.” 
Three resonances were observed in a low-field search 
at 1.0 gauss. These were ascribed to the multiple- 
quantum transitions 


I=4, J=1;F 


2 
5 
2 
3 
2 
1 

> 


; m 


> PF 


mM; 


em me 


my; 


All the transitions corresponding to a given /, J, and F 
occur at the same frequency in the Zeeman region and 
contribute to the resonance intensity. 

Each of these sets of transitions was obgerved at 
three fields, and resonance curves were traced out 
(Fig. 2). These resonances are characterized by three g¢ 
values tabulated with the observations in Table I. 


MARRUS, 


AND WINOCUR 


INTERPRETATION AND CONCLUSIONS 


In the Zeeman region, the gr value is given by 


I(I+1 


where gy is the electronic g value. A term of the order 


of the nuclear moment has been neglected. 

The observed gp values are fitted to well within the 
experimental error on the assumption that /=}4, that 
the states J/=1 and /=2 are both present in the beam, 
and that the gy value of both J states is 1.5, the value 
obtained from pure L-S coupling among the six 4/ 
electrons. It is of interest to note that the gy value of 
the J 


of samarium, is 


1 state in plutonium, the transuranic homolog 
1.4975+0.0010.* This is very nearly 
identical to the samarium value and implies that similar 
considerations hold for the coupling of electrons in the 
ground-state multiplets of these elements. 

The observed spin of } is consistent with the beta 
decay from the ground state of Sm'™.‘ Interpretation 
of spin 3 is difficult on the shell model. However, by 
use of the energy-level diagram of Nilsson,® J $ can 
be explained by assuming large deformations and that 
the state of the 91st neutron is either }—[521] or 
$+([651 ], where the notation is that of Mottelson.® 
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The 7.656-Mev nuclear pair transition from the 0+ second 
excited state of C® has been observed in the Be*(a,n)C® reaction 
by means of an intermediate-image pair spectrometer. With a 
beam of 5.81-Mev alpha particles incident on a 0.7-Mev thick Be 
foil target the observed intensity ratio of the 7.656-Mev pair line 
to the 4.433-Mev pair line from the 2+ first excited state of C" 
was (5+1.5)X10~*. Approximately the same intensity ratio was 
found with both 5.38- and 5.81-Mev alpha particles incident on 
thick (6 mg/cm*) Be targets. By applying the appropriate factors 
for the spectrometer efficiency and for the internal pair conversion 


INTRODUCTION 


BRIEF report' has been given on the observation 
of the 7.656-Mev nuclear pair transition from the 
second excited state of C. The existence of this state 
was predicted by Hoyle? after it had been proposed by 
Opik® that energy generation and element synthesis in 
red giant stars result from a 3 Het — C” fusion process. 
In their late stages of evolution the cores of these stars 
are believed to consist largely of helium. Under the 
conditions of temperature and density thought to exist 
in the core helium can combine into unstable Be* with 
an equilibrium ratio of Be* to Het of ~10~*. Hoyle 
suggested that in order to explain the reaction rates 
and the relative isotopic abundances the absorption of 
an alpha particle by Be* is a resonance reaction which 
occurs at an energy of ~0.33 Mev corresponding to 
a level in C® at ~7.7 Mev. Helium burning occurs if 
such a state decays partially to the ground state of C” 
rather than breaking up by alpha-particle emission. 
Subsequent investigations making use of a variety of 
nuclear reactions established the presence of a state in 
C™® whose energy is 7.6562-0.007 Mev‘ above the ground 
state. Cook et al.’ summarized the experimental evi- 
dence and presented arguments for the very probable 
spin-parity assignment of 0+ to this level. They also 
observed the alpha-particle spectrum from the 7.656- 
Mev state occurring in the beta decay of B® thus 
proving, according to the reversibility of nuclear 
reactions, that the level can be formed in the manner 
proposed by Hoyle. 
The question of the various possible modes of decay 
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coefficient of the 4.433-Mev transition the derived ratio of pair 
to total widths of the 7.656-Mev level is f,,/f!=8.2X10"XR 
where R= N44:2/N>7.0ss, the ratio of neutron populations in the 
Be*(a,n)C™ reaction. As a rough estimate R is assumed to be ~8 
based on the only information available. This leads to I,,/T 
~7X10-* which is a factor of ~15 smaller than estimates by 
Cook et al. in which the width I’, for the alpha-particle decay of 
the level was taken as ¢y of the Wigner limit. The most plausible 
explanation of the data is that I’, is close to the Wigner limit. 


of the 7.656-Mev state has also been considered by 
Cook et al. and the thermonuclear reaction rates of the 
helium-fusion process have been calculated by Salpeter.* 
Aside from the alpha-particle decay of the 7.656-Mev 
level to Be® there are two possible paths to the ground 
state of C", namely the emission of a 3.2-Mev E2 
gamma ray to the 2+ first excited state followed by a 
(4.43340.005)-Mev gamma ray, and a direct transition 
to the 0+ ground state which would be an electric 
monopole transition if the 7.656-Mev state is indeed 
0+. Such a transition would proceed almost entirely 
by the emission of positron-electron nuclear pairs. On 
the basis of a 0+ spin-parity assignment Cook et al. 
suggested the following partial widths for the decay of 
the 7.656-Mev state: 


I .~0.5 ev, 
I’; 2+y~0.0014 ev, 
lr. ~5X 10 ev. 


I. is based on the “reasonable estimate” that the 
dimensionless reduced width for alpha-particle emission 
is ~yy of the Wigner limit. T';.2, is a single-particle 
estimate and I’,, is calculated from a measurement’ of 
the cross section for inelastic scattering of electrons by 
Cs. 

Many attempts have been made to detect the 3.2- 
Mev gamma ray and the 7.656-Mev nuclear pair 
transition from this level. In all cases when one of these 
transitions has been reported other experimenters have 
failed subsequently to confirm the previous results. 
The pertinent references are summarized by Ajzenberg- 
Selove and Lauritzen‘ and we mention below only the 
most sensitive of the searches for these transitions. 

In the beta decay of B® Kavanagh*® has shown by 
gamma-gamma coincidence studies using Nal scintil- 
lation counters that the 1.2/y«4 intensity ratio is 
<0.1%. Since the 7.656 and 4.433-Mev levels are fed 
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TABLE I. Theoretical estimates and previous best experimental 
limits on the ratios of widths for the 7.656-Mev level in C®. 


Theoretical! 


estimate* Exp. result Exp. method 


2.8X10~* 10% 
10°¢ 
1.7105 
2.6X 107° 


B” decay-scint. spec.” 
( 2 aa’ )¢ 12% _recoil® 
10 Be®(a,n)C™-scint. spec.* 
Be*(a,n)C™-mag. pair spec.* 


* See reference 5. 

» See reference 8 

© See reference 12. 

4 See reference 9. 

* See references 10 and 11. 


by beta-ray branches of almost equal intensity (about 
1.4%) this limit corresponds to I'3.2,/!'<10~*, where I 
is the total width of the 7.656-Mev level. 

Both scintillation and magnetic spectrometers have 
been used to search for the 7.656-Mev nuclear pair 
transition. Goldring et al.’ have shown by means of a 
G.M. and Nal coincidence counter arrangement that 
the number of 7.656-Mev positron-electron pairs is 
<1/600 of the 4.433-Mev pairs in the Be*(a,n)C” 
reaction at E.=5.3 Mev on a thick Be target. Under 
the assumption that the ratio of neutron populations 
R= N4.433/ N7z.056 is ~8 their result, taking into account 
the internal pair conversion coefficient of the 4.433-Mev 
transition, leads to T',4/!<1.7K10~°. Bent et al.” 
employed this same reaction at Ez=4.3 Mev together 
with an intermediate-image magnetic pair spectrometer 
in a search for the 7.656-Mev pair line. Their experi- 
ment set an upper limit of 5% on the ratio of 7.656- to 
1.433-Mev pair intensities but this been 
reduced to an upper limit of 0.2% in unpublished work" 
making use of similar but improved techniques. The 
latter data were taken at E,=4.5 Mev ona 2.8-mg/cm’ 
thick Be target backed by 12 mg/cm? of Ag. By using 
the mentioned estimate of relative neutron 
populations and by applying the spectrometer efficiency 
and internal pair conversion factors, as will be described 
later for the present work, Bonner’s result corresponds 
to ['.4/!<2.6X10-. 

An indirect method for detecting the presence of 
gamma-ray transitions from the 7.656-Mev level is to 
search for C” recoil nuclei corresponding to the emission 
of gamma radiation. Thus far the most sensitive ex- 
periment of this type has been carried out by Eccles 
and Bodansky™ using the C"(a,a’)C”* reaction. They 
were able to set a limit on ',/f of 10-* which is the 
same as Kavanagh’s limit on the 3.2-Mev gamma ray 
discussed above. However, the recoil experiment also 
places a limit on the emission of 7.656-Mev gamma 
radiation. 


lines has 


above 


Table I summarizes the limits on the gamma-ray 

* G. Goldring, Y. Wolfson and R. Wiener, Phys. Rev. 107, 1667 
(1957) 
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" T. W. Bonner (private communication) 

2S. F. Eccles and D. Bodansky, Phys. Rev. 113, 608 (1959). 
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and pair decays of the 7.656-Mev level prior to the 
present work. 

There are several types of nuclear reaction’ which 
may be used to excite the 7.656-Mev level in C®. The 
experimental situations involving most of these re- 
actions suffer from one or more of the following dis- 
advantages: (a) gamma rays from competing reactions, 
(b) gamma rays from reactions in other isotopes, (c) 
low total yield due to beam or target limitations, (d) 
small population of the 7.656-Mev level relative to the 
population of the 4.433-Mev level, (e 
higher states in C™, (f 


excitation of 
contaminants on the target, 
and (g) contamination of the beam with other com- 
ponents. Even if there were no gamma-ray lines pro- 
duced in the neighborhood of 7.6 Mev due to any of 
the foregoing effects a reaction should be chosen for the 
magnetic pair spectrometer which results in as small a 
singles counting rate as possible at the 7.656-Mev pair- 
line position in order to minimize the random coinci- 
dence counting rate. This last consideration rules out 
the use of B™, which decays by beta-ray emission with 
a 97% branch of Egmax= 13.4 Mev to the ground state 
of C” and a branch of 1.3% to the 7.656-Mev level, 
or the use of N™, which decays by positron emission 
with an 85% branch of Egmax= 16.5 Mev to the ground 
state of C™ and a branch of 2.5% to the 7.656-Mev 
level. 

The Be*(a,n)C™” reaction is known to populate only 
the ground and first two excited states of C” at alpha- 
particle energies of up to 5.3 Mev. The ground-state 
Q of the reaction is‘ 5.7 Mev which implies a threshold 
of somewhat less than 3 Mev for forming the 7.656-Mev 
state. At a bombarding energy of 5.3 Mev the yield” 
of the neutron group to the 7.656-Mev level is } of that 
4.433-Mev state as measured in the forward 
direction with a thin target. No other data on relative 


to the 


neutron populations have been reported. If this ratio 
were to represent the relative populations integrated 
over all angles the Be*(a,n)C™ reaction would be at 
least as favorable as any other in respect to the popu- 
lation of the 7.656-Mev level. No other reaction re- 
sulting in the emission of gamma radiation is expected 
from the bombardment of Be with alpha particles. One 
likely target contaminant is Above E,=5.05 
Mev the C'(a,)O"* reaction is known to excite the 
6.05-Mev first excited state of O" 
energy of the C' in question and the associated 
background under the 7.656-Mev line should be negli- 
gible. A substantial reaction rate can 
the bombardment of Be with 


{ arbon 


but this is below the 
le vel 


be expected in 
alpha particles because 
the cross section for the Be®(a,n)C™ reaction is 0.4b at 
E,=5.3 Mev and because Be foil targets can withstand 
high beam currents. The energetic neutrons from this 
reactions, which cause serious background problems in 
scintillation counter m«¢ be a 
trometer measure- 
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major difficulty in a magnetic spe 
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ment. In view of these considerations the Be*(a,n)C™ 
reaction was selected as being the most promising one. 
for the 7.656-Mev pair-line search. 


EXPERIMENTAL 


The intermediate-image pair spectrometer used in 
this work has been described previously."*!* Preliminary 
evaluation tests on the Be®(a,n)C™ reaction were made 
with a He* beam of up to 3 Mev from the Brookhaven 
Van de Graaff accelerator. From the spectrometer yield 
of the 4.433-Mev pair line and the background at 
7.656 Mev it was concluded that if a beam of 5- to 
6-Mev alpha particles were available the chances were 
favorable for detecting a 7.656-Mev pair line several 
times weaker than the upper limit set by Goldring et al.* 

Through the cooperation of Oak Ridge National 
Laboratory the search for the 7.656-Mev nuclear pair 
transition was carried out with their large Van de 
Graaff accelerator. This High Voltage Engineering 
Company vertical machine is nominally rated at 5.5 
Mev but it will operate well up to 6 Mev. The inter- 
mediate-image spectrometer, all of the associated 
electronics and a 15-kw motor-generator set were 
moved to Oak Ridge and installed in the Van de Graaff 
experimental area. It had been determined beforehand 
at Brookhaven that the current output of the 15-kw 
motor-generator set was sufficient to reach a momentum 
of focused electrons just above the expected pesition of 
the 7.656-Mev pair line. 

Two modifications were made in the spectrometer 
prior to these investigations. Because of the possible 
background from the scattering of neutrons into the 
detector the shielding inside the spectrometer was im- 
proved by the installation of two 3}-in. thick by 10-in. 
diameter lithium-loaded paraffin disks between the 
target and the detector as shown in Fig. 1. The paraffin 
shield at the detector end of the instrument is tapered 


“T). E. Alburger, Rev. Sci. Instr. 27, 991 (1956) 
16D. E. Alburger, Phys. Rev. 111, 1586 (1958). 
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1. Intermediate-image pair spectrometer showing the locations of Li-loaded paraffin neutron shields. 


in order to avoid cutting off some of the focused 
electrons, high transmission settings the 
envelopes of electrons are not symmetrical on both 
sides of the annulus. The paraffin was found to out-gas 
at first but a satisfactory vacuum could be achieved 
after a time. As may be seen from Fig. 1 with the help 
of a straight-edge neutrons from the target cannot 
singly-scatter from the vacuum chamber or coils into 
the detector without going through one or the other of 
the neutron shields. 

As a precaution against the scattering of neutrons 
from the spectrometer base plate into the detector the 
region below the vacuum chamber and between the two 
coil housings was filled with blocks of Li-loaded par- 
affin (not shown in Fig. 1). Unfortunately there was 
insufficient time to test the relative background rates 
in the Be*(a,n)C” reaction with and without the Li- 
loaded paraffin disks and the above-mentioned blocks. 

A further modification was the substitution of RCA- 
6342A photomultiplier tubes which were cemented onto 
the light pipes in place of the type-6342 tubes formerly 
used. The 6342A tube has a curved photo surface which 
increases the photoelectron collection efficiency and 
decreases the transit time spread. All of the pair-line 
spectra were taken at a coincidence resolving time of 
r=1.0X 10~ sec since it was found that the coincidence 
efficiency for the pair line of the 4.433-Mev gamma ray 
was close to 100% at that time resolution setting. 

The position chosen for the spectrometer in the Oak 
Ridge Van de Graaff experimental area was 25 feet from 
the 90° deflecting magnet on the opposite side of a 3-foot 
thick water-filled shielding wall having a hole for the 
beam pipe to pass through. A special rf ion-source tube, 
used only when helium is accelerated so as to minimize 
proton or deuteron contamination of the beam, was 
installed in the terminal of the machine at the beginning 


since at 


of these experiments. Singly-ionized helium was ac- 
celerated and then gas-stripped to He** so that the 
deflecting magnet could bend the beam through 90° 
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into a horizontal beam pipe. The maximum gas- 
stripping An electrostatic 
strong-focusing lens located 10 feet from the target 
made it possible to put ~ 10 wamp of He** through a 
4.5-mm diameter tantalum defining aperture just in 
front of the target inside the spectrometer. In order to 
illuminate the target more uniformly the beam was 
actually defocused by adjusting the voltage on the lens 
so that the current through the defining aperture was 
reduced to one-half of its intensity at the best focus 
condition. The current intensity on the target was then 
controlled by varying the rate of gas flow in the stripper 
tube so as to change the stripping efficiency. 

The target materials used in this work consisted of 
Be foils 1.3 mils (6.0 mg/cm?) thick and 0.1 mil thick. 
R. Benenson of Columbia University kindly supplied 
the 0.1-mil Be foils which had been made by H. Bradner 
at the University of California in Berkeley. 6-mg/cm’ 
Be is infinitely thick for 6-Mev alpha particles whereas 
the energy loss in 0.1-mil Be is ~350 kev. Two pieces 
of the 0.1-mil Be were clamped together in the water- 
cooled target holder for the “‘thin’’-target runs. 

Because of the difficulties in being sure of the beam 
current reading owing to the effects of secondary 
electron emission from the target or the beam cup the 
number of target reactions was monitored by detecting 
neutrons in a BF; long counter located 12 feet from the 
target. The monitor rate in the thick target runs was 
a few hundred counts per second. 

All of the data on pair spectra were taken at the 
highest transmission setting of the instrument (annulus 


efficiency was ~75%. 


width 17 mm) where the pair-line resolution for a point 


source in the absence of Doppler broadening is 2.5% 
and the absolute spectrometer transmission for EO 
transitions is 1 count per 10* pairs. Before taking each 


point the pulse-height analyzers were adjusted so as 
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SETTING 
Fic. 2. Spe um of electrons from a 6-mg/cm? Be target 
bombarded with 3-Mev alpha particles as detected in one of the 
two crystals of the intermediate-image pair spectrometer. Arrow 
A is at the expected momentum position of the 7.656-Mev pair 
line and B is at the expected end point of the continuum of the 
4.433-Mev positron-electron internal pairs 
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Fic. 3. Intensity of the 4.433-Mev internal pair conversion line 
from the Be*(a,n)C™ reaction, using a 6-mg/cm* thick Be target, 
versus alpha-particle energy. The arrows indicate the entrance 
and exit energies corresponding to the thin-target run of Fig. 5. 


to include only the full-energy-loss peak whose position 
varies according to the electron energy being focused. 
(See reference 15, Fig. 3, for a plot of the pulse-height 
spectrum from one of the crystals. 


EXPERIMENTAL RESULTS 


The spectrum of electrons from a 6-mg/cm? thick 
Be target bombarded with a 3-Mev Het*+* beam is 
shown in Fig. 2. Data were taken up to the maximum 
safe current output of the motor-generator set (~ 20% 
current overload). The arrow marked A indicates the 
expected momentum position of the 7.656-Mev pair 
line while the one marked B is the expected endpoint 
of the positron-electron pair continuum associated with 
the 4.433-Mev transition. Most of the yield can be 
ascribed to Compton electrons produced by 4.433-Mev 
gamma rays since the extrapolation of the spectrum 
agrees with the expected Compton end-point within 
100 kev. Since the Compton electrons are presumably 
produced in the target material the data suggest that 
in order to keep the singles rate in thick-target pair 
spectrum runs as low as possible the target should be 
held to a minimum thickness consistent with the range 
of the alpha particles. 6-Mev alpha particles have a 
range of 5 mg/cm? in Be. 

A run was then made, as shown in Fig. 3, on the yield 
of the 4.433-Mev pair line as a function of the energy 
of alpha particles incident on the 6-mg/cm? Be target. 
Although there is some uncertainty about the shape of 
this curve, owing to the previously mentioned difficulty 
in obtaining a current reading, the curve 
indicates that the yield at 6 Mev is 3 times greater than 
at 5 Mev and 12 times greater than at 3 Mev. The 
arrows in Fig. 3 are drawn at entrance and exit energies 
of 5.81 and 5.1 Mev, respectively, of alpha particles 
incident on the “thin” target. 


reliable 
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Four runs were made on the pair-line spectrum 
occurring in the Be*(a,n)C" reaction. The first was 
carried out at E,=5.38 Mev on a 6-mg/cm? thick Be 
target and it gave positive evidence for the existence 
of the 7.656-Mev pair line. Using 6-mg/cm* thick Be 
targets at E,=5.81 two runs were made, one of which 
is shown in Fig. 4. It is the average of the total coin- 
cidence counting rates taken during a 15-hour period. 
The beam intensity was held close to 4 wamp of He** 
(~12 watts dissipated in the target) and the number 
of pair counts was recorded for intervals of 50064 
neutron monitor counts. 

At the peak of the 4.433-Mev line in Fig. 4 the 
counting rate was 4000 per min. The 3.3% width of 
this line may be compared with a calculated window 
width of 2.9% based on the point-source, non-Doppler- 
broadened width of 2.5% folded together with the 1.4% 
width resulting from the 4.5-mm diameter of the target 
spot. When the beam energy was increased from E,=3 
Mev to E,=5.81 Mev the 4.433-Mev peak position 
shifted upward in momentum by approximately 0.5%. 
Both the peak shift and the broadening of line are 
ascribed to the Doppler effect. The calculation of the 
expected position of the 7.656-Mev line was made by 
using the 4.433-Mev line position for calibration but 
making no Doppler-shift corrections, inasmuch as the 
7.656-Mev line is also Doppler-shifted. Although this 
procedure is not quite exact the error in the predicted 
position of the 7.656-Mev line is much smaller than the 
line width. 

Above the 4.433-Mev line in Fig. 4 the sloping back- 
ground results largely from random coincidences. At 
a current setting of 7.5 the random rate, when measured 
with a long delay line in one side of the coincidence 
circuit, was } as large as the corresponding point on the 
curve. The shape of the sloping coincidence background 
is consistent with the shape of the singles curve shown 
shown in Fig. 2. However, the calculated random rate 
was only half as great as the measured rate. A measured 
random rate larger than the calculated rate could occur 
either through a malfunction of the coincidence circuit 
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Fic. 4. Pair-line spectrum from a 6-mg/cm* thick Be target 
bombarded with 5.81-Mev alpha particles. 
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Fic. 5. Pair-line spectrum from a 0.2-mil thick (0.7-Mev thick 
for alpha particles) Be target bombarded with 5.81-Mev alpha 
particles. 


or because of fluctuations in beam intensity which 
result in effective singles counting rates that are higher 
than the measured average rates. The beam spot when 
observed at low currents on a quartz viewer exhibited 
a considerable amount of rapid jitter in intensity which 
may have been responsible for this effect. Another 
possibility is that there may be an rf intensity modu- 
lation of the beam because of the type of ion source 
used in this machine. Neither of these possibilities was 
investigated because of time limitations, but it would 
be of general interest to understand the factor of 2 
discrepancy (if it is real) between the calculated and 
‘measured random rates for the sake of other coincidence 
experiments to be carried out using the beam from this 
accelerator. 

Near the high-momentum end of Fig. 4 there is a 
bump at the expected position of the 7.656-Mev line. 
When the dashed extrapolated background is subtracted 
the net peak has approximately the same shape and 
percentage width as the 4.433-Mev line and the peak 
position agrees with the calculated position with an 
accuracy of 1%. Both the net peak height of the 7.656- 
Mev line and the extrapolated background at the peak 
position are smaller than the 4.433-Mev peak intensity 
by a factor of ~ 2000, i.c., each is about 2 counts per 
minute. Approximately the same ratio of 7.656- to 
4.433-Mev peak heights had been observed in the run 
at E,=5.38 Mev but the relative background under 
the 7.656-Mev line was somewhat higher than at 
Ea=5.81 Mev. 

Points in Fig. 4 at a peak position corresponding to 
a transition of 6 Mev showed the presence of a line of 
that energy whose intensity increased during the run. 
As discussed below the 6-Mev line is ascribed to carbon 
contamination. 

Figure 5 shows the results of one run taken with a 
0.2-mil thick Be target at E,=5.81 Mev. In this run 
the current readings in the beam cup were completely 
unreliable because of secondary electron effects and 
it could only be estimated that the beam intensity on 
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the target was 1-2 wamp of He**. The neutron detector 
was used not only to monitor the number of target 
reactions but its counting rate was referred to for 
maintaining a reasonably steady beam current. The 
data of Fig. 5 were obtained during a period of 36 hours 
of counting and the right-hand portion of the curve is 
the average of four passes over the spectrum. At the 
peak of the 4.433-Mev line the rate was 1000 counts 
per minute. The first background point above the 
4.433-Mev line is down by a factor of 300 and the 
highest momentum point on the curve is less intense 
by a factor of 4000. 

Although the statistics in Fig. 5 are not as favorable 
as in the thick target runs the 7.656-Mev line seems to 
show up more clearly than in Fig. 4 because of the lower 
sloping background. The amplitude of the 7.656-Mev 
peak after subtraction of an extrapolated background 
is (S+1.5) 10~ relative to the 4.433-Mev peak height. 

The presence of a line at 6 Mev which is 2% as strong 
as the 4.433-Mev line may be seen in Fig. 5. Its origin 
was investigated by cutting off the flow of gas to the 
stripping tube in the accelerator which reduced the 
Het+* beam intensity to a very low value. Had the 
6-Mev line been caused, for example, by proton con- 
tamination of the beam together with fluorine con- 
tamination on the target [the F"(p,a)O"* reaction | the 
line intensity would have remained unchanged when 
the stripping gas was cut off. The virtual disappearance 
of the line proved that it was associated with alpha- 
particle bombardment and the probable reaction is 
C¥(a,n)O" which forms‘ the 6.05-Mev nuclear pair- 
emitting state in O'* at E,>5.05 Mev. If the assign- 
ment is correct the number of 6.05-Mev transitions is 
~3X10-° 


sitions. It is not known why the amount of carbon on 


as great as the number of 4.433-Mev tran- 


the thin target was relatively so much greater than 
on the thick targets. 


DISCUSSION 


The evidence that the 7.656-Mev pair line has been 
observed in the Be®(an)C® reaction is contained in 
Figs. 4 and 5. By using the 4.433-Mev pair-line intensity 
as a measure of the number of reactions, which in turn 
gives the number of 7.656-Mev states formed, the 
relative branching of the 7.656-Mev level by pair 
emission to the ground state may be calculated by 
applying the appropriate factors to the ratio (51.5) 
<10~ of the 7.656- to 4.433-Mev pair-line intensities. 
The absolute pair transmission of the spectrometer is 
not involved in the calculations. 

In order to derive the relative total numbers of pairs 
from the ratio of peak heights a correction must be made 
for the efficiency of the spectrometer in detecting pairs 
of the 4.433-Mev £2 transition as compared with E0 
pairs from the 7.656-Mev transition. In a previous 
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calculation’® an E2/E0 pair-line efficiency ratio of 
1.26 was derived for an £2 transition of 5.3 Mev (£0 
efficiency is nearly independent of energy). Although 
the £2 pair detecting efficiency is energy dependent 
the ratio 1.26 holds within a few percent for a 4.433-Mev 
E2 transition and it is accurate enough for the present 
calculations. The 7.656- to 4.433-Mev total 
pair intensities is therefore 6.3 10~ which is a factor 
of 2.6 smaller than the upper limit set by Goldring 
et al. and a factor of 4 smaller than the limit from 
Bonner’s" magnetic spectrometer measurement. (Cor- 


ratio of 


rections have not been made for possible slight differ- 
ences in the percentage widths of the two pair lines as 
a result of Doppler-broadening effects nor have cor- 
rections been made for the possible effects of angular 
distribution of the pairs relative to the alpha-particle 
beam.) 

The relative numbers of 7.656- to 4.433-Mev tran- 
sitions may be found by multiplying the ratio of total 
pair intensities by the internal pair conversion coefh- 
cient of the 4.433-Mev transition, which has a value of 
13x10 The 7.656-Mev tran- 
sition is assumed to proceed 100% by nuclear pair 
emission. In order to derive I’,,/I the ratio of 7.656- 
to 4.433-Mev transition intensities must be multiplied 
by the ratio R of neutron populations to the two levels, 
i.e., R= N44 432/Nz 655. We thus obtain for the fractional 


according to Rose.’ 


decay of the 7.656-Mev level by nuclear pair emission, 
I 


or in other words the ratio of the pair width to the total 
width: 

* 1.26 (1 xR 
‘XR 


(510 $< 10 


8.2 10 


A precise number for R under the conditions of either 
the thick or thin target runs of this work is not available 
at present. As mentioned previously the of 
neutron group intensities at 0° and E,=5.3 Mev ona 
thin Be target is 8. Consequently we may derive only 


ratio" 


an approximate value for the ratio of widths by as- 


suming R~8, namely 


For a more reliable value of 1 tio of widths a proper 


evaluation of the neutron population ratio R will be 
required. The thin-target was made partly with 
could be corre lated later 


In tl 


was chosen so as to result 


aim of obtaining data which 


with neutron measurements at run a compromise 


target thickness of 0.7 Mev 
in a high enough pair spectrum yield but to allow the 


neutron groups to be resolvable. Time-of-flight or 


photographic-plate techniques are possible ways of 


making the neutron population measurements. Relative 


16]. E. Alburger, A. Gallmar i D. H. Wilkinson, 
Rev. 116, 939 (1959 


17M. E. Rose, Phys 


Phys. 


Rev. 76, 678 (1949 
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intensities of the neutron groups will have to be inte- 
grated over all angles, since it has been shown by the 
work of Risser et al.'* that strong angular distributions 
of the neutrons leading to the 4.433-Mev state occur 
in the Be*(a,n)C” reaction. 

The ratio T,.,/f!~7X10~ is a factor of ~15 smaller 
than the estimate given by Cook et al.° There are three 
possible explanations for the discrepancy : (a) the width 
I’, has a value which is actually close to the Wigner 
limit rather than to the estimate of ;5 of that limit, 
(b) the ratio R is incorrectly assumed to be ~8, or 
(c) the width [,,~5X10~ ev was derived incorrectly 
from the results of the C"(e,e’)C* electron scattering 
experiment. Alernative (a) would seem to be the most 
plausible way of explaining the data. 

If the estimated width of 0.0014 ev for I'3.2, is 
assumed to be valid, a value of I’, close to the Wigner 
limit would explain why attempts to observe the 3.2- 
Mev gamma ray have not yet met with success. Thus 
the partial decay of the 7.656-Mev level by 3.2-Mev 
gamma-ray emission would also be ~15 times smaller 
than estimated by Cook et al., or ~0.02% per decay 
of the level. This is 5 times smaller than the best 
experimental upper limit listed in Table I. 

Although the observation of the 7.656-Mev pair line 
provides experimental support for the helium fusion 
mechanism of energy generation and element synthesis 
in red giant stars the stellar reaction rates depend on 
the dominant mode of decay to the ground state of C” 
which is probably via the 3.2- to 4.433-Mev gamma-ray 
cascade. Until this branch has been measured the 
present results give only a rough indication of what the 
relative gamma-ray branching intensity might be. 

It can be expected that improved techniques will 
eventually result in the detection of the 3.2-Mev gamma 
ray from the 7.656-Mev level in C. No attempt was 
made to do this with the magnetic pair spectrometer 
during the work at Oak Ridge for the following reasons. 
If it be assumed that I's 2,~ 0.0014 ev and I’. ~5X 10™ 
ev the 3.2-Mev gamma ray would be ~ 30 times more 
intense than the 7.656-Mev nuclear pair transition. 
However, the internal pair conversion coefficient of the 
3.2-Mev gamma ray is 10~* which would make its pair 
line ~30 times weaker than the 7.656-Mev pair line. 
Furthermore the 3.2-Mev pair line lies not only in the 
low-energy tail of true coincidences from the 4.433-Mev 
pair line but it is in a region of high random coincidence 
background. To observe the line using the techniques 
described in this paper would be exceedingly difficult. 
Improvements in the gamma-gamma coincidence or 
C”-recoil methods may eventually solve this problem. 

The present results give a strong indication, although 
not positive proof that the 7.656-Mev level in C® has a 


spin-parity of 0+. According to the work of Eccles and 


18 J. R. Risser, J. E. Price, and C. M. Class, Phys. Rev. 105, 
1288 (1957). 
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Bodansky™ the maximum fractional gamma-ray decay 
of the level is 0.1%. If we assume that R~8 in the 
Be*(a,n)C" reaction, as discussed above, an upper limit 
for the ratio of 7.656 to 4.433-Mev internal pair con- 
version line intensities may be derived for the alter- 
native assignment® of 24+ to the 7.656-Mev state, i.e., 
E2 emission to the ground state. By taking the relative 
theoretical internal pair conversion coefficients into 
account the upper limit for the ratio of 7.656- to 4.443- 
Mev pair-line intensities would be ~1.8X10~. Since 
this limit is almost 3 times smaller than the experi- 
mentally observed ratio the measured intensity of the 
7.656-Mev pair line would constitute proof of the EO 
nature of the transition if it were not for the uncertainty 
in the knowledge of R. A smaller upper limit on I';.¢,/T 
would strengthen the assignment of 0+ to the 7.656- 
Mev level whereas an accurate measurement of R 
might make the assignment certain. 

Because of the importance of the 7.656-Mev level of 
C® in astrophysics it would be worthwhile to make an 
independent experimental check of the results described 
in this paper. The approximately constant ratio of 
7.656- to 4.433-Mev pair line intensities in all of the 
Be*(a,n)C" runs suggests that the ratio of integrated 
yields of the two lines between E,=5.1 and E,=5.81 
Mev is about the same as the ratio of integrated yields 
that would occur ir a thick target at E,=5.1 Mev. 
Hence it would appear that as far as the ratio of the 
line intensities is concerned the choices of the target 
thickness and of the bombarding energy between 5 and 
6 Mev are not critical. On the other hand the yield of 
the 4.433-Mev line, and presumably also of the 7.656- 
Mev line, rises rapidly with the energy of the bom- 
barding alpha particles as may be seen from Fig. 3. 

‘hus at a higher bombarding energy a smaller beam 
current can be used to obtain a desired counting rate. 
Alpha-particle energies of greater than 6 Mev may be 
even more favorable in this respect as long as the 
production of gamma rays from higher excited states 
in C™ does not increase the background at 7.656 Mev. 
Among the other improvements in the experiment 
which may be suggested is the use of an intermediate- 
image spectrometer having a larger annulus opening 
than the maximum opening in the present instrument 
and also having detecting crystals of sufficient diameter 
to match the correspondingly larger final-image size. 
5% would not be 
disadvantageous and it might be expected that a factor 
of 2 or more could be gained in absolute pair trans- 
mission at a larger annulus opening. A factor of 2 
improvement in the real to random ratio might be 
achieved if the earlier discussion of the random co- 
incidences corresponds to the true situation and if a 
steady He** beam were to be produced. It would of 
course be necessary to retain a coincidence resolving 


A spectrometer pair resolution of 4 


time of 1.0X10~* sec or even to decrease this value if 
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it is possible to do so without loss of coincidence 
efficiency. 
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Activation cross sections on 27 stable nuclides of elements Ba, 
La, Ce, Pr, Nd, Sm, Eu, Gd, Dy, Er, Yb, and Lu were measured 
for 14.84-0.8-Mev neutrons. Highly enriched isotopes were used 
as targets in most cases, and in a few instances radiochemical 
separations were performed whenever it was necessary and possible 
in view of the product half-lives. The measured cross sections for 
(n.2n) reactions were found to agree within an order of magnitude 
with predictions from statistical evaporation theory. However, 
experimental values of (#,p) and (n,«) cross sections generally 
appear to be larger than calculated from continuum theory of the 
compound nucleus. The cross sections show no significant effects 
due to the 82-neutron closed shell and, furthermore, the Levkovskii 
effect, which is quite striking in the low Z region, appears to be 
negligible for (m,p) and (m,«) reactions in the rare earth region. 
The (n,2n) cross sections show little variation with mass number 


INTRODUCTION 


N a previous paper' cross sections for some samarium 

isotopes were reported for 14.8-Mev neutrons as 
part of a larger study in the rare earth region to deter- 
mine whether the relative variation in (,p) and (n,a) 
cross sections, as pointed out by Levkovskii? for low 
Z nuclides, persists in higher Z elements. In the low Z 
(up to Z=22) cases examined by Levkovskii,’ the 
relative variation in (,p) and (m,a) cross-sections at 
14 Mev shows an almost integral decrease by factors 
of 2, 4, or 8 with increasing mass number at constant Z. 

It was also of considerable interest in this work to 
investigate neutron cross sections in the region of the 
82-neutron shell closure in order to determine whether 
shell effects’ noticed in the region of Z=20 and Z=50 


* Supported in part by the U. S. Atomic Energy Commission 
and based in part on the Ph.D. thesis of R. G. Willie, University 
of Arkansas, 1959 
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at constant Z, and they exhibit a decrease 
number at V = 82 

Several previously unreported activities were observed; their 
half-lives, assignment, and follows: 
12+3 min Pr'* from the Nd'™*(n,p) reaction; 0.5+0.1 min Sm"? 
from the Gd'®(n,«) reaction, 0.57 
Tb'* from the Dy'*(n,p) reaction, 
3.340.5 min Ho’ from the Er'**(n,p 
gamma; 40+ 10 sec Ho'” from the Er'?°(m,p) reaction; 4.4+0.4 
min Dy'® from the Er'’°(n,a ; 2.0+0.5 min activity with 
gammas at 0.18+0.01, 0.254.0.01, and 0.3640.01 Mev which 
may be Tm!”’*, Er' Yb'""™™ from enriched 
Yb'"* bombardments. Tentative assignment of a 5.5+0.5-min 
activity to Tm’ is suggested from 


Yb", 


vith increasing mass 


gamma radiations are as 


+0.01 Mev gamma; 7+1 min 
0.18+0.05-Mev gamma; 
reaction, 0.85+0.05-Mev 


reaction 


bombardment of enriched 


are present in the vicinity of N=82. As may be seen 
from the present results, both the Levkovskii variation 
and the shell closure appear to have negligible effect on 
the 14.8-Mev neutron cross sections in the rare earth 
region. 


EXPERIMENTAL 


Activation sections on 27 stable nuclides of 
elements barium, lanthanum, cerium, praseodymium, 


neodymium, samarium, europium, gadolinium, dys- 


CTOSS 


prosium, erbium, ytterbium, and lutetium were meas- 
ured for 14.8+0.8-Mev neutrons from the H*(d,n)He* 
reaction with total fluxes of 10" to 10" neutrons/second 
from the University of Arkansas 400 kv Cockcroft- 
Walton accelerator. Samples of natural and enriched 
rare earths, either as metal or as oxides, were pressed 
into flat tablets of known weight and area, weighed thin 
copper monitor foils were placed in front and back of 
the tablets, and irradiated for periods ranging from a 
few minutes to about 9 hours. 

By absolute beta counting of 9.9 min Cu® (or 12.8 
hour Cu™ when the length of the bombardment made 
Cu® a poor monitor) induced in the copper foils, the 
9 (1959) (Z=50): M 
Phys. Soc. 4, 141 


communication, 1959 


R. Zatzick and H. P 
(1959) (Z=20); and H 
Z=20 


Eubank, Bull. Am. 
P. Eubank (private 





ACTIVATION 


flux through the sample was established. All cross 
sections reported here are based on mean values‘ of 
519 mb for the Cu™(m,2n) reaction and 1020 mb for 
the Cu®(#,2n) reaction. Samples and copper monitor 
foils were counted under identical geometry in an 
aluminum-walled, methane-flow beta-proportional 
counter fitted with a 0.9 mg/cm? aluminized Mylar 
end-window. The counting rates were small enough so 
that dead-time losses did not exceed 0.8%. Corrections 
for the following counting factors were made: efficiency 
(defined as the ratio of events registered to total events 
in the sensitive volume of the detector), air and window 
transmission,*® saturation backscattering from alumi- 
num,’ self-absorption and self-scettering,*’ and back- 
ground. For electron-capture branching, the efficiency 
was estimated from experimental values of the EC/s* 
ratio whenever possible.’ For isomeric transitions, the 
efficiency was estimated from conversion coefficients 
and the measured K/L conversion ratio.’ The efficiency 
for particulate radiation is essentially unity, while for 
electromagnetic radiation it could be estimated from 
the work of Norling” and Sullivan." All samples were 
followed until decay was substantially complete. 
Chemical separations were made™ to aid identification 
for barium, lanthanum, cerium, and praseodymium. 
Elements above neodymium were studied without 
chemical separation but with the aid of enriched 
isotopes. 

Cross sections were computed from the corrected 
counting data, after correction to saturation bombard- 
ment time, as described previously' on the assumption 
of constant flux during irradiations. During accelerator 
runs the neutron flux is monitored continually with a 
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“Jong counter” for neutrons and an argon-flow propor- 
tional counter for alpha-particles from the H*(d,n)He* 
reaction; the observed steadiness of the neutron yield 
(+5%) during short bombardments justifies the 
constant flux assumption. In long bombardments (2 
hours or more), however, the flux may drop gradually 
by as much as 40% which would cause a large error 
if 9.9 min Cu® were being used to monitor the yield 
of a much longer-lived species; in such cases, 12.8 hour 
Cu®™ was taken as the monitor. 

In addition to monoenergetic 14.8-Mev neutrons 
from the DT reaction, neutrons of lesser energy may 
be present owing to (a) partial slowing down by 
scattering and diffusion from surrounding target ob- 
jects, and (b) monoenergetic 2.95 Mev neutrons from 
the DD reaction, which always accompanies the DT 
reaction when zirconium-tritium targets are bombarded 
with deuterium ions. Other experiments in this labo- 
ratory have shown that the relative abundance of 
thermal and epithermal neutrons around our target is 
less than 0.1%, but in the rare earth region even this 
small amount could be important owing to the ex- 
tremely large thermal neutron capture cross sections 
in this region (e.g., Gd"? has a total thermal neutron 
activation cross section of 160000 barns; Sm" and 
Eu exhibit values of 140 and 1400 barns, respectively. 
Other rare earth nuclides have similar large cross 
sections for thermal neutrons).* In order to eliminate 
thermal neutrons, all samples were wrapped in 0.6 mm 
thick cadmium foil. The number of DD neutrons (2.95 
Mev) produced with a new zirconium-tritium target 
is a small fraction (less than 1%) of the DT yield. In 
older targets the buildup of the DD yield can amount 
to 25% or more of the DT yield if an old target is kept 
in use too long. In this work DD neutrons do not 
influence the (m,p) and (,2n) measurements, because 
the threshold energies usually are greater than 3 Mev. 
However, for the (m,«) measurements the DD neutrons 
conceivably could cause errors if the DD and DT (n,a) 
cross sections differ greatly and if the DD flux were 
significantly large. 

To check on this question, four bombardments were 
made using zirconium-deuterium targets, from which 
the maximum obtainable DD flux (7 X 108 DD neutrons/ 
second total) is down from our normal DT fluxes by 
factors of 10? to 10°. Samarium and neodymium samples 
irradiated with DD neutrons gave no detectable (n,a) 
products, although these reactions are energetically 
possible. [The (n,y) reactions in unwrapped samples 
were, however, observed in these experiments. ] It is 
concluded that the DD flux present in our usual DT 
irradiations is too small to influence any of the (n,a) 
measurements. 

Another source of error arises in cases where a single 
product may be formed by two or more reactions, e.g., 
by (n,2m) and (n,y) simultaneously on different iso- 
topes. Use of cadmium wrapping and highly enriched 
isotopes minimized this error. 
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Errors in the measurement of the time interval 
between end of irradiation and start of counting are 
especially serious for activities with half-lives less than 
1 min. In most cases considered here, half-lives were 
suitably long and care was exercised to minimize the 
error in the case of shorter-lived nuclides. 

By far the largest source of inaccuracy arises in 
estimating the correction factors for absolute counting” ; 
in particular, the self-absorption—self-scattering fac- 
tor,® frsa, is the most serious, ¢.g., a beta group having 
a maximum energy of 0.3 Mev has fssa=1.12 in a 2 
mg/cm? lead nitrate source, and f,.4=90.55 in a 20 mg/ 
cm? lead nitrate source; i.e., a 100% change for 10-fold 
increase in sample thickness in this case. Most of the 
limits of error on the cross sections reported here arises 
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min Pr, 24 min Pr'*, and 15 min Nd!*, All other 
activities (Table II) could be assigned to known species, 
including 65+10 sec Ce™™, whose yield decreased by 
a factor of 3 to 4 in 84.6% enriched Nd"* (as oxide) 
bombardments. The yield of the 12 min species in the 
enriched sample was 3 times greater than that of the 
unresolved 30 min unassigned activity in the natural 
neodymium sample. Since the abundance of all neo- 
dymium isotopes in the enriched sample was down by 
a factor of at least 2 relative to Nd'*, which was in- 
creased nearly 15-fold, the 12-min activity must arise 
from a reaction on Nd™®, the possibilities being (,2n), 
(n,a), (n,y), or (n,p). The (n,2n) reaction may be ruled 
out this 
region are of the order of hundreds to several thousand 


since cross sections for (m,2m) reactions in 


from the uncertainty in estimating fea. millibarns, while the cross section measured for the 12 
min nuclide is only lable II). Bombardment 
of natural samarium gave no 12-min activity from an 
(ma) Sm'™, Although 17.4 min Nd!" is 
produced when 99% enriched Sm!* is bombarded,! the 
Nadi 


could only have been produced by the (n,y) reaction 


3.5 mb 
RESULTS 

During the course of this study, several previously reaction on 

unreported activities were observed, and mass assign- 

ments were made by the use of highly enriched isotopes" this, since 


12-min activity cannot be due to 


and by eliminating other likely reactions by means of 
Table I summarizes the results 
activities. 


on Nd'®, and thus would have been in larger yield from 
natural neodymium than from enriched Nd™* in which 
of Nd! was reduced 2-fold. Likewise, 
Nd'® exhibited no 12-min species after 
thus ruling Nd 
in Nd 


cross bombardments. 
on these new The measured cross sections 
the abundances 
93% enriched 
irradiation, 
isomeric state 
Chemical separation” of cerium from neodymium 
and praseodymium showed no 12-min activity in the 
cerium fraction ; the species must arise 
from an praseodymium, the 
Ndi#8(n,p)Pr'* reaction. Attempts to study the gamma 
rays from the 12-mi with an Nal(TI) scintil- 
lation spectrometer failed because of masking from 1.8 
hour Nd, However, a gamma at about 0.31 Mev was 
observed to decay wit! 3-min half-life from irradi- 
Nd but was not observed from 


and their comparison with the literature appear in 
Table II. Finally, a comparison with calculations from 
available nuclear reaction theory is given in Table III. 

The new activities observed are: 1243 min Pr", 
7+1 min Th'™, 3.3+0.5 min Ho!**, 40+10 sec Ho!” 
4.4+0.4 min Dy’, 5.5+0.5 min Tm'*(?), and 2.0+0.5 
min which may belong to Tm!”*, Er'™, or Yb!"’*™. The 
evidence for these new activities is given individually 


out 


and any possible 


thus, nit 


isotope of 1.€., from 


below: 


n specie ~ 


12 min Pr'** 


The 12-min activity was not observed in bombard- 
ments of natural Nd,O;, since a 30+10 min half-life 


was produced which is an unresolvable mixture of 17 ations of enriched 


ass assignments 


TABLE I. Summary of previously unreported activities and probal 


Observed 


gamma rays 
(Mev 


Probable 
assignment 


Observed 


half-life Mode of production 


Nd"™*(n,p) 


Basis of assignment 


12+3 min Pris Enriched Nd™ 
Chemical separation 
to eliminate 
na) Dp 
0.57+0.01 nriched* Gd! 
0.18+0.05 nriched* Dy'® 


I 
I 
+0.05 Enriched* Er'* 
I 
I 
I 


roduct.*> 
Sm"? 
Tb'® 
Ho!* 
Ho!” 
Dy'* 
Tm!" (7 
Tm!" 
d Er!3, or 
Ybit7= 


0.5+0.1 min 
7+1 min 
3.340.5 min 
40+ 10 sex 
4.4+0.4 min 
5.5+0.5 min 


Gd!™ (nx) 
Dy"(n,p) 
Er'*8(n,p) 
Er!” (,p) 
Er’? (na) 
Yb!" (n,) 
Yb'"*(n,p) 
Yb!"* (na 
Y b'7*(n,+ ) 


0.85 
i? 
i? 


Er 
Er 
1 Yb'"* 
yl 
y 


iched 
riched 
hec 

] 


Lee 


0.18 
0.25 


0.36 


+0.01 
+0.01 
+001 


2.0+0.5 Er iched 


Not f 


® Other likely assignments eliminated by cross bombardments. 
> From fission studies, a 12-min activity was assigned to Pr’ 
Soc. 4, 372 (1959) ]. 


and a 1.95-min activity to Pr [I 


8 Obtained from Stable Isotopes Division, Oak Ridge National Laboratory, Oak Ridge, Ten: 
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TaB.e II. Summary of observed reactions and measured cross sections. 


Reaction Product Measured half life 


Ba™ (n,2n) Ba'™" 
ba (n2n) Ba” 
Ba™* (n,2n) Ba" 
Ce (n,2n) Cel 
Ce! (n,2n) Ce 
Pri" (n,2n) Pri# 
Nd!®(n,2n Nd 
Nd'*(n,2n) Nd? 
Nd! (n,2n) Ndi? 
Sm!“ (9.2m) Sm! 
Sm'™(n,2n) Sm! 
Eu"! (n.2n) Eu'™ 
Eu'*(n,2n Eu'#@ 
Gd! (n,2n) Gd” 
Er! (4 2n) Eris 
Er'® (n,2n) Er'# 
Yb!7*(n,2n) Yb!75 
Lu'"®(n,2n Lu!” 
La (n,7) La'# 
Pr! (n,7) Pri® 
Gd'™ (n+) Gd'* 3.7+0.5 min 
Dy'*(n,y) Dy!" 1.3+0.2 min 
Dy'*(n,+) Dy**e min 
Lu'?5(n,+) Lu'76= 5 hours 
Ba!*(n,p) Cs" 3.5+0.5 days 
Ba'*(n,p) Cs 5 min 
La™(n,p) Ba!” min 

Ce! (n,p) La'© 40+2 hours 
Ce (n,p) La’ 77+3 min 
Pri“! (np) Ce 32+:2 days 
Nd"*(n,p) Pri 12+3 min 
Sm!*(n,p) Pm'* 6.5+0.5 min 
Sm! (n,p) Pm! 2.54+0.5 min 
Dy'*(n,p) Tb'* 7+1 min 
Er'*" (n,p) Ho! 3.1+0.1 hours 
Er! (mp) Ho'* 3.340.5 min 
Er'” (np) Ho!” 40+ 10 seconds 
La!” (na) Cs 13 5+1 5 days 
Ce (na) Ba?™ 2.6+0.1 min 
Ce! (nc) Ba! 85+1 min 

Nd! (na) Ce 65+ 10 seconds 
Nd!® (na) Cee 140+ 10 days 
Nd" (na) Ce 34+2 hours 
Ni™* (na) Ce 3.140.2 min 
Sm!* (na) Nd'# 1.8+0.1 hours 
Sm! (na) Nd'# 17.345.0 min 
Gd (x) Sm? 0.5+0.1 min 
Dy'™ (nc) Gd 3.7+0.3 min 
Er’ (na) Dy!" 1.340.2 min 
Er! (nr) Dy'*6e 140+5 min 
Er'” (na) Dy'*? 4.4+0.4 min 


38.9+0.1 hours 
28.7+0.2 hours 
2.6+0.1 min 
65+ 10 seconds 
3242 days 
3.5+0.2 min 
2.5+0.3 hours 
11.5+0.5 days 
1.8+0.1 hours 
8.5+0.3 min 
45+8 hours 
15+1 hours 
9.3+0.5 hours 
18.0+0.3 hours 
10+1 hours 
9.8+-0.5 days 
4.2+0.2 days 
160+ 10 days 
40+ 2 hours 
19+1 hours 


* See Paul and Clarke, reference 16. 
> L. A. Rayburn, Bull. Am. Phys. Soc. 4, 288 (1959). 
© See reference 17. 


enriched Nd™, The 0.31-Mev gamma probably belongs 
to the decay of Ce 

Recently, Hoffman and Daniels" observed a 12-min 
isotope of praseodymium formed as the daughter of a 
new 1.2-min cerium fission product to which they have 
assigned mass number 147, in disagreement with our 
suggested assignment. They also report a 300-kev 
gamma activity in fission-formed praseodymium which 
decays with a 1.95-min half-life and to which they have 
assigned mass number 148. 


“D. C. Hoffman and W. R; Daniels, Bull. Am. Phys. Soc. 4, 
372 (1959). 


Observed cross section (mb) 


This work Lit 


940+ 80 
700+ 80 
1250+ 100 
1200+400 
1600+ 300 
2100+. 300 
2060+ 200 
2160+ 200 
2200+ 300 
1200+ 300 
1500+ 300 
500+ 200 
750+ 200 
1450+ 300 
1000+ 400 
1200+ 500 
430+ 100 
1600+ 390 
1.1+0.2 
2.1+1.0 


Reference 


Value 


re 


mous 


wh HHH HH HHH HH HHH 
— Am 
te wa) 


mM WWwWwwe ty 
—SUOdUnUananounws 
— at ot > ee 
coco So S 


~, 
ww 


Soe 
H Ht 
NmN hw 


2+1 
8342.0 
5+1 
10+2 
9+3 
2+1 
4.5+08 
1.0+-0.2 
0.5+0.2 
1.0+0.2 


0.5 min Sm!*’ 


A new half-life of 0.540.1 min appeared in irradi- 
ations of 98% pure natural gadolinium metal with 
14.8-Mev neutrons. Further studies with 95.4% en- 
riched Gd'® (as oxide) showed that the yield ratio of 


_ the new 0.5-min species to 3.7 min Gd remained 


constant in both natural and enriched samples, proving 
that the new period arises from Gd. By cross bom- 
barding natural dysprosium, 74% enriched Dy™, and 
90% enriched Dy’ (as oxides), the 0.5-min activity 
was not observed, either in gross beta decay or in 
gamma-ray decay, thus ruling out isomeric states of 
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Tas.e III. Comparison of measured cross sections and theoretically calculated 


Observed 
Reaction cross section (mb) 
940+ 80 
700+ 80 
1250+ 100 
3000+ 400 
1600+300 
2100+ 300 
2060+ 200 
2160+ 200 
2200+ 300 
1200+ 300 
1500+ 300 
500+ 200 
750+ 200 


Ba™ (n,2n) 
Ba"* (n,2n) 
Ba'*(n,2n) 
Ce! (n,2n) 
Ce (n,2n) 
Pr! (n,2n) 
Nd! (n,2n) 
Nd'*(n,2n) 
Nd!” (n,2n) 
Sm! (n,2n) 
Sm! (n,2n) 
Eu!* (2,2) 
Eu! (2,20) 
Gd! (n,2n) 1450+300 
Er'®*(n,2n) 1000+400 
Er!” (n,2n 1200+. 500 


Observed 


Reaction cross section (mb) comp 


Ba! (n,p 194 
Ba'** (, / 2.5 

La” 
Ce™ (nt 
Ce (n, 

Sm!" (n,¢ 
Sm!®@ nt 
Sm!" (na 


0.24 
0.33 


nf 


0.13 
0.047 
0.101 


Sm! (1 x 0.054 


AND R. W. F 


Calculated 
nut 


INK 


cross sectio 


25 
1.25 
1.24 
1.23 
1.23 


Cross section 


Dir. interact 


93 
3.0 
93 
418 


2.35 


® The theoretical calculations were made on the basis of the continuum model of the compound nu 


the direct interaction cross sections are based on the work of Brown and Muirhead 
as described in reference 1 (see text). The following terms were used: a, an empir 
» E. is the incident neutron energ 


calculations were made 
varies with mass 
references 1, 12, 


see reference 15 in text); @ is the nuclear temperature; 


and 15 


Gd'™, Gdi®, 
the 0.5-min nuclide must be either Eu'® from the (n,p) 
or Sm from the (n.a) reaction on Gd'®, 
which is known’ to have a level at 75 kev which should 
be populate d in the beta dec ay of Eu, Sint eno 75-ke Vv 
photons were detected with a 1X1}-inch NalI(TI) 
scintillation and manual 
tentatively assign Sm’ to the 0.5-min activity (al- 
though it is possible that the 75-kev transition is very 
highly converted and thus not observed in the scintil- 
lation counting experiment). This assignment requires 
further verification. A gamma at 0.57+0.01 Mev was 
observed to follow this decay. 


and Gd'* as possible assignments. Hence, 


reaction 


spectrometer scaler, we 


7 min Tb'® 


In bombardment of natural dysprosium metal, a 
7+1 min unreported period was observed, whose yield 
increased 2-fold relative to 140 min Dy'® when 74% 
enriched Dy'™ (as oxide) was irradiated. The isotopic 
content of all other dysprosium isotopes was down by 
factors ranging from 2 to 10. Moreover, the 7-min 
species was not observed from 90% enriched Dy™ (as 
oxide). Cross bombardments of natural erbium, natural 
and enriched gadolinium, and enriched Dy™ rule out 
the possibility that the 7-min nuclide is an isomer in 


see discussion i: 


separation energy 


gadolinium. The remaining possibility is the Dy'®(n,p) 
reaction which assigns the new 7-mil species to Tb'®, 
A gamma at 0.18 Mev was observed to follow 
this decay. No new activity with half-life between 30 
and 2 hours was found for Tb'* from the (n,p) 
reaction in irradiations of 90°, enriched Dy'* 


+0.05 


Sct 


3.3 min Ho'® 


Irradiations of 98% metal 


which could not 
assigned. When 76.9% enriched Er'® 
was bombarded, the y 
activity was observed to increas« 


pure natural erbium 


exhibited a new 3.3+0.5-min half-lif 
be immediately 
(as oxide eld of the 3.3-min 
vith the enrichment 
of Er'®*; in natural erbium, the ratio of the 3.3-min 
activity to 9.8 day Er'® was about 50, whereas in the 
enriched Er'*®* sample, the ratio favored the 3.3-min 
period nearly 250-fold, which establishes the fact that 


this new species arises from Er'**. No short-lived activity 
was found in a cross bombardment of enriched Yb!” 
(although a 2.0+1.0-min per xd was obse« rved from 
natural ytterbium which w 
reaction on Yb!” 


is shown to arise from a 
of the 3.3-min period 
to isomeric Er'*™ js ruled out on the basis of irradiation 
of Er'® 
increase the thermal! 


Assignment 


without cadmiu should 


and enhance 


Lp] which 


- 
a tint r « pl 66 
ny ion on Er 
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the yield of Er'®™) since this failed to increase the yield 
of the 3.3-min activity. Similarly, the (m,2m) reaction 
is excluded. With 87% enriched Dy™ without cadmium 
wrapping, an activity of nearly the same half-life, 3.7 
min, was formed but this exhibited a quite different 
gamma spectrum,” using a 3X3-inch NalI(TI) scintil- 
lation spectrometer and 50-channel analyzer, showing 
that the 3.3-min and 3.7-min activities are not identical, 
the latter in fact being the previously known Gd, 
The gamma spectrum of the 3.3-min species, arising 
from the Er'**(#,p) reaction, shows a prominent line 
at 0.85+0.05 Mev which is not present in the 3.7-min 
gamma spectrum from the Dy'™ bombardments. For 
these reasons, we assign Ho! to the new 3.3-min 
activity. 


40 sec Ho'”’ and 4.4 min Dy'”’ 


From 87% enriched Er'” (as oxide) new half-lives 
of 40+10 sec and 4.4+0.4 min were measured and their 
yields observed to follow the Er'” enrichment (Er'® 
being reduced to only 9.0% in this sample). The cross 
section for the formation of 3.1 hour Ho'® by the 
Er'”°(n,a) Dy" (8-)Ho'™ mechanism was found to agree 
(within 20%) with the cross section to form 4.4 min 
Dy'*’, but if the 40-sec period were assigned to Dy’, 
then the cross sections would disagree by more than a 
factor of 2. Therefore, it seems likely that the 40-sec 
activity is Ho!” from the Er'(n,p) reaction and the 
4.4-min period is Dy'® from the Er'”°(n,a) reaction. 


Other Unassigned Activities Observed 


“cc ’ 


From “specpure” natural Lu,O;, new activities of 
2.0+0.5 min and 7.54+1.0 min were found, which also 
were observed with 95.9% enriched Yb'” (as oxide), 
but the yields of both appeared to be more than 10 
times too low if Yb'”? were the responsible isotope. Both 
periods also were observed again with 92.6% enriched 
Yb'”, but in yields again too small by a factor of 10 to 
have arisen from Yb'". From 98.4% enriched Yb", 
the 2.0-min activity was not found, but a new 5.5+0.5 
min half-life was observed, probably due to Tm'” from 
the (,p) reaction. When 97.5% enriched Yb'"* was 
irradiated, however, the 2.0-min activity was found, 
but the 5.5-min and 7.5-min periods were absent, so 
that the 2.0-min species arises from an (n,p), (ma), or 
(n,y) reaction on Yb'"*. The (#,p) and (n,y) reactions, 
however, would have a cross section of about 90 mb, 
about 10 times larger than normal for this region (Table 
Il). The (n,y) reaction would give an unreported 
isomeric state in Yb'’’. No further data is at hand with 
which to make definite assignments of either the 2.0 
or the 7.5-min periods. In the bombarded samples of 
natural ytterbium, enriched Yb, and enriched Yb’, 
gammas at 0.18+0.01, 0.2540.01, and 0.36+0.01 
Mev were found to decay with the 2.0-min half-life. 

An unidentified 9+1-min activity was found in 
natural erbium bombardments, but not from enriched 
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Er'®* or Er’, Nothing further is known about this 
species. An unknown 45+ 10-min half-life was observed 
in irradiations of 93% enriched Nd'™, but no further 
data is at hand concerning it. 


DISCUSSION 


Examination of the cross-section results in Table IT 
indicates that there is no general trend with mass 
number at a given Z for the (n,2n) reactions, which lie 
in the range of 100 mb for isomeric states to 3000 mb 
for total activation cross sections. The (n,2n) reactions 
on Ce!”, Pri! Nd’, and Sm'™ exhibit a decrease with 
increasing mass number at N=82, e.g., 3000, 2100, 
2060, and 1200 mb, respectively. The observed cross 
sections for (m,2n) reactions agree within one order of 
magnitude with the compound nucleus continuum 
theory calculations,” as can be seen in Table III. 
Values less than unity for the (cote/eate,.) ratio (Table 
IIT) based on the compound nucleus model'® have been 
cited as evidence that direct interaction is a competing 
process.’* For Ba.” "* and Eu'® the low ratio can be 
attributed to the experimental difficulty of measuring 
the ground-state product. 

In the rare earth region (,p) cross sections usually 
amount only to 10 mb or less, except for Ba™*(n,p) 
which has an anomalously high value (49 mb). The 
influence of the 82-neutron closed shell on 14.8 Mev 
(n,p) and (m,a) reactions in this region seems to be 
negligible, e.g., Ce!(N = 82) has an (n,p) cross section 
of 10 mb while that of Ce is 5 mb; La™ and Pri® 
(N = 82 for both) have (,p) cross sections of 5 and 4.5 
mb, respectively ; Nd’, Sm’, and Sm", all nonclosed 
shell nuclides, have (n,p) cross sections of 3.5, 3.7, and 
3.5 mb, respectively. Similarly, the Levkovskii trends? 
appear to be negligible in this region. The same statements 
can be made for the (ma) cross sections as well, e.g., 
this reaction on Sm!” and Sm' exhibits a cross section 
of 10 and 9 mb, respectively, while with Er'” the value 
is 1.0 mb and 1.5 mb with Er'®, Coleman" likewise 
found no apparent trend for (,a) cross sections in this 
region at 14 Mev, e.g., the values for Cs™, La™, Ce, 
Gd, Dy'™, and Hf'”* are 1.9, 1.87, 7.04, 3.22, 3.56, 
and 2.0 mb, respectively. 

The deviation between observed cross sections and 
those calculated on the continuum theory of the com- 
pound nucleus’® for (m,p) and (n,a) reactions (Table 
III) is larger than unity by factors of 10 to 100, e.g., 
(n,p) cross sections for Ba”* and La™ are 10 and 15 
times larger than calculated, respectively; those for 


J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley & Sons, Inc., New York, 1952). 

6 E. P. Paul and R. L. Clarke, ag Phys. 31, 276 (1953); 
G. Brown and H. Muirhead, Phil. Mag. 2, 473 (1957); K. Winter, 
B. Torki, and E. Remy, Nuovo cimento 11, 1 (1959); and E. Remy 
and K. Winter, Nuovo cimento 10, 664 (1958). : 

"R. F. Coleman, B. E. Hawker, L. P. O'Connor, and J. L. 
Perkin, Proc. Phys. Soc. (London) 73, 215 (1959); Atomic Energy 
Research Establishment Report AERE-0-59/57, 1958 (unpub 
lished ). 
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Sm! and Sm! are 27 and 74 times larger,' respectively, 
and the (n,a) cross sections on these same nuclides 
exhibit the still larger deviations of 99 and 165, respec- 
tively. For (,p) reactions Brown and Muirhead" have 
calculated cross sections from a direct interaction model 
which assumes that these interactions, in which no 
intermediate nucleus is formed, occur by collision with 
nucleons throughout the whole nuclear volume with 
equal probability for all nucleons. In Table III we have 
listed for certain (n,p) reactions a comparison with 
these direct interaction calculations. 

Although this direct interaction model gives better 
agreement with experiment (Table III),'’ it cannot be 
developed to include the (m,«) process, nor does it take 
into account that surface reactions are considerably 
more probable, especially in the heavier mass regions, 
than are direct interactions with nucleons deep in the 


nucleus.” Wilkinson®® suggests that nucleon clusters, 


18 G. Brown and H. Muirhead, Phil. Mag. 2, 473 (1957). 
’ G. B. Chadwick, S. A. Duranni, P. B. Jones, J. W. G. Wignall, 
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e.g., alpha-particles and deuterons) tend to exist in 
the region of low nuclear binding in the diffuse nuclear 
surface. Such a tendency for preformed alpha-particle 
clusters to exist in the surface suggests itself as a possible 


explanation for the large (m,a) cross sections in the 


heavy mass region. Such a model also might be a 
near integral multiple 


he low Z region at 


possible explanation for the 
ections in t 
Levkovskii 
I 


ve much 


decrease in (m,a) cross 
14 Mev pointed out by Since the number 
of such clusters would lower in the low Z 
region, any change in the number of clusters available 
to the incoming projectile (as for example with in- 
creasing A at constant Z) would be much more marked 
in the cross sections than would be the case at high Z. 
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The decay of the 2.43-Meyvy state of Be’ is treated theoretically 


Of the open tv 


all but one involve a nuclear state, the energy of which is not well defined 


been generalized to take this into account. The estimate of the decay rates is mad 
internal wave function for the Be®* state, based upon the alpha-particle model. It i 
dependent arguments are given to show th 


mode of decay is to He’+He*. Model 
state of Be*® should be inhibited 


in the decay through several two-particle decay modes are computed 
any specific nuclear model, but depend on the weak assumption that 
measurements indicates that in addition to 


Comparison with recent 


Furthermore, the momentum and angular 


means of a variational 
hat the principal 

to the ground 
distributi« of alphas emitted 
These latter « ilations do not assume 
S ex | 


the «t 
nes 


the 


ate | 


He*®+ He 


7% of the decay occurs to the ground state of Be*, which is consistent with our ¢ 


I. INTRODUCTION 
HE decay of Be*®* excited by various reaction 
been the source of several 
For example, early investigations! 


mechanisms has 


studies in the past 
of the decay from the 2.43-Mev excited level have 
indicated that it proceeds mainly by emission of a 
neutron to the ground state of Be*. However, recent 
coincidence measurements by Bodansky, Eccles, and 

* Supported in part by the U. S. Atomic Energy Commission. 

+ Part of this work was done while the authors were guest 
scientists at Brookhaven National Laboratory during the summer 
of 1957 

t Presently on leave at the Institute for Theoretical Physics, 
Copenhagen, Denmark 

!G. A. Dissanaike and J. O. Newton, Proc. Phys. Soc. (London) 
A65, 675 (1952). G. M. Frye and J. H. Gammel, Phys. Rev. 103, 
328 (1956) 


Halpern? (hereafter referred to as BEH) have set an 
upper limit of 10% on decays through this channel 
and have concluded that emission occurs primarily by 
means of other processes. We shall an ilyze the de« ay of 
the 2.43-Mev state tl 


heoretically and compare predic- 
tions with experiment. Since thi 


s det ay occurs in part 
through intermediate states (e.g., He 


which is not well defined, we have had to generalize the 


the energy of 


usual emission width relations to take this into account 


explicitly.* This has been done along the lines suggested 


by Watson.‘ 
2D. Bodansky, S. F. Eccles, and I Rev. 108, 
1019 (1957 
34. C. Riviere, Nuclear 
Phys. Rev. 95, 302 (1954) 
*K. M. Watson, Phys 


Halpern, Phys 


, 81 (1956/57); T. A. Welton, 


88, 1136 


1952 





DECAY OF Be** 


to the residual 


TasLe I. Angular momentum states available 
nucleus and the emitted nucleon. 


Angular 
momentum 
of emitted 

particle 


Angular 
momentum 
of residual 

nucleus 


Emitted 
particle 


Residual! 
nucleus 


Be’ n 
Be* 


n 
He Het 


The principal two-body decay channels available 
to the decay of the 2.43-Mev level of Be® are® 


(la) Be*— Be*+n 
Be* — He'+ He’, 
Be* — Be*+n 
Be* — He*+ Het, 
Be* — He'’+ Het 
He® — Het+n, 


Be®* — Be®+y7. 


(1b) 


(2) 


(3) 


The decay modes (1b) and (2) are allowed because of 
the broad widths of the 2.9-Mev state of Be*® and of 
the ground state of He, respectively (see Fig. 1). 
Because the absolute magnitude of the partial widths 
or decay rates through the above channels cannot be 
calculated without assuming a specific model to describe 
the internal wave functions of Be, first 
compute the energy and angular distributions of the 
alpha particles emitted in processes (la), (1b), and (2). 
These processes depend primarily on a knowledge of 
the angular momentum of the initial state and the 
final state wave functions. They are, therefore, more 
readily believable and one might hope that the experi- 
mental measurements of BEH can differentiate 
between some of the processes in question. Such will 
indeed turn out to be the case. It is for the above reason 
that we postpone to the last section the computation 
of the absolute magnitudes of the decay rates which 
we base upon a variational wave function using the 
alpha-particle model of Be*. There are, however, some 
simple qualitative arguments which demonstrate the 
decay through mode (1a) should be inhibited. These 
arguments are based upon angular momentum and 
parity considerations applied to current nuclear models. 


we shall 


Il. QUALITATIVE DESCRIPTION OF DECAY 


A spin and parity assignment of §- for the 2.43-Mev 
level is strongly suggested by both pickup* and inelastic 
scattering.’ This level assignment is also consistent 


5’ We make the usual assumption that three-body decay can 
be neglected when two-body decay can occur 

*F. L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 (1954). 

7G. W. Farwell and D. D. Kerlee, Bull. Am. Phys. Soc. 1, 20 
(1956); R. G. Summers-Gill, University of California Radiation 


(2.43-MEV STATE) 


~ 


ENERGY 


Be’ Be He 


Fic. 1. Relative energies of the states of the residual nuclei of the 


decay modes, showing their relative widths and positions. 


with the predictions of the alpha-particle model,* and 
the intermediate coupling shell model,’ and we shall 
assume it to be correct. The lowest orbital angular 
momentum combinations are given in Table I for the 
two-particle decay modes considered. 

In the jj, LS, or intermediate coupling shell model 
without configuration mixing, the Be® ground state is 
composed of four angular momentum S-state and 
five P-state nucleons. The low excited states of negative 
parity, such as the 2.43-Mev level, are than explained 
by recoupling the nucleons in the P shell to add to a 
different angular momentum. These low states cannot 
arise by means of the excitation of a single nucleon or a 
pair of nucleons to a new shell because of the large 
energy required. Thus, except for center-of-mass 
effects,” the wave functions of the nucleons in the 
2.43-Mev state of Be® have no orbital angular momen- 
tum /=3 component, and reference to Table I shows 
that decay by mode (1a) is then forbidden. It further- 
more follows from this table that the same argument 
does not restrict decay modes (1b) and (2). 

In the alpha-particle model for the ground state of 
Be®, the neutron is strongly coupled to the motion of 
the two alphas. In a coordinate system in which the 
axis of the alpha particles is the z axis, the neutron is in 
a P, state with a projection on the z axis of +4. Ina 
deformed nucleus as this model describes, the total 
angular momentum, j, is not a good quantum number 
but is approximately so because of a large energy 


Laboratory Report UCRL-3388, 1956 (unpublished); S. W. 
Rasmussen, Phys. Rev. 103, 186 (1956). 

* A review of experimental and theoretical literature is given by 
J. S. Blair and E. M. Henley, Phys. Rev. 112, 2029 (1958). 

*D. Kurath, Phys. Rev. 101, 216 (1956). 

” The admixture of / = 3 due to center-of-mass effects is expected 
to be of the order (M,./Mpe? ~1%. 
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difference to states of different 7. The 2.43-Mev state 
is given by this model as a rotational state of spin $- 
with the same neutron Py wave functions as was the 
ground state. The transformation of the neutron wave 
function to a space-fixed axis does not introduce any 
new neutron angular momentum states, and therefore, 
mode (1a) is again forbidden. In transforming the 
neutron wave function to the space-fixed frame one 
finds that the two alpha particles have a spin-2 compo- 
nent and this means that mode (1b) is allowed. The 
same conclusion for mode (2) is arrived at as for the 
shell model. The decay is not restricted. 

It is that similar statements and 
conclusions can be made for the Nilsson" wave functions 
based on the Bohr-Mottelson model. In conclusion if 
one does not allow configuration mixing of neutron 
l=3 waves in the description of the 2.43-Mev state of 
Be®, then decay to the ground state of Be’ is inhibited 
by angular momentum and parity conservation alone. 
The other decay modes are not hindered. In order to 
obtain an approximate amount of decay through the 
Be® ground state, we shall in our later calculations 
introduce some | 


easy to show 


3 configuration by means of the 
alpha-particle model. 


Ill. DECAY MODEL 
A. Method of Calculation 


The decay of the 2.43 level of Be®* finally results in 
three particles, two alpha particles and a neutron. In 
the description of the decay we make the assumption of 
a two-step decay in which a first particle is emitted and 
the residual nucleus subsequently breaks up. We 
furthermore assume that the decay into each mode 
can be described independently of the others. The first 
assumption is realized if the transit time in Be® of 
the first emitted nucleon is short compared to the 
lifetime of the residual nucleus as is the case for the 
decay to the Be® ground state. If this condition is not 
met but the particles forming the residual nucleus have 
a strong final state interaction‘ compared with the 
intitial Be** decay interaction, then one effectively 
still has a two-step decay process. The second assump- 
tion implies that the states which result from the 
primary decay are orthogonal to one another. This 
assumption is valid for mode (1a) but not directly 
justifiable for mode (1b) relative to mode (2). These 
modes identical if the recoil effect of the 
neutron motion is completely neglected. When an 
alpha-particle model is used to describe Be’, the 
neutron wave function does not remove the lack of 
orthogonality referred to above because of the large 
energy widths of the states. Unless this second assump- 
tion is made, however, it becomes increasingly difficult 
to discuss the breakup into channels (ib) and (2). 
Since the decay via the excited state of Be*® occurs at 


bec ome 
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energies which are at least three times the half-width 
from resonance we the probability of decay 
through this channel to be small. 


expect 
In this sense the 
second assumption is unimportant and the calculations 
will bear this out. 

Inspection of Table I indicates angular 
momentum combinations must be considered in the 
decay of the $-state of Be** at 2.43 Mev. Because of 
the small energy released in any of the primary decays, 
the angular momentum barrier effectively limits the 
open channels to the lowest / value listed for each 
channel. Emission through higher relative angular 
momentum channels, when allowed, can be shown to 


which 


be less probable by at least two orders of magnitude. 
One further factor to consider is the strength of the 
final state interaction of the residual nucleus. In the 
He’ states of L >2 one has weak interactions in which 
the first assumption is violated. These cases are to be 
thought of as three-body decays. Because of the weak 
final state interactions they will have a small probability 
and we shall neglect them. 


B. Expansion of the Wave Function 


The wave function of the decay nuc leus, V,, is an 
eigenfunction of the total Hamiltonian, H, 


HY, = EY, (1) 


and can be expanded into a complete orthonormal set,” 
¥-(r)p,(R) 
Vr= Dd ep Crepe (0 )b,(R). (2) 


Here y.(r) describes the stationary states of the 
residual nucleus and ¢,(R) is the wave function of the 
emitted particle. It has the form ¢,(R)=2,(KR)Y ,(Q,), 
where v,(KR) satisfies the boundary condition of an 
outgoing wave of wave number K. The set ¥.(r)¢,(R) 
is a solution of the wave equation 


Hop-(1)b>(R) = Ec 


where H> is the Hamiltonian of the residual nucleus 
plus that of the emitted particle moving in an average 
potential of this nucleus. Since the sets VW, and ya, 
are both orthonormal and complete 
coefficients satisfy the usual relati 


(r)p,(R), (3) 


sets, the expansion 


Vb Wdr.drp. (6) 


The residual nuclei may have broad states (energy- 
wise) in which case their wave functions depend upon 
energy as do those of the emitted particle. We will, 


therefore, define the expansion coefficients to take this 


2A. M. Lane, R. G. TI as, and | 
98, 693 (1955 
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DECAY OF Be** 
into account explicitly and to expose the additions of 
angular momentum of two particles resulting from the 
initial breakup. If one replaces the label A, by the 
angular momentum J and writes ¥.(r) in the form 
¥v-(r)=u.(kr) Y.(Q2,), then 


Uy =T y Cop! (kK) ue(kr)0y(KR) 
XE mm Ve"(Q,)¥y™ (Qe) (cpmm’|JM), (7) 


where (cpmm’|JM) is the Clebsch-Gordan coefficient 
for the addition of angular momentum c¢ and p to 
that of the initial state. The wave number & is a 
measure of the internal energy of the residual nucleus. 
The coefficients C.,” which determine the decay rate 
only differ from zero when energy is conserved, 


Cop! (R,K)=Cey (hk, K)5(Ecrt+E pe, Es), (8) 


where E., and E,» are the energies associated with the 
residual nucleus and emitted particle, respectively. 
The rate of decay to a state (c,p,k,K) is given by 


h 
I.»7 (k,K)/@=—|C.,7 (kK) |? 
Qiu 


d d 
x f (+ 1-95", ) dQr (9) 
dR dR R=Ro 


= (ARo/u)|C.,7(k,K)|?| vp(KRo) |? Imf,, 


Ro d 
fp=— ( e»(KR) ) 
v,(K Ro) \dR R= Ro 


and Ro is a radius beyond which nuclear forces can be 
neglected. From the boundary conditions of an out- 
going wave for'v,(KR) one obtains 


Im/,= KRW ,(KR»), (10) 


where W,(KRo) is the barrier transmission coefficient 
V; of Blatt and Weisskopf." 

The energy dependence of the expansion coefficients 
is obtained from a knowledge of the radial dependence 
of the functions u.(kr) and v,(KR) inside the nucleus. 
Since all energies (kinetic energy of relative motion 
and “binding energies”) are very small compared to 
the potential strengths which act between the particles, 
we can approximate the internal wave functions by 


u.(kr)=u-(kro) f-(r), 
»»(KR)v,(KRo)g,(R), 


(11) 


where f.(r) and g,(R) do not depend upon & and K, 
respectively, and 
u.(kro) = (2/m)'e** (kro) 

X(F. (kro) cosé(k)+G.(kro) sind(k)}] (12) 


is the normalized stationary scattering solution of 


3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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two particles into which the residual nucleus decays. 
The functions F (kro) and G,.(kro) are the regular and 
irregular solutions for the two particles outside their 
range of interaction. By means of (11) the expansion 
coefficients, C.,” defined by (6) can be expressed by 
Ce” (kK )=u.(kro)vy(KRo)M cy, (13) 
where M., 
K. 
The decay rate, (9), becomes upon substitution of 
(10) and (13) 
l'.p” (k,K) 


(/.(r)g,(R)\ Vz) is independent of & and 


op(KRo)|?| ue(Rro)|?|Mep|*lp(KRo), (14) 


where we have defined [',(KRo), the single-particle 
dec ay rate, by 


l',(K Ro) = 2K Roy, ;W »(KRo), (15) 


and Y4,°= (f®Ro/2u)\v,(KRo)\? is the single-particle 
reduced width. The energy dependence of the decay 
rate (14) is determined by (a) | #,(kro) |*, the strength of 
the final state interaction of the residual nucleus, 
(b) \v,(KRo)\*, the value of the outgoing particle 
wave functions evaluated at the radius Ro, and (c) 
I',(KRo), the single-particle decay rate. The latter is 
proportional to the barrier transmission factor (10) 
and also to |t,(KRo)|*. If we adopt for 7,,*, the single- 
particle width'*® 


Yep (h? pRo), (16) 


then this estimate requires that |v,(K Ro) |* be given by 
l\0,(KRo)|?=2/Re', (17) 
and the final iorm for I’,,” is 


D.57 (kK) = (2/Re)| u-(krs)|2|Mep|’p(KRo). (18) 


IV. MOMENTUM AND ANGULAR DISTRIBUTIONS— 
COMPARISON WITH EXPERIMENT 


The development of the previous section allows us 
to write for the momentum and angular dependence of 
the primary decay 


lp? (k,K)=2Ro*| M.y\*| 4. (kro) |*T p(K Ro) 


x ) Y.™(Q) Y,” (Qx) 


X (cpmm'|JM)\*6(Eut+E x, Es), (19) 


where 6x is the angle of the direction K of the emitted 
particle and @ is the angle of the direction of the 
particles of the residual nucleus (see Fig. 2). If one is 
interested in the angular and momentum distributions 
in the Be* rest frame of either of the alpha particles 
emitted in the two successive decays (to compare with 
experiment), then the relative coordinates k and K 
(Fig. 2) must be transformed to the alpha-particle and 
neutron coordinates, ka), ke, and k, and the coordinates 


“A. Bohr and B. Mottelson, Kgl. Danske Vidensk. Selskab, 
Mat.-fys. Medd 27, No. 16 (1953). 
‘ST. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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Be*—n He = He. 


Fic. 2. Internal momentum of the particles used in 
computing the decay rates. 


of one alpha and the neutron must be integrated out 
[see Appendix A ]. 

The final state interaction is evaluated by using the 
scattering phase shifts of the particles involved in the 
residual nucleus. For the decay to the Be® ground state 
this need not be done explicitly since the extremely 
narrow width and the very low energy of the state 
causes the wave function to be approximately propor- 
tional to a delta function of the energy of the state, Fo, 
*2 (kro) * Fb (Ex — Eo). 


| u.(Rro) (20) 








| 
ee 
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Fic. 3. Be*+n, ground state, momentum distribution along 
the Be® recoil direction where N is the number of alpha particles 
per unit volume in momentum space and &/kpo is the fraction of 
momentum of the alpha particle from the kinematic limit ho. 
The experimental points are those of BEH. 
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For the L=2 state of Be*, the alpha-alpha scattering 
phase shifts were obtained from a low-energy interpola- 
tion of an analysis of scattering data.'® Below an FE, 
of 1 Mev the phase shifts were less than 1 degree but 
this is sufficient to cause an enhancement of the decay 
rate by a factor of about 4 over the free-particle wave 
function. 

The FP, phase shifts were obtained from the analysis 
of neutron-helium scattering.'’ With these values for 
the final state interaction and the usual form"™ for the 
barrier transmission factor W,(K Ro) in ',(K Ro), the 
momentum and angular distribution of the alpha 
partic les can be calculated. In modes (1a) and (1b) the 
distribution of either alpha particle is the same since 
the symmetrization is taken care of in the Be* wave 
function. In the decay to mode (2) we have neglected 
the interference between the two alphas in He® and 
He‘ and have taken the distribution to be just the sum 
of the two. 

In the experiment of BEH, the 2.43-Mev level of 
Be® scattered 42-Mev 
alpha particles. The momentum and angular dependence 
of alpha particles emitted by the breakup of Be* 


was excited by inelastically 


Fic. 4. Be®+n 
along the Be® reco 


momentum distribution 
N is the number of alpha 
particles per unit volun and k/ko is the 
fraction of momentum of the alpha particle from the kinematic 
limit &£o. The experiment those of BEH 


space 
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were measured in coincidence with those inelastically 
scattered. The angular distributions of the latter’ is in 
almost quantitative agreement with the predictions of 
simple direct interaction theories.'"* We, therefore, 
have used these theories to calculate the relative 
population of the Be** magnetic substates, M, along 
the recoil axis. In support of this assumption it may 
be worth noting that gamma-ray correlations following 
(P,P’) and (a,a’) reactions on C® and Mg™,'* which 
similarly depend upon the relative M, population of 
the excited states, are in good agreement with theoret- 
ical predictions even the inelastic angular 
Furthermore the predicted 
populations are not very sensitive to the nuclear model 
employed; both the shell model'* and Bohr-Mottelson 
model” lead to a population proportional (}2M0'§M)* 
for our case. Thus the relative population of M=+} 
toM 


the alpha-particle model for Be®™ is proportional to 


when 


distributions are not. 


+} is 6 to 1. The corresponding population using 


[5($230)| §3)(32M0| §M) j.(OR) 
—9(}490|$4)(44M0|§M)j,(QR)F, (21) 
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Fic. 5. He'+He* momentum distribution along the Be’ recoil 
direction where N is the number of alpha particles per unit volume 
in momentum space and &/k» is the fraction of momentum of 
the alpha particle from the kinematic limit ko. The experimental 
points are those of BEH. 


‘8 N. Austern, S. T. Butler, and H. McManus, Phys. Rev. 92, 
350 (1953). : 

” G. B. Shook, Bull. Am. Phys. Soc. 1, 330 (1958 

*” S. Hayakawa and S. Yoshida, Progr. Theoret. Phys 
14, 1 (1955). 

“J. S. Blair and E. M. Henley (private communication). 
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Fic. 6. Angular distribution, integrated over all momentum, 
of alpha particles about the recoil axis for the decay into Be*+-n, 
ground state. 


where j2(QR) and j,(QR) are spherical Bessel functions, 
Q is the momentum transfer, and R is an interaction 
radius. For an angle of 60° of the inelastic alpha which 
corresponded to a maximum in the angular distribution 
and a radius R picked to match the angular distribution 
of the inelastic alphas,’ there is almost complete 
cancellation of the two parts of thee M=+4 term 
leaving the M= +4 state dominantly populated. 

The calculated momentum distributions” of alphas 
emitted in the decay along the direction of recoil are 
compared with the results of BEH in Figs. 3-5. A 
separate figure is given for each breakup mode (la), 
(1b), and (2) to allow detailed comparison with 
experiment. The cases shown are for the decay from 
pure M = + states. The addition of a } fraction of the 
M=+}4 state would make a negligible contribution 
along the Be®* recoil direction. The theoretical angular 
distribution of the alphas in the Be* center-of-mass 
frame are shown in Figs. 6-8. The two cases shown 
are for M@=+3 and M=+4 plus } of M=+4 mixture 
except for the ground state of Be* where the difference 
between the two cases is negligible. The comparison of 
the angular distributions with the experiment of BEH 
is uncertain because of the large errors in the data. 
For the alpha group beneath the large peak in the 
momentum distribution, BEH obtain an angular 
distribution which has a minimum at an angle of 50° 
with the recoil direction. This minimum is of the order 
of the half the value at 0°. The total decay distribution 
is consistent with symmetry about 90°. 


2 We have consistently assumed He* to be in the Py state. 
Decay through a P; state of He* might be expected to compete 
with the P, state, but the energy available for decay is several 
Mev from the P; resonance energy. This reason alone reduces the 
ratio of the Py to Py decay to less than 8%, and the alpha-particle 
and Nilsson models predict very little P, state to be present in the 
initial wave function which further lowers the rativ. 
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Fic. 7. Angular distribution, integrated over all momentum, 
of alpha particles about the recoil axis for the decay into Be*+n, 
first excited state 


V. ESTIMATES OF DECAY RATES; 
REDUCED WIDTHS 


We have been able to obtain both the energy and 
angular distributions of some of the final decay products 
from the 2.43-Mev state of Be® without knowledge of 
the explicit internal wave function for that state. In 
order to estimate the absolute decay rate into the 
various two-body channels available, we now use an 
alpha-particle model to describe the motion of the 
initial state. Aside from simplicity, this model has the 
advantage that it easily explains* the position and 
excitation of rotational states such as the § level 
under discussion 

In the alpha-particle model of Be® the motion of the 
neutron is assumed to be much more rapid than that of 
the alpha particles. To lowest order, this motion can 
be considered to take place about two alpha particles 
separated by an equilibrium distance. The effective 
potential in which the neutron moves is, therefore, not 
spherically symmetric, and only the projection of the 
neutron angular momentum on the alpha-particle 
symmetry axis is a good quantum number. We have 
here a mechanism for the decay to the ground state of 
Be’. 

The wave functions for a state specified by a total 
spin J with projection M on a space-fixed axis and K 
on a body (a—a) fixed axis is given by” 


®(JMK)=((2J+1)/162* }!R(E) 


X [9(e)Darx? (ai)+ (— \J-ig o(p)Du x” (a;) |. (22) 


Let r; and rz be the coordinates of the centers of mass 
of the two alpha particles and r, the neutron coordinate, 


then 


F=(r,;—1.)/2, o=1r,—(t1+8-)/2, (23) 


*% This formula assumes that the states are stable. We shall 
assume that the life time of the 2.43-Mev state is sufficiently 
long so that this relation is still approximately valid inside a 
region of radius Xk 
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(unprimed quantities signify that angles are referred to 
the body axis) and a; represents the Eulerian angles 
which specify the orientation of the body axis in space. 


The wave function is separated into the neutron motion 
[specified by $9 (p) | with a magnetic substate projection 
on the a—a bedy axis of 2, the vibrational motion of 
the alphas [specified by R(£)], and rotational motion 
[specified by the symmetric top function, Dux? (a,) }. 
The second term in (22) is required for the Bose- 
Einstein statistics of the alpha particles. 

With the assumption of small vibrational motion of 
the two alphas, one obtains the usual formula for the 
spacing of the rotational energy 

E=(J(J+1 


J o(Jo+1) ](F?/21), (24) 


where J and Jo are the spin of the excited state and 
ground state, respectively, Jo=2Mé?, and 2é is the 
equilibrium spacing of the two alpha particles. The 
ground state of Be’ is specified by the quantum numbers 


Jo>=K=j, 


and the first rotational state at 2.43 Mev by 


J=§ K=} 


The 


equation 


neutron wave function satisfies the 


wave 


[K+V(\o—-& 


I é do 0, ; (25) 


where K is the kinetic energy of the neutron and 
V(jot+€&|) and V(\o—é neutron-alpha 
interactions. These potentials were assumed to be of 


are the 


a Gaussian form 


V (x) (26) 
where x represents the neutron-alpha distance and j 
is the total spin of the neutron 

The parameters whicl 
SC attering of protons on 


give of the p wave 


(1/8)'= 2.3 10-" cm, 


35.61 Mev. (27) 


To solve the Schrédinger equation of the neutron, 


we take a trial wave function 
$4(p, 
where 
y;'(02). 


Sar? |Px xp —ax 


oi( x)= o(2 


The form of (28) was ch 
higher than / 


sen SO as to mix in implicitly 
1 angular momentum states by means 
of the noncentral wave functions ¢:(@+£). The ratio 
of the coefficients a ai, and the oscillator strength a 
Breit, 
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were determined by minimizing the energy E(£) with 
respect to these constants [see Appendix B ]}. 

The absolute decay rates of the various modes can 
now be calculated. From (19) we obtain the total 
decay rate 


Pp? =4| M.y|?(#Rore) 
x [LF cos} +G,(z) sind FI,(KRy)dz, (29) 


where z=kro and k and K are connected by energy 
conservation. The decay rate will be dependent upon 
the radius of interaction for the outgoing wave. Ro, 
since the barrier transmission depends upon this 
quantity. For the two Be* decay modes this parameter 
is the radius outside of which no interaction with the 
neutron occurs and for the He® decay it is the He’— He* 
interaction distance. The radius of interaction ro is 
presumed to be fixed by analysis of scattering data. 

The reduced width amplitudes are denoted by y-», 
where” 


Yep(k,K) = (Ro/2u)*f YoY gl Qadri (30) 


In this expression the total nuclear wave function is 
evaluated at the radius R= Ro. From the above equation 
and (2), the reduced width amplitude can be given as 


Yep(k,K) = (Rot®/2p)*C.9(k,K)tp(KRo). (31) 


From the single-particle behavior of the coefficients 
C.,’ (k,K), their approximate form (13), and the value 
of v,(RRo), (17), the reduced widths are given by 


Yep’ (k,K)= 2Ro*| M.,|? u, (kro) 2(h? ‘uR¢). (32) 


We shall define a total reduced width for the state 
(c,p) to be (32) integrated over all energies available 
for decay. We denote this by 


Yer =4\ Mep|?(eRo'r®)' (hr? /pRe*) 
 f LPs) cosd+G,(z) sind Pdz, (33) 


where again z=kro. The values of the total decay rate 
'.,” and total reduced width divided by #?/uR,? are 
shown in Table II for various values of the parameter 
Ro. The evaluation of M,, is in Appendices C and D. 

It remains to consider the decay through channel (3). 
A calculation with the alpha-particle model of the 
magnetic dipole transition width, which is the dominant 
one, gives ',=1.3 ev. The single-particle estimate” of 
this width is approximately twice this value. 


VI. DISCUSSION 


In the last section we made use of an alpha-particle 
model to estimate the two-body decay rate of the 2.43 


255 


Taste Il. Total decay rate and reduced width for the decay 
modes as a function of the interaction radius Ro. 


¥/ (HP /pRe) 


3.6 0.008 
15 0.011 
37 0.015 
68 0.016 

4 0.00029 

5 0.00024 

6 0.00020 

7 0.00016 
33 0.32 
73 0.32 

150 0.32 
0.32 
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state of Be® through channels (1)-(3). The reduced 
width y,,* divided by #*/uRe are approximately 
independent of the nuclear interaction radii Ro, and 
for the particle decays are ~0.015(Be*,n), ~0.00020 
< (Be**,n), and ~0.32(He*,He*). 

The preliminary qualitative discussion given in 
Sec. II indicated that decay to the ground state of 
Be® should be considerably inhibited. It should, in 
fact, be forbidden if center-of-mass effects and single- 
particle configuration mixing are neglected. In our 
deteailed calculation we were able to introduce in a 
natural manner configuration mixing for the neutron. 
The above results indicate that even with such mixing 
the reduced width for neutron emission is less than 5% 
of the total width. Emission through the first excited 
state of Be® is computed to be negligibly small; this 
comes about because the energy available to the 
Be™ state is at least three half-widths from the res- 
onance peak. Our calculations predict that most of 
the decay proceeds by means of He’+ He*. It should be 
noted that the angular momentum and Coulomb 
barrier transmission factors do not essentially change the 
conclusions, but for reasonable Ry do predict that 
approximately 5-20% of the decay will occur to the 
ground state of Be*. This is also in accord with the 
momentum distribution of alpha particles as measured 
by BEH. 

Our computations of the momentum and angular 
distributions of alphas emitted are relatively independ- 
ent of any specific model for the description of Be’. 
They make use, principally, of a generalization which 
we have developed along the lines suggested by Watson‘ 
to discuss the decay to and through an intermediate 
state, the energy of which is not well defined. The 
other information needed in the calculation of the 
distributions are (a) the spin and parity of the state, 
and (b) the relative population of the magnetic sub- 
states of Be® along its recoil direction. We have argued 
that any direct excitation of this state populates 
mainly the M= +4 states, independent of any nuclear 
model. 

A detailed comparison (see Fig. 9) of the calculated 
momentum spectra for modes (1)-(3) with the experi- 
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Fic. 8. Angular distribution, integrated over all momentum, of 
alpha particles about the recoil axis for the decay into He'+Het. 


mental findings of BEH, indicate that a good fit can 
be obtained by admixing approximately 7% decay to 
the ground state of Be® to the momentum distribution 
of the He’+ Het decay. As indicated earlier this ratio of 
decay rates is consistent with our calculation and can be 
obtained by requiring the radius of the Be*+m and 
He’+ He‘ systems to be related as shown in Fig. 10. If 
one chooses the He'+He‘ radius to be 4.6 10- cm 
which is consistent with the alpha particle model rota- 
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A- 0% Be +n 
8B - 5% Bein 


C - 10% Be +n 








Fic. 9, Total decay of Be*® assuming the decay is He'+He' with 
the following percentages of Be*+m, ground state admixed 
A—0%, B—5%, and C—10% 
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Fic. 10. Relatior ship between the interaction radius of He’ +Het 
and Be*+n to obtain a 7% admixture of Be'+n 


ground state, 
in the"decay 


tional energy spacings in Be®, then the radius of Be*+-n 
must be approximately 3.5X10-" cm. In view of the 
approximate nature of the decay rate calculations, these 
sizes are not unreasonable. 

From the momentum distribution alone it is not 
Be®*+n. 


We do not believe this to be the case for two reasons: 


possible to exclude appreciable decay to 


First, in spite of inaccuracies of the decay rate calcula- 
tions, we expect the relative magnitude of the various 
the 
hts 
near the 
kinematic limit where purely kinematical considerations 
should determine the shape of the curve. 

The experimental angular distribution of BEH has 
a minimum at about 50° where the magnitude is about 
half the value at 0°. Thess with our 
previous conclusion that there is little dec ay to the 
Be® ground state direct interaction prediction 
that the magnetic substates M=+3 the 
principally populated. (The other magnetic 
contribute a maximum at about 50 

In order to satisfy the experimental result of BEH 
of an upper limit of 1% for the decay by y emission to 
the ground state of Be’, it is only necessary to choose 
an interaction radius of He’+He* that is at least 
4.3 10-" cm. However, the magnetic dipole transition 
rate calculation should not be taken too literally, since 


processes to be given accurately, and second, 


He®+ He' 


espec ially 


momentum distributions for the case 


the experimental data better, 


results agree 
and the 
are ones 


substates 


the alpha-particle model gives a value for the ground- 
state magnetic moment of —0.85 nm as compared with 
— 1.18 nm experimentally observed.’ 

In conclusion, with interaction radii indicated, the 
total width of the 2.43-Mev state of Be® is of the 
order of 200 ev, and this is consistent with present 
knowledge.”* The decay expected to occur pre- 
dominantly to He® and He‘ 


APPENDIX A 


From Eq. (19), the decay rate per unit volume in 
momentum space for one of the alphas is 


2 H Koy lermanr Kernm rr ¢ 
Gesellschaft, Frankfurt am Main, 195 

*C. P. Browne, R. M. Williamson, D. S. Craig, and D. J 
Donahue, Phys. Rev. 83, 179 (1951 
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ar. I /P hay 
= 4(rR,*) . M.» *f Pen(BK) 


X | mw Ve"(2,)¥>™ (Qe) (cpmm’| JM) \* 
X6(Ey— Eay— Eag— Eq)6 (kia +kar+k,,) 


<Phaxl*k,, (Al) 


where the symbols ka;, Kaz and k, are the momenta of 
the two alphas and the neutron, the axis of quantization 
is the direction of recoil, and 


F. p\ kK) = (kro) TF | kro) cosh +G,(kro) sind P 


 (2Ex/K®)P,(KRo). (A2) 


In order to carry out the integrations in Eq. (Al) we 


express k and K in terms of kei, ka:, and k, (Fig. 2). 
The procedure is given below for the open channels. 


1. Be*+n, Ground State 
The ground state of Be® is spin zero and the neutron 
is emitted with spin §—. In Eq. (A1) (c,k) refer to 
Be*® and (p,K) to the relative motion of the neutron 
with respect to Be*. We obtain 


dT .»? /d*kay=4(4Re*) : Me» 27, (A3) 


where (hereafter we set A= 1) 


[: (4m) Pap(B,K) Eww Vs™(0n)X4™ 


X (34mm | $M) \*6( E— Ea,— Ea.— Ey) 


5 (ka;t+kaotk,)d*hard*k,,. (A4) 


The angular part of the neutron wave function in 
(A4) is transformed from a system in which the recoil 
axis is the z axis to one in which the z axis is ka;. The 
spin quantization axis is also changed to the new axis. 
The transformation is performed for ease in evaluating 
the integrals in (A4) and is given by 

Ys (0) =F ys’ (0) (M" | DY (8a, gar) M), 
where 6a; and ga; are the angles of ka; with respect to 
the recoil axis and (M’| D’|M) is the symmetric top 
function.” Carrying out this transformation and 
integrating over dk, and d(cosOa.)dg@az we obtain for J 


(A5) 


I= m(4rrke) tf Fen( kK) 


xu } ae Y,"(0,') (34mm | §M’) |2 
< | (M’| D§| M) |*kasdka:, 
where the functions Y;"(@,’) of the neutron coordinates 


referred to the ka; axis are expressed in terms of ka; 
and ke: by energy and momentum conservation. The 


7 M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley and Sons, Inc., New York, 1957). 


(A6) 


(2.43-MEV 


STATE) 





Fic. 11. The functions Far,’ 
Be*+n, ground state, 


used in momentum distribution of 
plotted against «,, the normalized energy. 


remaining integration over dke is trivial in this case 
because of the long life time of the Be® state. The 
consequent sharply defined energy allows us to use 
the approximate relation Eq. (20). This relation is 
derived by neglecting the regular solution in the 
expression for | u.(kro)|? and using 


(r/2)? 
sin’ = ~trl'6(E,— Epo), 
(FE, — Eo)? + (T/2)* 


(A7) 


where I is the width of the Be* state, F, is the energy of 
the state in terms of ka; and kao, and Eo>=0.096 Mev.”* 
Carrying out the integration, we obtain 
T=mM Eck, (8rkaK*)“T ,(K Ro) 
Xd w Fu |(M"| D'|M)|*, (A8) 
where 
Fy =4 ¥ mm | ¥ a(n") (34mm! | §M")|?2, 
= (15/8) sin®,’, M’=+§, 
=6 sin’6,.’— (45/8) sin?,’, M’' = +4, 
3—6 sin*é,’+ (15/4) sin®,’, M’=+4, 
and 
sind,’ = — (ka2/k») sinBar. 


From energy and momentum conservation one finds 
COS" ag= (E— 10E9)*/36Eay(8Eo+ E—9Ea1). 


Using these relations the Py can be evaluated and are 
shown in Fig. 11. The momentum distribution along 


* F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 21, 77 
(1955). 
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the recoil axis for a particular magnetic 
substate is then 


quantum 


av a Pha m Vii Exk M I 
x (27° Reka K*) ‘T'p( K Ro) Fy. 
The angular distribution integrated over all energies 
of m1, is 


dT. iM 


du =4| M...|20R, tf haste 


10mM?EvEKE| M.y\*(9r? KAR) 


I 


«xT ,(K Ro) > wv aw |(M’ dD! M)|’, 
where ay-= /Fyde, and ¢=9Ka/5E. The results 
of the integration are shown in Table III. As indicated 
in the text the M=+§ states are the main ones 
populated and give for the angular dependence of 
dT -y/dQat 


av p Aa} > M du | Vf’ dD} »yP 
3, 


70[1+-0.015 cos*@a;+0.020 cosBa; |. (A11) 


This distribution, plotted in Fig. 6, is almost isotropic. 
If one wishes to add a contribution from the M= +} 
state, one will find for the maximum contribution of 3 


> ay [6/7 |(M’ Dp} yp 
+1/7|(M"|D'|4) 
3.64[ 1 +-0.034 cos*Oa; +0.019 cos@a; }. (A12) 


dV’ -p/dQa1* 


” 
Be +n 


L*#2 


al £3 


8 1.0 
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Fic. 12. The functions Fay’ used in momentum distribution of 
Be®+-n, excited state, plotted against «,, the normalized energy. 
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2. Be* +7, First Excited State 


The subs ripts c,k) now refer to the L=2 state of 
Be’ and (p,K) apply to the neutron in a j= $— state. 
The method of calculation is the for the 
ground-state case except for the difference in angular 
momenta and the integration over dkaz must be done 
with the appropriate scattering solution substituted in 
F p(k, K) which is given by A2) 
The momentum distribution is given by 


t(rR M opi"! , 


same as 


av Okay 


i 


(A13) 
where 
IT =5mM E(1442°ka1) Sow Fa |(M"| D'| M) . 


1 


The functions Fy, are shown 12. The results 
obtained for the angular dependence integrated over 


in Fig 


Fic. 13. The functions Fv," used in momentum distribution of the 
alpha particle from He , the normalized energy 
all energies for a; is 

3 uw Ow | Vf’ D 
A10 


r dependence 


Mu) i, 


and tabulated in 
for the M=+3 


where the Quy are defined by 
Table III. The angul 


case is 


Al4) 


av p dQa; = 8 OF 1 d cr 3.5 cosa; 


and with a 2 fracti added, the angular 


dependence is 


dT -p/dQa: 


2.8 cos¥a 


1}. (A15) 


3. He®’+He'* 


ck 
from 


and Het 


the decay 


The decay int 


[subscripts (p,K 


o He® [subscripts 


differs somewhat 
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into Be*+n, and we will go into somewhat more 
detail. The distribution of alpha particles for this 
case contains the sum of those alphas emitted in the 
primary decay and those emitted by He’. 


a Pka=dl -» Pha td cy, @ har 


=4(rRo*)"|M.,\*7, (A116) 


where 


I= f Falk) 


X (§2mm' |} 


os 


mm? Vg"(Q,) ¥2™ (Qe) 


M ) |\*6(E— Ea,— Ea2— E,) 


5 (Ka;+kee +h, Phebe f Fep(b,K) 


XK | do mm Vy"(2.) ¥2™ (Qe) (32mm’ | $M) 
x 5( E- Ea -_ Eas E, )5 (kay +key +-k,) 
Xd*kayd*k,, (A17) 
and where 
ben tha~fhisele 


4 : (A18) 
K-= »] Qka2—4/9(ka;+k,,) = K,. 


Taace III. Values of aay’ used in the angular distribution 
of the decay modes 


VW’ +4 
0.46 
40 
0.15 
0.39 


Be*+n 

Be®+n 
He®+ He‘), 
He®+He* 


If in the second part of J we make a change of variables, 
key — Kes, 
kes sted ke, 
then J becomes 
= 


—~ 


mm ¥y"(Qey) ¥ (Qs 


T Fep(h2,K 1) 


Leo) V (Qey) (3 2mm’ | $M 
(E— Eay— Ea2— Eq )6(Kay+kart+k,) 


Xd kaxl*k,,, A19 


where k, and K, are defined by (A18) with subscripts 
a, and a, interchanged. As in the two Be® cases we 
transform the angular and spin functions to the ke; 
axis, and the integrations are performed in the same 
manner as in the preceding two cases. One then finds 


1 =125M?E(60482°ka;)— 
Xd we (Fy +Fy) |(M’ D'| M) ?, 


{ 
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$ 4 
He + He 


Fic. 14. The functions / ,* used in momentum distribution of the 
emitted alpha particle plotted against «,, the normalized energy. 


where Fy! and Fy? are obtained from integrating the 
two parts of (A19), respectively, and are shown in 
Figs. 13 and 14. The angular distribution is given by 

Geax dQa# yom (da ' +- ay") |(M’ DS M) |’, 
where again dy! and ay? are defined in terms of 
Fy and Fy? similarly to (A10) and are tabulated in 
Table III. For the case of M= 4-3 

dT’ .»/dQa~0.96[1 — 2.7 cos*a+3.2 cosa }, 


and with a } fraction of M=+4 mixed in 


aT -y/dQa~0.88[ 1— 2.2 cos*a;+2.6 cosa; }. 


APPENDIX B 


The minimization of the energy with respect to the 
constants ad» and a; of Eq. (28) gives the usual secular 
determinant 
2H 34-20 2—2(1 +a)E(é) 2H wo— 2bE(€)| 


0 
2H; _ 2bE £) 


'=0, (BI) 
Hoo— E(t) | 


where 
H=K+V(\o—&|)+V(\o+€)), 
= (o:(o+ &)| H|\o:1(9+8)), 
o:(o+ €)| H\b:(9F&)), 
H io= (bo(9)| H'\d:(o+8)), 
Ho 


a 


dol) | H | do(o)), 
(o:(9+ 8) oi\oF &)), 
b= (o:(g+ &) | do(@)). 
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of a, the work must be done numerically. The values of 
E(&), ao/a; and a as a function of £ are shown in Figs. 
15 and 16. 

The equilibrium distance of the two alpha particles 
is found by calculating the moment of inertia of the 
Be® system assuming the alpha particles to be mass 
points. The energy level formula in this case is 


E; h 2] T(J 1), 
and matching the J=2, 2.9-Mev state, to the first 


rotational level one obtains the equilibrium distance 


fo=2.3X10~" cm. At this separation of the two alphas, 


the values of the calculated quantities are 


0.57 
0.147 10°* cm 
iD Eo) 2.11 Mev 
The total energy of the Be® nucleus is given by 


E=Ert!l 


where £, is the neutron energy given approximately by 


E(&) and Ep is the rotational energy given by“ 


BE 2/219), J(J-4 t 7+1 K2— mi? | 





—4t_1_____1_ . where J is the total spin of the nucleus, 7 is the neutron 
2 3 F : . ‘ 

13 spin, and K and m a projection on the body 

€ - 10 cm = ‘ : ‘ : Ms 

axis of the total spu nd neutron spin, respectively. 


Fic. 15. Oscillator strength function, a, and neutron energy, £(£), 
from the variational calculation as a function of & 


For the especially simple case of 


$1 (x) =o(x 2a)*!*(34/m)~ bx exp(—ax*)Y,'(0,), 


and for the gaussian form of the neutron-alpha potential, 
these integrals reduce to 
Hy, =5ah?/2m—V—V exp(4 7?—k?), 
H\2= (Sech?/2m) (1— 3k) exp(—#*)—2V exp( 7?— 2%), 
H \o= (Sah? /2m) (1— k?/10) exp(— k*/4) 
— V{exp[(7?/4)— (#/2)] 
+exp[ (9 77/4) — (Sk*/4) }}, 

H = (Sah?/2m) —2V exp( ?—F), 

a=exp(—’), 

b=exp(—k*/4), 
where 

A,;/(1+8 2a)}, 

2a r 


pP=2at?/(1+8/2a). 





The minimum energy with respect to the constants 
ad and a; was obtained by solving the secular deter- 
minant (B1) for each value ¢ This energy was again 
minimized by varying the neutron oscillator strength Fic. 16. Expectation \ f the = oa 
e - "Pins az. 5 a a 5 - 1g Abe and the ratio of the noncentr ave function to central wave 
Since the minimum energy E£(£) is not a simple function function as a function of ¢ 
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Normally, the 7*, K*, and m* terms are omitted from 
the expression since only rotational levels are treated, 
but for the total energy of the system, these must be 
included. The ground state of Be® is given by 


J= j=K=m=}, 


and for the given value of #?/2J) one obtains Eg=1.45 
Mev. Together with the value of E(&) from the 
variational calculation one finds for the ground-state 
energy E=—0.66 Mev. This figure is to be compared 
with the actual ground-state energy E=—1.57 Mev. 
Since E, is the difference of large energies, the agreement 
is rather good. 

This calculation means the following in terms of 
l=3 mixing for the neutron wave functions. If we 
expand the neutron wave function about the center of 
mass in spherical harmonics 

$4(p) = [ai(p) ¥ :'(6)+-a3(p) Vs! (8)+ - - - }xy), 
with >> ,(|a,|? then the amount of /=3 wave is 
(|a3|*). This quantity is plotted in Fig. 16. At the 


equilibrium distance the amount of /=3 wave is about 


o7 
4%, 


)=3 


APPENDIX C 


The initial wave function of Be’ is given by Eq. (22). 
To perform the overlap integrals M., in the total 
decay rate Eq. (29), we expand the neutron wave 
function into spherical harmonics about the alpha-alpha 
center of mass for the Be*+m decay and about each 
alpha for the He'+He* decay. The expansion of the 
neutron state, Eq. (28), is accomplished by first 
using the law of sines on the angular part of the function 
(see Fig. 17). 


piYy'(;) = p24! (2) = pY4!(8). (C1) 
1. Be*+n 


Using (C1), we obtain for the noncentral portions of 
the neutron wave function 


$:1(9o+ 8) = No 'pY,!(6) exp(—af’—ap*) exp(¥ 2ak- 9), 


Fic. 17. Description of co 
ordinate system used in the 
calculation of the total decay 
rate 


{ 


? 
< 
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where V ~*= (2a)'8/3\/x. Using the expansion 


exp(—mak-p)= >> (21+-1)i'j:(imapt)P;(cos8), 
0 


one obtains for the 7=}— projection of the neutron 
wave function about the center of the two alphas to 
be the following 

(NN ,)-'{p exp(—ap")[ao+ 2a, exp(—ak)( jo(2iatp) 

+ jo(2iatp))}} Yi"), (C2) 
and similarly for the 7= §-—- projection one obtains 
(NN ,)-*{ (12/7) ay exp(—at*—ap*)[ j2(2iatp) 

+ ju (Zip) 7) Yy"(O), 


where V?=(¢!¢) is the normalizing constant for the 
total neutron wave function. 


(C3) 


2. He'- He‘ 


By means of the procedure illustrated above, one 


obtains the j7=%— projection of the neutron wave 


function centered about a, to be 
( VN,) 1) exp(— ap;*){a,[ 1+ exp( — dark?) 
X Cjo(4iakp, )+ j2(4iaktp,)) ]+ ao exp(—af*) 
X (jo( 2iakp:) + jo(2ieakpr))) Yy* (Hr). 


APPENDIX D 


(C4) 


To evaluate M,,, Eq. (13), we use the variational 
wave function inside the range of forces and the set 


v4, of which we need f(r) and g(R). 


1. Be*+n, Ground State 
In this case f(r) is the relative alpha-particle wave 
function with r=2é, and g(R) is the neutron wave 
function with R=». The latter is approximated by 
an /=3 harmonic oscillator function 


p* exp(—Sp’) 
g(p) ; (D1) 
pc* exp(—dp¢") 

and 4 is adjusted to match the slope and value of g(p) 
to an outgoing wave at the radius po. The values of 
dps? required are shown in Table IV. The relative 
alpha-particle interior wave function is 

f(2&) = R(E)/R(¥’), (D2) 


TaBie IV. Values of po and dpe used to match the outgoing 
wave to the interior wave function at po. 


bp? 


3.43 
3.41 
3.40 
1.38 
1.34 
1.25 
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where R(£) is the Be® radial function which matches 
onto the outside scattering solution at ¢’. Using the 
relations (C2), (D1), and (D2), one obtains for | M.,|?, 


a;’ 6 
C'yo’|?— exp] 25p¢? al 
y? . até 


, 


WF 
8 


(2aé)? -- 
(D3) 


( 2a 1 
até (a+-6)" po® R(¢’) 4 


The values of the constants used in evaluating this 
expression are 


(1) From the alpha-particle model and variation cal- 
culation 


1 
3) 


2.3 10-" cm, 
a=0.147 K 107° cm™, 


a ay, 0.57, 


(2) From matching the outgoing wave, dpo?, which is 
tabulated in Table IV, 

(3) From the single-particle estimate of the nuclear 
wave function at the boundary 


R(&’) |?=2/(2’)8. 


(D3) 
decay rate I’.,, Eq. (29), and the reduced width y,,’, 
Eq. (33). The values are shown in Table ITI. 


These values substituted into give the total 


2. Be*-+-n, First Excited State 


The calculation is similar to the ground state except 
now the neutron wave function is approximated by an 
!=1 harmonic oscillator wave function. 


p exp( . bp") 


(D4 


g\p) 
Po CXp'| — Ep. *) 


Whereas the 
taken 
the 


radial alpha-alpha wave function is 


to be the same as for the ground-state case, 


constant 6 is again evaluated by matching an 


AND ?. D K I 


NZ 


outgoing wave onto g(p) at po; the results are shown 
in Table IV. Performing the overlap integral M,, one 
obtains 

* €xp 26p0") 


at+5) §p¢' 


at’) " D5) 


where the value of |C; 6/7, and the other constants 
(except for 6) are the same as the ground-state case. 
The values of the decay rate and reduced width are 
shown in Table ITI 


3. He’+He 


The interior function f(r) and g(R) refer to the He 
and relative He'+He‘ systems, We 
approximate f(r) by an /=1 oscillator 
function with the 
match the scattering solution at 


ré spectively. 
harmonic 
oscillator strength adjusted to 
of 2.9 10-% 
cm, the radius used in the energy and angular distribu- 
tions, and a value of dp? =0.74 

The relative He®'— He‘ radial functior 
by that of Be*, Eq. (D2). This approximation is in 
the spirit of the I the 
neutron mass is taken to be small compared to that of 


a radius 


is approximated 


alpha-particle model, where 


the alphas. One simply obtains 


6 
ly ¢ xp al’ . (D6) 
a-yT 6 


The values of the parameters in the above expression 
in the Be® excited-stat« 
+] 


are the same as 
6 and p The 
reduced width for this case is listed it 


Cast except for 
evaluation of the total decay rate and 


1 Table III. 
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The 1-hour neptunium activity which had previously been assigned to Np™ has been identified as the 
lower isomer of Np™. The decay energy of the t-hour Np™ has been found to be 2.05 Mev compared with 
2.18 Mev for that of the 7.3-min Np™. Gamma rays of energies 1160, 1000, 915, 595, 565, 435, 245, 160, 
and 85 kev have been found to be associated with the decay of Np™. The best value for the half-life of Np™ 
is 63+2 min. The isotope Np™ has been found to have a 16-min half-life with strong evidence for an isomer 


with a 3.4-hour half-life. 


INTRODUCTION 


HE 7.3-min Np isomer was first identified by 

Hyde and Studier.' Later Orth and Street 
bombarded a U™* target with 35-Mev helium ions and 
found a 1-hour neptunium activity which they assigned 
to Np"? Further investigation by the present authors, 
using the time-of-flight isotope separator, has shown 
that this 1-hour activity is to be assigned the mass 
number 240.'* In addition, Np* has been found to 
have a half-life of 16 min and a probable isomer with a 
half-life of 3.4 hour.*~> 


IDENTIFICATION OF I-hr Np** 


The following experiments were performed to identify 
the mass number of the 1-hour neptunium activity. 
Two separate bombardments of 0.005-in. foil composed 
of natural uranium were made on the Crocker Labora- 
tory 60-inch cyclotron, with 35-Mev helium ions. The 
neptunium was chemically separated from the target, 
primarily by use of a thenoyltrifluoroacetone (TTA) 
extraction from a 1.5 \V hydrochloric acid solution and 
then a back-extraction into 8 N nitric acid. A time-of- 
flight mass separation of the neptunium fraction was 
made in each case. In the first bombardment only a 
mass 240 sample was collected and in the second 
bombardment, in which the time for chemical separation 
was reduced from 45 to 25 minutes, only a mass 241 
sample was collected. 

The first bombardment yielded decay periods of 1 
hour and 8.7 hour at mass 240. The second bombard- 
ment gave periods of 16 min and 3.3 hour at mass 241. 


t This work was performed under the auspices of the U. S 
Atomic Energy Commission. It is based in part on the Ph.D. 
thesis of Richard M. Lessler [University of California, January, 
1959, wo who wishes to acknowledge the support 
of the U. S. Air Force during this research. 

* Present address, Lawrence Radiation Laboratory, University 
of California, Livermore, California. 

1 E. K. Hyde and M. H. Studier, Argonne National Laboratory 
Report, ANL-4182, August, 1948 (unpublished). 

?D. A. Orth and K. Street, Jr., CCRL, 1951 (unpublished). 

*R. M. Lessler and M. C. Michel, University of California 
Radiation Laboratory Report, UCRL-2709, September, 1954 
(unpublished). 

‘J. J. Katz and G. T. Seaborg, The Chemistry of the Actinide 
Elements (John Wiley & Sons, New York, 1957), p. 205. 

5G. T. Seaborg, The Transuranium Elements Vale University 
Press, New Haven, 1958), p. 295. 


The time from end of bombardment until the plate 
was counted was 2.8 hour for the first bombardment 
and 1.8 hour for the second. Since the 1-hour activity, 
which is known to be neptunium, was found only at 
mass 240, this half-life has been definitely assigned to 
Np™. Thus the possibility previously proposed by 
Orth and Street that Np*" has a 1-hour half-life now 
seems quite remote.” 


DECAY PROPERTIES OF Np’ 


Measurements on the i-hour neptunium activity 
by Orth and Street with a beta-ray spectrometer had 
shown a beta spectrum of upper energy limit 0.89+-0,03 
Mev and conversion electrons corresponding to gamma 
rays of energies 150, 200, 260, and 580 kev.? Gamma-ray 
measurements performed in the course of this work 
on a Nal scintillation spectrometer showed gamma rays 
of energies 1160, 1000, 915, 580, and 435 kev, but 
additional gamma rays of less than 350 kev were 
obscured by the background due to the radiations from 
Np™. By the use of gamma-gamma coincidence 
techniques, in collaboration with Dr. Frank S. Stephens, 
additional gamma rays of 245-, 160-, and 85-kev 
energy were found. The “580-kev gamma ray” was 
found to be complex, with components of about 595 
and 565 kev in coincidence with each other. The most 
energetic beta-particle group had an end-point energy 
of about 900 kev and is in coincidence with 1160-kev 
gamma radiations. No other beta ray was observed 
in coincidence with the gamma rays. Thus the decay 
energy is measured as 2.05 Mev (8908+ 11607), which 
is consistent with the mass assignment, since from 
closed decay-energy cycles* one would estimate only 
1.32 Mev for the decay energy of Np™, whereas 2.05 
Mev is available for the decay of Np’. The 7.3-min 
Np” has a decay energy of 2.18 Mev.’ Therefore, the 
1-hour neptunium is the lower 240 isomer. The gamma- 
ray spectrum is consistent with this mass assignment, 
since gamma rays of 920 and 1020 kev are seen in the 
decay of Am*™ to Pu, gamma rays of 557 and 600 
kev are seen in the decay of the 7.3-min Np™, and a 


*B. M. Foreman and G. T. Seaborg, J. Inorg. Nuclear Chem. 
7, 305 (1958). 

7M. E. Bunker, B. J. Dropesky, J. D. Knight, J. W. Starner, 
and B. Warren, Phys. Rev. 116, 143 (1959). 
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gamma ray of 150 kev is seen in the alpha decay of 
Cm™ to Pu’.* Within the limits of experimental error 
these gamma rays correspond, respectively, to the 
915-, 1000-, 565-, 595-, and 160-kev gamma rays 
measured in the decay of 1-hour Np. Lefevre, Kinder- 
man, and Van Tuyl® have since produced both Np*” 
isomers by bombarding Np™ with pile neutrons, and 
set an upper limit of <5% for the genetic lineage 
between the two Np*” isomers. In addition Vanden- 
bosch ef al." have now determined the excitation 
function for the production of 1-hour neptunium from 
U™* bombarded with helium ions. 

A close search of decay curves previously determined 
with chemically separated neptunium shows no evidence 
of any half-life between those of the 1-hour and 2-day 
neptunium isotopes. Careful resolution of these curves 
gave 63+2 min as the best value for the half-life of 
Np™. 


IDENTIFICATION OF Np* 


The assignment to neptunium of the 16-min activity 
seen in the mass 241 fraction is considered fairly well 
established by this work. Both TTA extraction and 
anion-column separations had been used in previous 
bombardments and in each case the 16-min activity 
followed the neptunium fraction. Vandenbosch has 
verified these experiments on the chemical identification 
of the 16-min activity as neptunium." In addition he 
found the maximum beta-particle energy to be 1.36 
Mev which is in good agreement with the 1.32-Mev 
value predicted by the closed decay-energy cycles.® 
This gives rise to a logft value of 5.9, an allowed 
transition, if all the decay is to the ground state. 

Another target composed of natural uranium was 
bombarded in the 60-inch cyclotron with 48-Mev 
helium ions, and a more careful chemical separation 
of the resulting neptunium was carried out in a period 
of about 1 hour. This included the separate precipi- 
tation of zirconium phosphate, lanthanum fluoride, 
and lanthanum hydroxide which co-precipitated the 
neptunium. Then the neptunium was extracted from 


M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

*H. W. Lefevre, E. M. Kinderman, and H. N. van Tuyl, Bull. 
Am. Phys. Soc. 1, 62 (1956). 

 R, Vandenbosch, T. D. Thomas, S. E. Vandenbosch, R. A. 
Glass, and G. T. Seaborg, Phys. Rev. 111, 1358 (1958). 

" R. Vandenbosch, Phys. Rev. 113, 259 (1959). 
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1 M hydrochloric solution into 0.4 M TTA in benzene, 
washed with 1 M hydrochloric acid and back-extracted 
into 8 M hydrochloric acid. The resulting neptunium 
fraction mass-separated in the time-of-flight 
isotope separator with exclusive collection at the mass 
number 241 position. The radiations from this mass- 
separated sample were first counted 3.7 hour after the 
end of the bombardment, and showed a single decay 
period of about 3.5 hour. It was not possible to make 
observations on the radiations from the 16-min activity 


was 


again because of the longer separation time. Since a 
clean chemical separation was obtained in this experi- 
ment, it appears that the 3.3- to 3.5-hour activity is 
due to Np*'. One must be certain of the elemental 
assignment of any isotope whose mass number is to 
be determined in this way because of the possibility 
that an isotope of another element of considerably 
different mass but much higher ionization efficiency 
could be collected in low yield by the isotope separator." 
Thus it is possible, but not probable, that the 3.4-hour 
activity collected at mass 241 could be a more easily 
ionized fission product, unseparated from neptunium 
by the chemistry. However, a search of the table of 
isotopes failed to reveal any fission products that could 
account for this 3.4-hour activity. The fact that this 
period is not found in the gross decay of the neptunium 
fraction is not difficult to explain, as this activity is 
masked by the more abundant radiations from the 
1-hour Np*” and ~2-day Np”™* and Np™. This is also 
not inconsistent with the upper limit of 0.2 mb set by 
Vandenbosch" for the production of the 3.4-hour 
activity with 43-Mev Another mass 
separation using additional the chemical 
separation procedure is planned in order to be absolutely 


helium ions. 


steps in 


certain of this assignment. 
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New Neutron-Deficient Isotopes of Tantalum* 
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Bombardment of Ho,O; With N™ ions in the Berkeley heavy-ion linear accelerator has resulted in the 
discovery of new isotopes of tantalum which have been assigned as Ta'” and Ta’, They have half-lives 
of 3.7 hr and 1.3 hr, respectively. Tantalum-172 was not observed and is believed to have a half-life shorter 
than 30 minutes. Gamma-ray spectra have been obtained for these two isotopes and for Ta'™*. Tantalum-175, 
with an 11-hr half-life, has also been produced by 48-Mev alpha-particle bombardment of Lu,O,, and its 
conversion-electron spectrum was studied. From these data a decay scheme is proposed using nine of the 
observed transitions and assigning spins to three members of the ground-state rotational band. 


INTRODUCTION 


HE Berkeley heavy-ion lineat accelerator may be 
used to produce very neutron-deficient isotopes 
by such reactions as (N“,xn), where x can conveniently 
be made 4 or greater by energy Selection. Excitation 
functions are very sharp for these feactions, making it 
possible to produce relatively pufe isotopic species. 
This method has been utilized to produce short-lived 
isotopes of tungsten which subsequently decay to 
tantalum isotopes not previously discovered. Recently 
reported! 11-hr Ta'’® was produced in this manner and 
also by cross-bombardment with alpha particles to 
positively mass-assign the isotope and at the same time 
obtain enough activity to study its decay characteristics 
in more detail. No evidence was found for the 30-minute 
isotope reported by Dohan and Naumann. 


EXPERIMENTAL PROCEDURE 


Thin Ho,O; powder targets were bombarded with 
N™ ions for periods of 4 to 3 hr at energies ranging 
from 35 to 95 Mev. The alpha-particle bombardment 
was carried out at 45 Mev on a thin Lu,Os powder 
target. 

After irradiation the target was dissolved in HCl, 
and HF was added to bring the concentration to about 
6N HC! and 1N HF. Carrier-free tantalum was ex- 
tracted into di-isopropyl ketone (DIPK). After acid 
washing of the organic layer, samples were evaporated 
for study by means of a 3-inch high by 3-inch diameter 
cylindrical beveled sodium iodide (TI) scintillation 
crystal used with a 100-channel pulse-height analyzer. 
Samples were also evaporated to dryness on a thin 
aluminum strip for use in the double-focusing electron 
spectrometer.? Samples for the permanent-magnet elec- 
tron spectrographs as previously described by Smith 


*This work was performed under the auspices of the U. S 

Atomic Energy Commission. 

+ Present address: Phillips Petroleum Company, Atomic Energy 
Division, Idaho Falls, Idaho. 

1P. Bro. F. C. Dohan and R. A. Naumann, Second Regional 
Meeting, Delaware Valley Section of the American Chemica! 
Society, February 5, 1958. Titles of papers listed in Chem. Eng 
News, January 13, 1958, Vol. 36, p. 72. 

*G. D. O’Kelley, University of Eslifornia Radiation Laboratory 
Report, UCRL-1243, June, 1951 (unpublished). 


and Hollander’ were obtained by back-extraction of the 
tantalum activity into water, followed by cathode 
electrodeposition onto a 10-mil platinum wire from 
(NH,)2C.O, buffer solution. 


EXPERIMENTAL RESULTS 
Ta!’ 


Using the nuclear masses computed by Cameron‘ and 
assuming a compound-nucleus reaction, one estimates 
the threshold for formation of W'™ to be about 66 Mev, 
and the peak of the excitation function of the reaction 
should be at about 85 Mev. Tantalum-173 should decay 
to 24-hour Hf'”, whose two prominent gamma rays at 
124 and 298 kev should be observed growing into the 
sample. 

At bombarding energies above 70 Mev the two peaks 


‘are observed. The growth-rate curve of the 298-kev 


1000 


per minute 


Counts 








3 69 


Time (hr) 


Fic. 1. The half-life of Ta'™ obtained from the growth rate cf 
the 298-kev gamma-ray photopeak in the daughter nuclide, 
24-hour Hf”. 

*W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 

*A.G. W. Cameron, Atomic Energy of Canada Limited Report 
433, CRP-690 (unpublished). 
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Fic. 2. Gamma pulse-height spectrum of Ta'” and Ta!” 
produced by N™ bombardment of holmium at 95 Mev. 


photon peak is shown in Fig. 1. Resolution of the 
curve gives a decay rate for the parent Ta'” nuclide of 
3.7 hr. Figure 2 is a gamma-ray spectrum of the 
tantalum activity produced by this bombardment, 
which was at 95 Mev. Two photopeaks, one at 170 kev 
and one at 90-kev energy, decay with the right half-life 
to be identified as belonging to this isotope. The other 
gamma rays and nearly all of the 511-kev annihilation 
radiation peak decay more rapidly. No gamma rays 
were seen with energies above 500 kev. 

On the basis of this evidence we assign to Ta!” a 
half-life of about 3.7 hr, a high electron-capture-to- 
positron ratio, and gammas of 90 and 170 kev. Gamma- 
gamma coincidence measurements indicate that these 
two transitions are in coincidence with each other. 

No additional radiations are seen at higher bombard- 
ing energies, and from the time elapsed between 
bombardment and measurement one may conclude 
that isotopes of tantalum of mass less that 173 have 
half-lives shorter than about 30 min. 


Ta” 


At bombarding energies of 60 Mev and higher an 
isotope is formed which decays with a half-life of about 
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Fic. 3. Gamma pulse-height spectrum of Ta'™ produced 
by N™ bombardment of holmium at 70 Mev. 
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1 hr. Energy considerations predict that W'™ can be 
formed above about 55 Mev with an excitation function 
peak around 75 Mev. Figure 3 shows the gamma 
spectrum of the tantalum activity 1 hr after N™ 
bombardment at 70 Mev. One notes a very large 511- 
kev annihilation radiation peak, indicating a large 
amount of positron emission in this isotope. Cameron‘ 
estimates that there is about 4.5 Mev of decay energy 
for Ta’, which would produce a large positron-to- 
electron-capture ratio. 

There are five photopeaks at ene rgies of 90, 125, 205, 
280, and 350 kev, shown in Fig. 3. These peaks all 
decay with about the correct 1-hr half-life and are 
believed to belong to this isotope. Coincidence measure- 
ments show another peak at about 160 kev which is not 
seen clearly in this spectrum. The half-life of the 
isotope can readily be determined by following the 
decay rates of the gross activity of the material as 
measured by an end-window G-M counter and of a 


channel! 


Counts per 


Gamma energy (kev) 


>. 4. Gamma pulse-height spect 
by N"' | 


im of Ta?’* produced 
ymbardment of holmium at 60 Mev. 


single photon in the gamma spectrum. The results of 
these two methods indicate a half-life of 1.3.0.1 hr. 
Gamma-gamma coincidence measurements were made 
on this spectrum ; gating on the 511-kev photons showed 
the 90-, 205-, and 160-kev gammas in coincidence, and 
gating on the 205-kev photon indicated that the 90- 
and the 280-kev gammas were in coincidence with it. 
No gamma rays of sufficient abundance to be detected 
are to be seen at energies above 500 kev. Attempts to 
produce enough of the isotope to study its conversion 
electrons spectroscopically have not been successful. 


Ta?’ 


At bombarding energies just above 45 Mev, the 
nuclear reaction threshold for an isotope whose half-life 
is 11 hr is observed. Figure 4 is a tantalum gamma-ray 
spectrum taken 10 hr after a 60-Mev bombardment. 
The time lapse allowed for the decay of Ta'*. This 
spectrum was obtained on a 1-inch high by 14-inch 
diameter cylindrical NaI(Tl) crystal. Nearly all the 
peaks are distorted, indicating a very complex spectrum. 





NEW 


The decay rate of this isotope, as obtained from 
following both gross activity and single photopeaks, is 
11 hr. The lack of evidence for appreciable 511-kev 
radiation suggests a small positron branching ratio and 
thus a relatively small decay energy. The Cameron 
mass equation gives 1.8 Mev as the decay energy of 
Ta’, Following the decay of this 11-hr isotope, a 
long-lived activity remains which has a prominent 
340-kev gamma ray. Since this is presumably 70-day 
Hf'”*, the mass assignment seems quite certain. The 
assignment is further confirmed by cross-bombardment 
with alpha particles as discussed below. 


Ta'”® Conversion-Electron Spectra 


In Ta'’® one is not limited to the relatively small 
amounts of activity produceable in the heavy-ion 
accelerator; a much larger amount of activity can be 
obtained by the use of the Berkeley 60-inch cyclotron. 
The reaction employed was Lu'"*(a,4n)Ta'”®. Following 
bombardment in the intense cyclotron alpha-particle 
beam, samples of sufficient strength for conversion- 
electron measurements were obtained. Table I lists the 
transitions whose conversion-electron lines have been 
seen and confirmed as having the correct half-life. 
Spectra were obtained on three different permanent- 
magnet electron spectrographs. In addition to the 
transitions listed, a number of others were seen and 
identified as belonging to other isotopes. The most 
intense lines in the spectrum were those due to the 
presence of Ta'’*, A weak line whose half-life could not 
be confirmed was used in the decay scheme as the K 
line for the 140.9-kev transition. 

Relative electron line intensities were determined in 
two ways. First the lines on the photographic plates 
described above were compared visually with lines of 
known relative intensities on a set of standard plates 


TABLE I. Ta'”® conversion-electron energy; summary for electron 
lines seen in three different spectrographs. 





Transition 
energy 
(kev) 
50.50 
70.53 
77.43 
81.57 
104.3 
126.2 
157.1 
162.5 
179.4 
186.0 
190.8 
193.3 
207.9 
235.6 
267.2 
349.0 
394.1 
437.3 


200-gauss 350-gauss 
magnet magnet 


100-gauss magnet 


Ly Lu Lin Mt Mu Min. N 
Ly Lu Lin Mu Min 
Ly Lu Lin 

Ly Lu Lin M N 0O 
Ly Lo Lin 

Ly Lu Lin M N 





L 
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Taste IT. Ta'” conversion-electron intensity; summary. 








Intensity 
Visual 
comparison focussing 
method* spectrometer 


Transition 
energy 
(kev) 


Subshell 





50.5 Ly 
Lu 
Lin 
Ly 
Lu 
Lin 
Ly 
Lu 
Lin 


K 


157.1 
162.5 
179.4 


186.0 ; 2.8 
190.8 ; 3.0 
207.9 4.7 


267.2 15 14.9 


2.3 








* Intensities have a probable error of about 20% except that relative 
subshell intensities (close-lying lines) are accurate to about 15%. 


made by exposing a source of Pa™ for varying known 
time intervals. Second, the Ta'’* spectrum was meas- 
ured in the double-focusing electron spectrometer, 
which gave accurate intensity data but less resolution. 
In both methods measurement of the K line of the 
81.6-kev transition was so uncertain as to make 
impossible any estimate of the K/L ratio for the 
transition. A summary of the intensity measurements 
is given in Table II. The data from the electron spec- 
trometer have been normalized to the visual comparison 
readings. 

Table III summarizes the multipolarity assignments 
of eight of the transitions. The best-characterized 
transition seems to be that at 126.2 kev. Therefore, the 
gamma-ray-intensity data are normalized to the 
observed intensity of the 126-kev gamma ray. These 
gamma-intensity figures are only approximate because 
of the complexity of the spectrum as seen in Fig. 4. 
The 70.5-kev and 81.6-kev transitions must be char- 
acterized by L-subshell ratios only, since their K-line 
intensities are not known. The 81.6-kev transition 
might be £1, for which the theoretical subshell ratio is 
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Taste III. Ta*”® conversion coefficients and multipolarity assignments 
| 
Transition Relative Normalized a K/I A Lin 
energy electron gamma Theo Ob 


(kev) intensity intensity* Multipolarity® retical served Observed4 


OO% #2 
50.5 31 40% M1 4.9 5 0.90/1.1 


cor 
35%, 


k2 
70.5 15(L) 65% J 


11 
k2 


81.6 0.30/0.22 0.31/0.30 


0.22/0.14 0.24/0.11 


E2 
M1 35 1.35 9 /3 7 /3.7 


M1 1.14 


2 0.36 
25 M1 0.53 


20 M1 0.26 


* Gamma intensities normalized to electron intensities to give correct a for the 126.2-kev transit 
b Determined by best fit to observed K/L and L1/Lu/Lin 

¢ Probable errors are about 30%. 

4 Probable errors in these ratios are about 20%. 


1:0.35:0.42, but if this were the case, the intensity of next lowest value is for M2 and is 4.6. The last two 
the gamma ray would have to be 550, in contradiction transitions, at 207.9 and 267.6 kev, both have high 
to the relative photon intensities (Fig. 4). The same K/L ratios and have been assigned as M1. £1 conver- 
argument may be used for the 104.3-kev transition. sion coefficients would be 0.051 and 0.028, respectively, 
The large K/L ratio for the 162.5-kev transition and the quadrupole transitions are ruled out by their 
indicates either an M1 or E1, the quadrupole transitions low K/L ratios. Both these transitions may have some 
being ruled out. Since the conversion coefficient for an #2 admixture, since the conversion coefficients appear 
E1 transition is only 0.096, an M1 is indicated with to be somewhat hig! 

perhaps some £2 admixture. The 179.4-kev transition Theoretical conversion coefficients were 
has a K/L ratio of less than 2.8, since only one L line from the tables of Sliv and Band 

is included, and an £2 assignment is given since the 


obtained 


Ta'*> Decay Scheme 


On the assumption that the multipolarities given in 
Table III are correct, the most intense transition is at 
81.6 kev. On this basis the transition is assumed to 
proceed to the ground state. From transition-energy 
sums one may then assign levels at 186.0, 207.8, and 
348.8 kev, as shown in Fig. 5. 

Since Hf'”* is in the region of spheroidal nuclei, we 
seek neutron-state assignments in the Nilsson scheme. 
Hafnium-175 has 103 neutrons, and the asymptotic 
states [based on the Kzw(V,n,,A) notation] most 
probable as the ground states in this region® are the 
§— (512) as seen in Yb'” or the 3 514) as seen in W'”’, 








> 


which has 105 neutrons. Other near-lying intrinsic 


states as seen in neighboring nuclei are the $+ (633) 
and 9/2+ (624). The energy of the first excited state of 
the } band is around 113 kev, while that in the § band 


§L. A. Sliv and I. M. Band, Leningrad Physico-Technical 

Institute Report, 1956 [ translati 57 ICCK1, issued 

t by Physics Department, University of [lin Urbana, Illinois 
unpublished) ]; and Report 58ICCL1, 1958 

*B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab 

1G. 5. Proposed decay scheme of Ta'”® Selskab, Mat-fys Medd. (to be published 
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is 79. Since the 81.6-kev transition in Ta'’* decays with 
an M1-E2 mixture which is typical of intraband 
transitions, it is believed that this state is the | member 
of the K=} rotational band. The /(J+1) energy 
dependence predicts that the energy of the 9/2 member 
should be 187 kev, which is very close to the observed 
level at 186.0. This level decays mostly by an M1-—E2 
mixed transition of 104.3 kev to the 81.6-kev level and 
by a weaker 186.0-kev crossover. This pattern is 
entirely consistent with an assignment of the 186-kev 
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level as the 9/2 member of the ground rotational band 
associated with the §— (512) neutron orbital. 

The state at 348.8 kev decays by M1 transitions to 
the 9/2- and j-members of the ground-state band and 
must therefore be a 4- or 9/2-state belonging to a 
different intrinsic configuration, presumably the § 
— (514). The state at 207.8 kev must have spin § or § 
with negative parity. None of the other observed 
transitions can be unambiguously assigned to the 
decay scheme. 
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Scattering of High-Energy Nucleons by a Nonlocal Potential* 


R. H. Lemwer anp Y. C 


TANG 


Department of Physics, Florida State University, Tallahassee, Florida 


AND 


W.E 


FRAHN 


Nuclear Physics Division, National Physics Laboratory, Council for Scient‘fic Industrial Research, Pretoria, South Africa 
(Received October 21, 1959) 


The scattering of high-energy nucleons by a simple nonlocal potential is examined in the Born approxi 
mation. It is shown that an energy dependent locai potential is not fully equivalent to a nonlocal potential. 
The latter potential introduces an additional angular dependence in the differential cross section which 
seems to be particularly sigrificant in the backward directions 


HE generalized optical potential has been shown 
by Feshbach' to be both nonlocal and energy- 
dependent. In the interpretation of the scattering data 
by an optical model, the empirical potential was, 
however, commonly taken as local and energy-de- 
pendent. In an infinite medium, it is of course true that 
one can replace the nonlocality of the potential by an 
explicit energy-dependence.” But for the scattering from 
a finite nucleus, the situation is more complicated, and 
this simple equivalence should not be expected to hold. 
The purpose of this note is to show that at least in the 
Born approximation, the nonlocality of the potential 
does introduce some modification in the differential 
cross section also and hence is not reflected entirely by 
an additional energy dependence. 
The nonlocal Schrédinger equation, 


h?/2MVY+ Ey = f Kierra, 


with the phenomenological kernel 


K(r,r')= VU (r+r)/2 }6.(r—r’) 


* This work was partially supported by the Air Force Office of 
Scientific Research 

'‘H. Feshbach, Annual Review of Nuclear Science (Annual! 
Reviews, Inc., Palo Alto, 1958), Vol. 8, p. 49; Ann. Phys. 5, 357 
(1958). 

2? W. E. Frahn, Nuovo cimento 4, 313 (1956) 


has been used by several authors’ to describe nuclear 
bound state problems and scattering phenomena at 
low energies. Using the effective mass approximation 
for finite nuclei,‘ it was found that Eq. (1), with the 
particular choice of kernel given by (2), can indeed 
yield a fairly satisfactory description in the low-energy 
region; thus, in this study, we shall retain this special 
form of the phenomenological kernel. Since our at- 
tention will be restricted toward high-energy nucleon- 
nuclear scattering, the effective mass approximation 
is no longer valid; hence our results will depend some- 
what on the choice of the form factor 6,(r—r’) to be 
used in Eq. (2). 

The nonlocal scattering amplitude fy, may be 
obtained by examining the asymptotic behavior of ¥ 
in the usual way. The result is 


(ie fee —ik-r)VU(r+2’)/2) 


Xb,.(r—r )W(r')dedr’, (3) 


where k is the wave number of the scattered wave, and 
V contains the factor 2M/h*. By introducing relative 
and “center-of-mass” and the Fourier 


‘ 


coordinates 


*W. E. Frahn and R. H. Lemmer, Nuovo cimento 6, 1221 
(1957); A. E. S. Green, Revs. Modern Phys. 30, 569 (1958); 
A. E. S. Green and P. C. Sood, Phys. Rev. 111, 1147 (1958). 

*W. E. Frahn and R. H. Lemmer, Nuovo cimento 5, 1564 
(1957). 
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Fic. 1. The correction factor as a function of the scattering 


angle. G, E, and Y stand for Gaussian, exponential, and Yukawa 
functional dependence of the nonlocal potential, respectively. 








transforms of 6, and y, Eq. (3) may be further reduced 
and yields 


(tn) f exp ik-R)V(R)5.C(k-+k’)/2) 
Xexp(ik’-R v(k’ dk’dR. (4) 


Since the transform 3, is a slowing varying function of 
its argument when the nonlocality is small (i.e., 6, in 
Eq. (2) is sharply peaked), the integration over k’ in 
Eq. (4) may be approximately carried out if we replace 
k’ in 5, by the incident wave number ko; then, 


fra Se { 5. (+ ko) /2]/5a(ko)} 


4 


x| tx fexp(—ik-R)V(R)(2x)! 
{ 


x 5.(ko)¥(R)dR}. (5) 


We note that Eq. (5) is exact in the first Born approxi- 
mation. If, for example, we take 5,(r—r’) as a nor- 
malized Gaussian, i.e. 


5,(r—r’) = (wa*)! exp[ — (r—r’)?/a*], (6) 


then Eq. (5) becomes 


TANG, 


AND FRAHN 


fur Sexp[ (kia? 4) sin?(6/2 


x ix f exp ik-R)V,(R)y 


where V;(R)=V(R ka*/4). Taking the depth 
of V(R) as —80 Mev and a’&0.67 obtained by Green 
and Wyatt® in their extensive study of the nuclear bound 
State problem and 


R)dR }, 


exp 


nucleon-nuclear scattering phe- 
with a nonlocal potential of the 
same type as considered the depth parameter of 
as that of the 
empirical local optical potential us, we write 


nomena at low energi 


V, has approximately 


(8) 


The factor fwi/ f= expl_(kea?/4) sin?(6/2) ] expresses 
the approximate effect of the nonlocal interaction, 
which is seen to be a function of both the incident 
energy and the scattering angle. Qualitatively similar 
expressions for the correction factor result if we choose 
or Yukawa functional de- 
pendence for 6,. Figure 1 shows the correction factors 
as a function of scattering angle for incident energies 
of 200 Mev and 300 Mev for those choices of 6, which 
all have the same root mean square spread. The general 
trend of the three sets of curves is seen to be rather 
similar. The correction is negligibly small in the forward 
directions but becomes appreciable in the backward 
directions. We point out, however, that the correction 

ly calcula n the Born approximation, 
therefore the nat his factor at the backward 


a normalized exponential 


factor is main 


angles has qualitative significance only 
In this | 
potential! is 


note, at the optical 


In the actual case, as 
intrinsically energy- 


I} then indicates that 


prin 

is noted by Feshb 1, 1 S al 
dependent our calculations 
may have overestimated the importance of the nonlocal 
nature of the potential in the backward directions. A 
more detailed account of the scatt ring formalism for 
nonlocal! potentials will be given in a forthcoming paper 
by W. E. Frahn and H. Fiedelday. 

*P. J. Wyatt, thesis (unpublished); A. E. S. Green, Proceedings 
of the International Conference on the Nuclear Optical Model, Florida 
State University Studies, N 32, edited by A. E. S. Green, 
C. E. Porter, and D. § Florida State University, Tal 
lahassee, 1959), p. 44 
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Accurate Determination of the y+ Magnetic Moment* 
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Using a precession technique, the magnetic moment of the positive mu meson is determined to an accuracy 
of 0.007%. Muons are brought to rest in a bromoform target situated in a homogeneous magnetic field, 
oriented at right angles to the initial muon spin direction. The precession of the spin about the field direction, 
together with the asymmetric decay of the muon, produces a periodic time variation in the probability 
distribution of electrons emitted in a fixed laboratory direction. The period of this variation is compared 
with that of a reference oscillator by means of phase measurements of the “heat note” between the two. 
The magnetic field at which the precession and reference frequencies coincide is measured with reference to 


a proton nuclear magnetic resonance magnetometer. 


The ratio of the muon precession frequency to that of 


the proton in the same magnetic field is thus determined to be 3.1834+0,.0002, Using a re-evaluated lower 
limit to the muon mass, this is shown to yicid a lower limit on the muon g factor of 2(1.00122+0,00008), in 
agreement with the predictions of quantum electrodynamics. 


I. INTRODUCTION 


F 

R interactions' make it appear that many of the 
properties of the mu meson can be accounted for on the 
assumption that it enters into interactions in the same 
way as the electron but has a much larger mass. The 
electromagnetic properties of the muon, therefore, 
acquire increased interest as a further test of the 
identity of the interactions of the two particles. 

Quantum electrodynamics? makes the prediction 
that the magnetic moment of a spin 4 Dirac particle is 
1.00116’ times that predicted by Dirac theory, eh/mc. 
The anomalous magnetic moment of the electron does 
indeed agree with this prediction.‘ Application of 
similar calculations to the muon involves the extension 
of electrodynamics into a more relativistic region than 
required in the case of the electron. For instance, 
existence of a finite cutoff to the theory would result in 
a magnetic moment closer to the Dirac prediction.° 

The present experiment is a measurement of the 
magnetic moment of the mu meson. Comparison of the 
result with theory depends on accurate knowledge of 
the muon mass. In Sec. VI, the experimental determi- 
nation of the lower limit to the muon mass is discussed, 
and a corresponding lower limit to the g factor is 
derived. 

The existence of polarized muon beams and a means 
* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

t Also at the International Business Machines Watson Labora 
tory, Columbia University. 

~ Now at the University of Chicago, Chicago, Illinois. 

§ John Tyndall Fellow. 

!M. Gell-Mann, Gatlinburg Conference on Weak Interactions, 
Revs. Modern Phys. (to be published). 

? See, for example, W. Heitler, The Quantum Theory of Radiation 
(Oxford University Press, New York, 1954), 3rd ed., p. 311 ff. 

*E. R. Cohen and J. W. DuMond, Phys. Rev. Letters 1, 291 
(1958). ‘ 

*S. Koenig, A. Prodell, and P. Kusch, Phys. Rev. 88, 191 
(1952). 

*V. B. Berestetskii, O. N. Krokhin, and A. K. Khlebnikov, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 788 (1956) [translation: 
Soviet Phys. JETP 3, 761 (1956) ]. 


of detecting the direction of polarization via their 
asymmetric decay* made possible the measurement of 
the muon magnetic moment. In the original experiment 
it was found necessary, to obtain agreement with the 
asymmetry curve, to assume a value of the moment 
close to the Dirac prediction. In this way the value was 
determined to an accuracy of 1%. The Liverpool group,’ 
using an analog time-to-height converter to record the 
distribution in time of the emitted electrons, achieved 
an accuracy of 0.7%. A resonance technique, in which 
the muons were stopped in a large static magnetic 
field oriented parallel (or antiparallel) to the direction 
of initial polarization, and were then re-oriented by an 
rf oscillating field perpendicular to it, was employed at 
this laboratory.* The reversal in polarization was de- 
tected by a change in the counting rate of electrons 
emitted along the initial muon spin direction. The 
result of that experiment for the ratio of the muon 
moment to that of the proton is 3.1865+0.0022., 

The finite lifetime of the muon introduces a width 
into any frequency determination given by Awdi~1. 
Higher accuracy, therefore, necessitates going to higher 
fields and higher frequencies. The resonance technique 
suffers from the difficulty of producing rf fields of suffi- 
ciently high intensity. The precession method, making 
more sophisticated use of the electron time distribution 
was, therefore, employed. The Chicago group’ formed 
coincidences between the emitted electron and the 
negative half of a 48.63 Mc/sec oscillator triggered 
by the stopping muon. They report /,/f/,=3.1838 
+0.0008.” 

In the present case, a precession technique is again 
employed. Muons brought to rest in a bromoform 

*R. L. Garwin, L. M. Lederman, and M. Weinrich, Phys. Rev. 
105, 1415 (1957) 

? J. M. Cassels, T. W. O’Keefe, M. Rigby, J. R. Wormald, and 
A. M. Wetherell, Proc. Phys. Soc. (London) A70, 451 (1957). 

*C. T. Coffin, R. L. Garwin, S. Penman, L. M. Lederman, 
and A. M. Sachs, Phys. Rev. 109, 973 (1958). 

*R. A. Lundy, J. C. Sens, R. A. Swanson, V. L. Telegdi, and 
D. D. Yovanovitch, Phys. Rev. Letters 1, 38 (1958). 


”R. A. Lundy, J. C. Sens, R. A. Swanson, V. L. Telegdi, and 
D. D. Yovanovitch (private communication). 
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target situated entirely within a very uniform magnetic 
field at right angles to the spin, will precess about the 
field direction with the Larmor frequency, geH/2mce. 
The time distribution of electrons emitted in a given 
direction is the product of the exponential decay of the 
muon and the rapid sinusoidal variation as the muon 
spin rotates. To record this distribution directly would 
tax the capacity of any pulse-height-analyzer’s memory, 
and place severe requirements on the linearity of the 
time-to-pulse height converter. Therefore, the total 
elapsed time between the stopping of the muon and 
the detection of the decay positron was not recorded, 
but only the difference between this time and the 
nearest integral number of cycles of a fixed reference 
oscillator. Positrons for which the elapsed time after 
mu stopping differed by a whole number of cycles were 
stored as counts in the same channel of the pulse- 
height analyzer. Thus, the display observed was the 
superposition of many cycles of precession. If the 
reference oscillator frequency is the same as the pre- 
cession frequency, the contributions from each of the 
cycles reinforce each other; and the folded distribution 
is one cycle of the (1+ 4 cos#) periodic distribution. 
If the two frequencies are far different, the contributions 
from the various cycles will interfere destructively, and 
the folded distribution is flat. If the two frequencies 
are only slightly different (that is, their difference is 
less than the reciprocal lifetime of the muon), the 
folded distribution will still display the cosine term, 
but it will be reduced in amplitude, and in general 
shifted in its phase. These changes are a function of the 
difference between the two frequenc ies, the length of 
the gate during which electrons are accepted, and the 
delay between the time of the stopping of the muon and 
the opening of this gate. In particular, as is shown in 
Sec. II, the phase shift is a sensitive function of this 
delay and the frequency difference. 

In this experiment two electron gates with different 
initial delays are employed, yielding folded distributions 
which are stored separately. The difference in phase 
between these distributions is then used as a measure 
of the departure from “resonance” (at which the two 
phases should be the same). 


Il. MATHEMATICAL DESCRIPTION 


The probability that an electron will be detected in 
a counter telescope subtending a solid angle dQ, during 
a time interval dt, occurring at an elapsed time ¢ after 
the muon came to rest, is 


N dt=e—"'*(1+4 cos(wat—@) |(dQ/4r)(di/r), (1) 
where r is the muon mean life; wy is its precession fre- 
quency in a magnetic field H; @ is the angle between 
the direction of the initial muon spin and the momentum 
of the electron ; a is the product of the decay asymmetry 
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parameter, beam polarization, and depolarization factor 


of the target material 
Let ® 


where wo fixed reference oscil- 


lator. 


is the frequency of the 
Further, let b=@+2n, 


where is an integer such that 0<@<2r. Then 


WH db dQ 
Ned = e~*!*°"| 1+-4 cos <-—9 . 
Ww JoT 4dr 


Dn 


=5° No(o+2xn) 


(la) 


and 


(2) 


— 


Thus, 


height analyzer as a 


V, is exactly what is displayed on the pulse- 
of the folding process, 
modulo the period of the reference oscillator. It now 


remains to analyze the distribution so as to derive the 


result 


magnetic moment as accurately as possible. The sum- 
mation (2) is easily performed, using cosu=Re(e*), 


as a geometric series, with the result 


| WH 
a cos( +f) 6 a ) 
R ' 


Nude | i+ 


where 


2x (wor 1+n/woT—-::. 

The salient features of this distribution are the ampli- 
tude reduc tion fac tor, R, and the phase shift, ao. These 
are functions of the difference between precession and 
reference frequencies, given by 


1—exp(— 24/wor) 
Re . (4) 
) 2ri WH Wo wo | 
For |wy—wo|<<wo, which is always the case in this 
experiment, the approximate formulas hold that 


R [1 T WH ~~ @\ 


(Sa) 
tana wWo—wa)T (5b) 


These quantities may be recovered from a given 
experimental V4 by which in this 
case is equivalent to a least-squares fitting of the 
parameters R and ao). Several alternative ways of 
using such data suggest themselves: (1) The function 
R- may be plotted vs magnetic field; it will have its 
maximum point when the two frequencies are the same. 
Equation (5a) shows that this peak will not be sharp 
and the statistics required to obtain a 
with the desired degree of precision (0.01%) 
make this method impractical. (2) The function ao, 
which is to small frequency 


a Fourier analysis 


(see Fig. 6), 
result 
much sensitive 


more 
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differences, may be plotted vs magnetic field, passing 
through zero at “resonance.” However, precise know!- 
edge of ao requires knowledge of the geometric angle @ 
to the same precision, as well as of the phase shifts 
introduced by time delays throughout the electronic 
measuring apparatus (and the assurance that the latter 
do not change during the course of the data-taking). 
Such knowledge and such assurance are not generally 
available. (3) The Chicago technique* corresponds to 
observing just the number of counts in that channel of 
the PHA display for which (¢@—@)=0. This number is 
then proportional to [1+(a@/R) cosao], provided the 
setting is correct and does not drift. 

In the present experiment systematic difficulties due 
to uncertainties in the geometric and electronic phase 
shifts are avoided by comparing two sets of data col- 
lected during the same run. It will be shown that such 
shifts and drifts are cancelled out by this procedure, 
provided they are the same for both sets. 


Effect of Delaying the Electron Gate 


If electrons are not accepted until after ‘=T7, the 
sum in (2) must be taken from m=woT7 to infinity. The 
result is 


N4(delay = T)=e—7!"{1+ (a/R) cos (wn/wo)o—O 


—ao+ (wy —wo)T ]}e~ 9/9" ( f/ 2m) (dQ/4r), (6) 


which is the same as (3) except for the factor 
exp(—T7/r), to account for the fact that some of the 
muons have disappeared before the gate is opened, and 
the additional phase term, (wy—wo)T, which expresses 
the fact that the “initial” spin direction (by which is 
meant the direction of the muon spin at the time when 
¢=0 during the first cycle after the gate is opened) has 
been changed due to the precession. 


Effect of Finite Gate Length 


If electrons are accepted only from ‘=7 until 
t=T+G, the distribution becomes 


N, (delay T, gate G)=N, (delay=T) 
— N, (delay=T+6), 


a WH 
N,= (e rT f—¢ iro] 14+ cos —“6-a) | 
RRzg Wo 


f dQ 
Xe ° wor , \ 7) 
2x 4r 
where 
a=apot+O— (wy—wo)T+a(G), (8) 
and 
1—exp(—G/r) 


Ree*? = —————————— = . 
1- expl—G/r+i(wy —wo)G | 


(Ra) 


Rg oscillates, as a function of wy, between 1 and 
tanh(G/2r), the oscillations becoming smaller and faster 
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as G increases. 

sin(wy—wo)G 

tana(G) = oo 

exp(+G/r)—cos(wy—wo)G 


(9) 


This additional phase shift may be interpreted as 
being due to the change in the position of the centroid of 
the time distribution when the gate length is shortened. 
This may be seen as follows. For | (wy—w)G| <1 


Gir 


Ge 


a(G) = (wy — Wy } 
1 


(wy — wo) Al, (10) 


where 


f € t tdi f € t "dt 
0 0 


In this experiment, separate measurements were 
made of the @ distribution of electrons falling within 
two different gates: the first from ‘<0 until ‘<7, 
(the “early” gate); the second from ‘=7, until t=T7, 
(the “late” gate). The quantity a of Eqs. (7) and (8) is 
determined (to within an arbitrary constant) for each, 
by Fourier analysis. Then, with no approximation, 


Qeerly — inte (wao—wo)T:—a(T3)+a(T;), (12) 


where a(7;) and a(T>) are given by Eq. (9). For T;=7:, 
the graph of early-late phase shift vs magnetic field is a 
straight line, passing through zero when wy and wo are 
the same. If the gate lengths are different this graph 
still has the same intercept, and is an antisymmetric 
function of the frequency difference, independent of 
what these frequencies are. For the usual choices of 
gate length, the curve is quite linear over the range of 
interest. For example if, as in this experiment, 7,;= 1.75 
microseconds, 7;= 3.9 microseconds, the curve can be 
approximated by a straight line of slope 0.855 degree/ 
kilocycle, to within 0.1 degree out to 50 kc/sec, and to 
within 0.5 degree out to 100 kc/sec. In practice the 
experimental points are fitted to a straight line by least 
squares, and the slope is seen to agree with the pre- 
diction. 

The above gives an estimate of the ultimate sensi- 
tivity of this technique. If a phase angle can be meas- 
ured to within five degrees, which is readily done with 
the present apparatus, then the frequency may be 
determined to within 6 kc/sec. Greater precision is 
obtained by working at higher frequencies, limited 
eventually by the time resolution of the system (which 
must be better than 4 the period of the oscillator) and 
the homogeneity of the magnetic field. 


Ill. SYSTEM DESCRIPTION 


A particle stopping in the target is indicated by 
the coincidence 1234 (see Fig. 1 for arrangement of 
counters), and a decay electron in the forward or back- 
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Fic. 1. Experimental arrangement. P=nuclear magnetic reso- 
nance probe. Muons coming to rest are identified by a 1234 
coincidence. The decay electron gives a 4513 (forward electron) 
or 2314 coincidence falling within a 5.7 usec gate. 


ward direction is indicated by a coincidence 4513 or 
2314, respectively, falling within a 5.7-microsecond 
gate triggered by the 1234 coincidence. The gate has an 
initial delay of 0.15 microsecond to insure that muons 
and prompt electrons will not be confused with each 
other. Both forward and backward electrons are 
processed by the same circuits, but the information is 
routed to different groups of channels of a commercial 
pulse-height analyzer (manufactured by PENCO, 
Model No. PA-4) by an external addressing circuit. 
The latter circuit also discriminates between electrons 
appearing before and after a variable delay time, 7), 
storing them separately. A given event is thus stored in 


one of four groups of channels corresponding to late- 


front, early-front, late-back, or early-back. 
Figure 2 gives a block diagram showing the relation 
between the various electronic circuits. 
FAST COUNTER 


OVERCLIPPED 
OuTPuT 
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For the timing of the events, an additional counter, 
labeled Fast Counter, is employed. This counter has a 
forked light pipe with two #-in. thick plastic scintillators 
attached, one on either side of the target so that the 
stopping mu mesons and the electrons emitted in the 
forward and backward directions are all timed using 
the same phototube. Thus any long-term drift in the 
characteristics of the tube affect all the timing pulses 
the same. The output of this 6810A photomultiplier is 
overclipped with a shorted cable, and the time at which 
the originally negative pulse is just cancelled by its own 
reflection and becomes positive is taken as the timing 
criterion for the pulse involved. This minimizes timing 
jitter caused by fluctuating pulse height."' The positive 
portion of the output is amplified by a distributed stage 
employing EFP-60 tubes set on the edge of conduction. 
This “zero-crossing detector” gives saturated output 
pulses for positive inputs of about 0.5 v; the inputs 
employed in the actual run had positive portions of 
about 10 v. The time jitter due to finite rise time 
coupled with varying amplitude was thus minimized. 
The final stages of this amplifier are separated into 
two branches. Each one is gated by a 0.2 usec pulse 
triggered for one branch by the u stopping and for the 
other by a gated electron. 

The output of the zero-crossing detector is used to 
trigger one of the pulsed oscillators, which then oscil- 
lates for 6 usec at a frequency either one Mc/sec higher 
or lower than that of the reference oscillator (at a given 
time both pulsed oscillators have the same frequency, 
but this may be changed for both of them together 
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during the course of the experiment). The pulsed oscil- 
lator output is mixed with that of the continuously 
running reference oscillator, whose frequency for this 
experiment is 86.200 Mc/sec. The mixed signal is fed 
into the “logic” circuit (so-called because of the many 
logical operations it performs) which uses the detected 
envelope of the mixed frequencies. The idea of expand- 
ing the time scale by beating rung oscillators having 
slightly different frequencies has been used by Cottini 
and Gatti.'* A related type of time vernier was used by 
Lefevre and Russell."' Our apparatus has more in 
common with that of Chase and Higinbotham.” 

The envelope of the mixed signal is a 1 Mc/sec 
periodic waveform whose phase is determined by the 
phase of the reference oscillator at the instant the 
pulsed oscillator was started, and by the (fixed) starting 
phase of the pulsed oscillator. Subtracting the measured 
phase for the electron timing pulse from that for the 
corresponding yu stopping yields the quantity ¢ defined 
in Sec. IT. 

Figure 3 shows the timing sequence of the processes 
in the logic circuit. An output pulse from the zero- 
crossing detector is used to start a condenser charging 
(or discharging) at a constant rate. The mixed reference- 
oscillator-pulsed-oscillator wave is demodulated, con- 
verted to a square wave, and then differentiated to form 
a series of alternating polarity pulses, each one corre- 
sponding to a zero-crossing of the “beat note.’”’ The 
condenser charging (or discharging) stops at the first 
such positive-going zero-crossing which follows a set 
time delay, sufficient to allow starting transients to 
disappear. The voltage remaining on the condenser 
after both the » and e channels have completed their 
cycle of operation is then read out, and a count is 
stored in the pulse-height analyzer in one of the group 
of channels actuated by the addressing circuit. Delays 
are arranged so that the discharging of the condenser 
(actuated by the electron) does not begin until the 
charging (actuated by the muon) is complete. 

Note that since both ¢, and ¢, can fall between 0 
and 2r, their difference can fall anywhere between — 2x 
and +2. Thus if a single pulse is made to simulate 
both electron and mu, and the pulse-height analyzer is 
operated normally, without external addressing, all the 
counts (assuming perfect resolution) will be stored in 
two single channels, spaced a distance corresponding 
to 2x radians apart. That this is so is easily seen once it 
is realized that, although (#,—®,) is now the same for 
all counts, ¢, is randomly distributed, and in a certain 
fraction of the cases will be smaller than ¢,. In that 
case the counts will be stored in a channel corresponding 
to ¢—2x. Throwing a small delay into either branch 
will displace both these channels by the same amount, 
changing the distribution of counts between them. The 


2 C. Cottini and E. Gatti, Nuove cimento 4, 1550 (1956). 
@R. L. Chase and W. A. Higinbotham, Rev. Sci. Instr. 28, 
448 (1957). 
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Fic. 3. Timing diagram of logic network (not to scale). Beat 
notes have phase equal to that of the reference oscillator at time 
of respective Ramp Start. Ramp Stops occur at a positive-going 
sero-crossing after a delay to avoid transients. 


gain setting may then be adjusted so that the separation 
is exactly ten channels. 
When the pulse-height analyzer is addressed ex- 


’ ternally in the present system, the “tens” addressing is 


interrupted so that counts which would ordinarily be 
stored in channels 11, 21, 31, etc., are all stored in 
channel 1. The tens address is then supplied by the 
external addresser, depending on the nature of the 
event. Thus late-front events are stored in channels 
10-19, early-front in channels 30-39, etc. The folded 
displays obtained have the effect of removing the 
above-mentioned ambiguity of 2x, since in all cases 
counts corresponding to the same @ will be stored in 
the same units channel. 

Thus at the end of each run one has four distribu- 
tions, N,. The forward and backward electrons are 
treated separately ; they serve to increase the statistics 
for a given running time, but are otherwise unrelated 
to each other for our purposes. For each group the 
quantity a is calculated. 


10 10 
a=arctan > N, sing; / > Ny, cosdy, 


wl re | 


(13) 


where N;, is the number of counts stored in the channel 
whose phase angle is ¢,. This is equivalent to a least 
square fit with phase angle as a parameter. The numer- 
ator is proportional to the coefficient of the sing term 
in the Fourier analysis of N,. The denominator is 
proportional to the coefficient of cosp. The standard 
deviation of a is given by 


da 2 
(Aa)?*=>- (—) N; 
‘ ON; 
bd Ni 
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ward electrons and over the several runs at the same 
magnetic field. The plot of early-late phase shift vs mag- 
netic field follows Eq. (12). This phase shift passes 
through zero when wy=wo. Thus if the measured 
(Gearty-Miate) is plotted vs H the intercept a=O0 gives H 
for Wo WH. 

It should be noted that use may be made of Eq. (12) 
directly. From measurements made at a single setting 
of the magnetic field, the distance from resonance may 
be calculated. This relation is useful especially in the 
early stages of the experiment when the resonance is 
being sought. It suffers from the small disadvantage 
that the gate times must be measured accurately. 


IV. OTHER EQUIPMENT 
A. Magnet 


The pole faces of the magnet are 3,5 in. apart and 
11 in. in diameter, made of Armco iron. There are 
circular rings 9-in. inside diameter by 11-in. outside 
diameter, } in. thick, at the perimeters. Fine shimming 
is accomplished with rings of one and two-mil shim 
stock cemented to the pole faces. At a field of 6357 
gauss, the uniformity of the field over a volume 2 in. 
high by 3 in. long by 1 in. thick in the center of the 
field, is such that the root-mean-square deviation from 
the average is 40 parts per million. The field was 
mapped several times before, during and after the run; 
and the volume averages of the field calculated in each 
case (relative to the field at the center of the gap) do 
not deviate from each other by more than 10 ppm. 

In the mapping of the field, and in the subsequent 
monitoring, a nuclear magnetic resonance probe is 
fastened to a rigid arm which is mounted on a milling 
machine bed. The center of the probe in the monitor 
position is midway between the pole faces 1j in. from 
the axis. The difference between the field at this 
position and that in the center of the gap is repro- 
ducible to within 30 ppm of the total field. 


B. Target 


The target used was bromoform in a copper container 
measuring 2 in.X2} in.X{ in. overall. The walls were 
of such thickness that the copper did not occupy more 
than 20% of the total volume. A stand was provided 
so that the target could be positioned reproducibly in 
the most uniform part of the field. 


C. Regulator 


The transistor current regulator used with the magnet 
is described elsewhere.'* The proton magnetic resonance 
is displayed on an oscilloscope and continuously moni- 
tored. The proton oscillator is continually calibrated by 
zero-beating with a crystal-calibrated frequency meter 
(U. S. Navy type CKB 74028). A shift of 40 ppm 


4 R. L. Garwin, D. P. Hutchinson, S. Penman, and G. Shapiro, 
Rev. Sci. Instr. 30, 105 (1959) 
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would be easily visible and can be corrected manually 
by adjusting the potentiometer controlling the error 
signal for the regulator. It is estimated that the regula- 
tion is such that the time average of the magnetic 
field during a run does not differ from its nominal 
value by more than a least count of the frequency 
meter, or 15 ppm. 


D. Reference Oscillator 


The reference frequency is provided by a General 
Radio signal generator oscillating at a fundamental 
frequency of 28.733 Mc/sec. A frequency tripler circuit 
generates the third harmonic, and this signal is then 
fed through two isolating amplifiers (Hewlett-Packard 
distributed type B) before mixed with the 
pulsed oscillator outputs. The frequency of this signal 
is checked repeatedly with a frequency meter. Both 
this meter and the one used to calibrate the nuclear 


being 


magnetic resonance are themselves calibrated against 
the nearest 10-kc/sec subharmonic of the same 1-Mc/sec 
crystal oscillator. Thus, even if this crystal is not 
exactly 1 Mc/sec, the ratio f,/f, will be given correctly. 
The linear scales of the frequency meters are relied 
10-kc/sec 


upon only to interpolate between the har- 


monics. 


E. Counters 


The accurate timing in this experiment is made 
possible by the large current handling capabilities, as 
well as by the low transit time spread of the 6810A 
photomultiplier tube. The use of these tubes is facili- 
tated by a cathode follower string described elsewhere.'® 

The remaining counters, except for counter No. 1, are 
limited in size by the necessity of fitting inside the 
magnet. They are all ;*¢ in. thick, 2? in. high, and 3 in. 
to 4 in. long, except counter No. 3, which is cut so as 
just to cover the target, in order to minimize back- 
ground. Sufficient carbon absorber is placed in between 
counters No. 1 and No. 2 to stop all pions, and leave 
the muons with just enough range to stop in the bromo- 
form target. 

Two copper plates, each } in. thick, are inserted 
between the fast and No. 2 and 
No. 5, respectively, to stop the low-energy emitted 
positrons, and hence enhance the asymmetry. 


counter counters 


V. CHECKS ON SYSTEMATICS 
The systematic requirements on the performance of 
the equipment are severe. There are 
categories : 


two general 


(a) The system must be aperiodic; i.e., no spurious 
“asymmetries” or “effects” must be introduced which 
would confuse the interpretation of the data, or so 
distort them as to lead to an incorrect result. 

(b) The system must be uniform; i.e., all events 
must be treated identically, and in particular there 


5S. Penman, Rev. Sci. Instr. (to be p 


iblished 
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must be no difference in the processing of “‘early’’ and 
“late” events in all stages of the equipment, within 
very narrow tolerance. 

An upper limit on the existence of aperiodic effects 
can be placed by making certain changes in the setup, 
and requiring that the system behave in a prescribed 
manner. Thus the effects observed are demonstrated to 
be real. Of the residual, undetected asymmetries of the 
system, their effect can be reduced, if not completely 
cancelled, by averaging the data over various situations 
in which equipment aperiodicity would have mutually 
opposite effects. 

The seriousness of nonuniformity can be recognized 
from the fact that a systematic shift of five degrees 
over 100 cycles (that is, a timing shift of 0.1 nanosecond 
over a period of 1 usec) will produce an error of 0.01% 
in the results. Since there are no standards readily 
available to produce a time interval of that duration 
to that accuracy, the problem of testing for such shifts 
was raised. Preliminary reports of this experiment con- 
tain erroneous results because such an error was 
undetected. ; 


A. Recovery of Zero-Crossing Detector 


Both the muon and the electron timing pulse are 
amplified by the same distributed stage of the zero- 
crossing detector, within a few microseconds of each 
other. If the circuit has a recovery time of this order 
of magnitude, this will give rise to a systematic delay 
in the second of the two (the electron pulse) which 
depends on how soon it follows the first. Such a de- 
pendence was actually shown to exist in the original 
circuit by the following test. An artificial pulse was 
used to simulate a muon, and the same pulse, delayed 
by a few microseconds was used to simulate an electron. 
The PHA display was that of two single-channel peaks 
separated by 2x, as explained previously. The same 
pulse was then used a third time, intermediate between 
the simulated muon and electren, to fire the distributed 
stage; so that the state of recovery of the circuit, at 
the time of the simulated electron, was altered. A shift 
as large as 1/20 of a cycle was observed in the resulting 
display. Such a shift, occurring over a period of 100 
cycles, is capable of introducing a systematic error of 
0.05%. 

This source of error was remedied by increasing the 
recovery time of the circuit. For it will be seen that if 
the recovery time is 50 ysec, the variations in charac- 
teristics over a 6 usec gate will be small, and all electron 
timing pulses will be delayed by the same amount. The 
freedom of the system from systematic errors of this 
nature was then demonstrated in the following fashion. 

An artificial source of correlated pulses was formed 
by modulating the grid of a phototube with the thirty- 
volt output of a second signal generator operated at or 
near the reference frequency. Pulses were produced by 
exposing the counter to random radiation from a 
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Fic. 4. Time resolution of the system. (a) The same input is 
used to trigger both pulsed oscillators. (b) Same as (a) folded into 
ten channels. (c) Coherent inputs from two phototubes focused 
on the same scintillator. 


beta source. There was almost complete correlation in 
time between pulses accepted above a given threshold, 
and the modulating signal. One of these pulses was 
selected at random as the simulated muon, and the 
pulse next following it as the simulated electron. Thus 
a correlation between these two was achieved, analogous 
to that between a precessing muon and its decay elec- 
tron. The full apparatus was then run in a simulated 
experiment. 

When the modulating signal was set at exactly the 
reference frequency, no early-late phase shift was de- 
tected, to within an uncertainty of 0.001%. When the 
frequency was varied the expected phase shifts were 
observed. 


B. Time Resolution 


The time resolution of the entire system can be 
tested rigorousiy by feeding pulses with a fixed time 
separation into both branches. The counts fall into 
two channels separated by one cycle (of 86.2 Mc/sec) 
corresponding to 11.6 nanoseconds. The separation is 
set at 10 channels. Figure 4(a) shows the actual dis- 
tribution obtained when the same pulse simulates mu 
and electron. The resolution is clearly better than one 
channel, or 1.2 nanoseconds. Figure 4(b) shows a 
similar distribution with the PHA addressed externally 
so that the 20-channel distribution in 4(a) is folded into 
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10 channels, and the two peaks are superimposed. 
Figure 4(c) shows the 20-channel distribution when the 
simulated mu and electron are not the same pulse, but 
are the outputs of two different photomultipliers 
viewing the same scintillator, which is exposed to a 
beta source. The optical coupling was poor so that the 
pulse sizes are much smaller and the statistical fluctu- 
ations larger than would be expected during the experi- 
ment. The time resolution is, nevertheless, quite good 

better than 1 nanosecond half-width at half maximum. 

The time resolution is checked by this method 
before and after each one-hour run. If the channel in 
which the peaks fall had changed, or the separation 
had become different from 10 channels, or the peaks 
become broader, the proper adjustments are made to 
restore the system to its original conditions (by adjust- 
ing gains of amplifiers, frequencies of pulsed oscillators, 
or charging rate of condenser). In no case was this 
change greater than half a channel. Since both early 
and late events are affected alike, the consequence of a 
drift is only to broaden the time resolution, i.e., reduce 
asymmetry and hence increase the uncertainty, with no 
first order systematic effect on the early-late phase shift. 

Each run at a given field is followed by a run at the 
same setting with an additional 44 feet of RG-63U 
cable (approximately half a cycle delay) added to the 
electron branch. The value of a should thus shift 180°. 
When the results are averaged, the effect of any residual 
asymmetry, stemming from a nonlinear phase-channel 
number relation, would be cancelled. No such asym- 
metry was in fact observed. 

As a further check on the system, adelayed-Qundelayed iS 
determined for each pair of corresponding groups in 
successive runs, and averaged over all runs. The mean 
value of this quantity is 175.5°+2.5°. This corresponds 
to the 44 feet of cable providing a delay of 5.6 nano- 
seconds, or a velocity of propagation of 0.80, as com- 
pared with the manufacturer’s value of 0.83, times that 
of light in free space. 


C. Geometry 


An average value for all runs of asck-cfront is also 
determined. The mean value is 197°+2°. This quantity 
is consistent with the geometric angle, Oack-Ptront, be- 
tween the lines of center of the forward and backward 
counters, as measured during the experiment, and 
allowing for variations in counter sensitivity with 
position of the event in the crystal. The results of this 
experiment are in no way dependent on the exact 
alignment of the counters, since measurements made at 
any angle @ should give the same early-late phase 
shift. 

Figure 5 shows the pulse-height analyzer display for 
a pair of 30-minute runs at the same field setting with 
44 feet of cable added to the electron branch in the 
upper run. The 180° phase shifts from front to back and 
from delayed to undelayed for corresponding groups are 
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quite obvious [each display is ideally, allowing for 
statistical fluctuations, of the form [1+ 4@ cos(@—a) ]. 
The early-late phase shift is about 30° in this case. 
It is evident that the Fourier analysis used in Eq. (13) 
is absolutely essential to the derivation of meaningful 
results. 


D. Beat Frequency Reversal 


As a further check on the uniformity of the logic 
network (for example, leakage of the condenser in a 
preferred direction might cause a nonuniformity), the 
frequencies. of the two pulsed oscillators are changed 
during the experiment from 1 Mc/sec below to 1 Mc/sec 
above that of the reference oscillator. All quantities 
determined by parameters occurring before this point 
in the apparatus (such as 6, a, R) remain the same, but 
now ¢,—¢, is displayed on the PHA, i.e., the display 
appears “backwards.” All quantities calculated by the 
same formulas will thus appear to have changed sign, 
viz., Qearly~Qiate; ®back"A front, and Qdelayed-Qundelayed- Such is 
in fact observed. The resonance point is calculated 
separately in the two cases of pulsed oscillator fre- 
quency, and the average taken. The two agree with each 
other to within the stated error. 


E. Asymmetry Coefficient 


Figure 6 is a graph of the coefficient, A, of the cosine 
term in (1-++-A cos@) vs magnetic field for some of the 
runs. The solid curve is a/R, as given by Eqs. (3) and 
(5), for a= 4. The effect observed appears to be con- 
sistent with large values of a. This graph, based on 84 
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Fic. 5. Distributions, N4, obtained in two successive half- 
hour runs with bromoform target. Each is ideally of the form 
[1+-4 cos(¢@—a) ]. The upper run was taken with an additional 
delay of one-half cycle added to the electron pulse. The 180° 
~y shift between the two runs, and also between front and 
vack of corresponding groups of the same run, is obvious. The 
phase shift between adjacent early and late groups is ~30° for 
this field setting. 
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hours of running, shows how difficult it would be to 
trace a resonance curve using the asymmetry coefficient 
alone. This large asymmetry is inconsistent with the 
broad line found by the Chicago group. Any line 
broadening must reduce the a value for late electrons. 

Effects that might decrease the asymmetry are: 
folding factors from finite time and geometric resolution 
—which could not in this experiment account for more 
than 15% decrease ; accidental background—which was 
measured both by putting a long initial delay before 
opening the 5.7 ysec gate, and by comparing the 
number of early and late counts with the known gate 
lengths—is not more than 10% of the total counts; 
pions or unpolarized muons stopping in the target— 
which cannot be very great, because of the large 
observed asymmetries. These effects reduce the ampli- 
tude of the cosine term (relative to the constant 
average) and, therefore, reduce the accuracy of deter- 
mining a, but do not affect the magnitude of the early- 
late phase shift. 

There remains the possibility of a residual asym- 
metry, if the electronics tends to favor some channels 
over others (e.g., a nonlinearity of the ramp might 
cause such an effect). This is largely cancelled by 
averaging delayed and undelayed runs. As a check, the 
counts from corresponding channels of all four groups 
and all the runs were added together; and the asym- 
metry computed is a=0.02+0.02, negligible if not zero. 
Since the distributions are shifted by 180° between 
delayed and undelayed asymmetries, the true asym- 
metry (due to the mu decay) should cancel leaving 
only the equipment asymmetry. 

Periodic checks are made of the addressing circuits 
to insure that counts are not stored in the wrong group 
of channels. No wrong counts were ever observed 
during the run. 


F. Early-Late Time Division 


The length of the multivibrator used to discriminate 
between early and late electrons is checked by using a 
variable-delay artificial pulser (double-pulser) in place 
of the 1234 and 4513 (or 2314) coincidence, respectively. 
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Fic. 6. Asymmetry coefficient as a function of field setting. 
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F1G. 7. (ceariy-@iate) 05 Magnetic field (expressed as the ratio of 
reference frequency to proton NMR frequency). “Resonance” is 
determined by the intercept, which is obtained by least-square 
best fit of a straight line. 


The delay is varied until the storage address changes 
from early group to late group. This separation is then 
measured with the calibrated sweep of an oscilloscope 
(nonlinearity less than 5%). For the runs used in the 
analysis, it is found that the length of the early gate 
was 1.75+0.05 usec, stable to this accuracy throughout 
the experiment. The late electrons fall in the remainder 
of the 5.7 ywsec gate. For constant total gate length 
(T;+T:), Eq. (12) is not sensitive to variations in the 
division between the two. Moreover, since it is the 
intercept corresponding to zero phase shift between 
early and late as a function of magnetic field that is 
sought, it is not necessary to know this time to great 
precision. 

In the analysis of the data, it is noted that in the 
region used, Eq. (12) does not differ appreciably from 
a straight line. Therefore, a least square fit to a straight 
line (of unknown slope and intercept) is calculated. The 
slope is then compared to the average slope of Eq. (12) 
and found to agrte within the errors. Figure 7 shows 
the points obtained with one setting of the pulsed 
oscillator frequencies. The curve with the other setting 
is similar, having the same intercept (within the stated 
error) but opposite slope. The straight line is the least 
square best fit. The error due to statistics can be calcu- 
lated from the goodness-of-fit, and agrees with that 
obtained using Eg. (14). 
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VI. RESULTS 


The ratio /,/f, is found to be 3.1834+0.0002. 

The mass of the muon has such great bearing on the 
interpretation of the results of this experiment that it 
was considered worthwhile to re-evaluat 
limit on the mass, as determined by experiments with 
mu-mesic x-rays. Koslov, Fiich, and Rainwater'™! 
found that the x-ray emitted in | he 3D;-2P; transition 
in mu-mesic phosphorus (,5/”'), had an energy greaier 
than that of the K-absorption edge in lead. ‘he wave 
number of this transition is related to th 
muon by 


5 My “, 13 
=—R,Z* (14 *) [i (Za 
36 mM, ma 145 


The second term is the fine structure in the Pauli- 
Sommerfeld approximation. The major term among the 
5, is the correction due to vacuum polarization. This can 
be calculated on the basis of a point nucleus using 
Schrédinger wave functions.'’-'* The expectation value 
of the ‘‘Uehling potential” has been evaluated numeri- 
cally to greater precision, and it is found dy .p, = 0.003757. 
Many smaller correction terms have also been calcu- 
lated explicitly, and it appears they mutually cancel 
each other.” (Certain unevaluated effects which may 
give larger contributions than those considered by us 
here, such as polarization of the nucleus by the muon, 
and dynamic coupling with the orbital electrons, are 
currently under investigation.) From the results with 
mu-mesic x-rays it is for Z=15; and 
m= 30.9843 amu.*! 


the lower 


mass of the 


concluded, 


My 1 
> 
m, 31.25 (1.001163) R, 


y (Pb K edge) 


and the uncertainty in this limit is mostly in the 
measurement of the x-ray absorption edge. This was 
last measured directly in 1927 to an accuracy of one 
part in 1500. The value of the K-absorption edge may, 
however, be deduced by combining K-emission lines 
with the L-absorption edge associated with the upper 
level in the lead atom. Using tabulated values of these 
lines* and the most recent values of the conversion 

‘6S. Koslov, V. Fitch, and J. Rainwater, Phys. Rev. 95, 291 
(1954). 

17S. Koslov, Nevis Report No. 19, Columbia, 1954 (unpub 
lished). 

‘J. Rainwater, Annual Reviews of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1957), Vol. 7, p. 23. 

FE. A. Uehling, Phys. Rev. 49, 55 (1935); R. Serber, Phys. 
Rev. 48, 49 (1935). 

* A, Petermann and Y. Yamaguchi, Phys. Rev. Letters 2, 359 
(1959). 

“H. E. Huntley, Nuclear Species (Macmillan and Company, 
Ltd., London, 1954), p. 97. 

= J. E. Mack and J. M. Cork, Phys. Rev. 30, 742 (1927). But 
see also A. J. Bearden, Phys. Rev. Letters 4, 240 (1960). 

* Y. Cauchois and H. Hulubei, Tables de Constantes Selectionnees 
Longueurs d’'Onde des Emissions et des Discontinuites d’ Absorp 
tion X (Hermann et Cie, Paris, 1947). 
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factors,™ one obtains 7 (Pb K edge) = 6469.2 rydbergs. 
The error to be assigned must take into account the 
uncertainty of this procedure, the finite width of the 
levels, and the experimental definition of an absorption 
“edge.” Here we shall only assume that the error in 
the mass lower limit is less than, or of the order of the 
crror in the present experiment. The result so derived is 


m,, > 206.78+0.01m, 


The muon g factor is derived from the equation 


/ 


Su= Bp Su/ J p)(My/ My). 
Using™ 


£p= 2(2.79275+0.00003), m,= 1836.122-0.02m, 


we obtain 
g,> 2(1.00122+0.00008), 


compared to the quantum electrodynamical predic- 
tion of 
g= 2(1.00116). 


VII. CONCLUSION 


The results of this experiment make it appear that 
the magnetic moment of the mu meson is probably not 
less than that predicted by quantum electrodynamics, 
on the assumption that the muon is a “heavy electron.” 
The mass limit determination is still an important 
problem, and it is not impossible that there remain 
uncalculated perturbations in the energy levels of mu- 
mesic phosphorus, or an error in the determination of 
the K edge in lead. Accordingly, we are repeating the 
important experiment of Koslov, Fitch, and Rainwater 
with improved energy resolution. At the same time, 
we are preparing to continue the present experiment at 
200 Mc/sec with similar electronics but with consequent 
higher accuracy; and we should be able to determine 
the mu magnetic moment to 0.001%. 
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Note added in proo} I 


cently been reported to us 


1umerical calculations on 
“periments which have re- 
| J. Lathrop, et al. and A. 
Bearden et al., Phys Rev. Letters (to be published) ] 
indicate a mass value of M,=206.76_».o2+°-"°M,. This 
yields a value of g,=2(1.00113 on6). Although 
the assigned errors are now slightly greater than above, 
it is to be noted that the new result represents a direct 
measurement, rather than a lower limit. The agreement 


™* E. R. Cohen, K. M. Crowe, and J. W. DuMond, Fundamental 
Constants of Physics (Interscience Publishers, New York, 1957). 
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Fic. 8, Circuit diagram of zero-crossing detector. 


with quantum electrodynamical theory is now quite 
good. 


ELECTRONIC APPENDIX 


Distributed Zero-Crossing Detector and 
Gated Amplifier 


For the accurate timing required in this experiment, 
it is necessary to trigger the pulsed oscillators at times 
reproducible with respect to our timing criterion (the 
positive-going zero-crossing of the overclipped negative 
output of the fast counter). This means that the 
detection threshold should be minimal, and the output 
pulse rise rate be maximal. To achieve adequate sensi- 
tivity and maintain rise time, the initial stages of the 
zero-crossing detector are distributed. EFP-60’s are 
employed, as shown in Fig. 8 set just above the edge of 
conduction (conducting about 1 ma). The circuit output 
commences when the positive swing of the overclipped 
counter pulse had reached 5% of its maximum value or 
about 0.5 volt. 

The final two stages are separated into two branches, 
gated, respectively, by the u and e outputs of the gating 
circuit. Switches are provided so that they may be 
operated ungated for test purposes. The trigger circuits 
actuated by the zero-crossing circuit output have time 
delays which are a function of the input pulse size and 
rise time. To minimize the timing uncertainty, the 
output pulses of the zero-crossing circuit are produced 


by driving the output EFP 60 well into saturation and 
clipping the output. The pulse thus obtained is large 
(30 volts into 602) and constant in amplitude. The over- 
all timing uncertainty obtained is less than 5X 10~™ sec. 


Pulsed Oscillators 


A circuit diagram of the pulsed oscillators is shown in 
Fig. 9. A trigger circuit, (V;, V2), like those described in 
the gating circuit, is used to turn on a Hartly-type 
oscillator for 6 usec by applying a fast-rising 200-v 
pulse to the screen of the 6AKS5, (V3). Screen to control 
grid capacitance injects enough of the proper Fourier 
component into the tank circuit to obtain reliable 
starting. To reduce starting transients in the output of 
the circuit, which would disturb the low-frequency 
amplifiers, the final stage is a 6AS6 amplifier (V4) 
normally biased off at the suppressor and turned on 
slowly with the oscillator gate through a low pass RC 
time constant ~0.5 psec. By the time the 6AS6 has 
attained full gain, starting transients in the oscillator 
have disappeared. 

As a test of starting phase stability, the two pulsed 
oscillators adjusted to nearly the same frequency were 
triggered simultaneously with the zero-crossing outputs 
and beat together. A shift of 5X10~" sec in starting 
time could have been easily detected by eye on the 
oscilloscope screen and was not observed. This result is 
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Fic. 9. Circuit diagram of pulsed oscillator. 


confirmed by the over-all system check described else- 
where in this paper. 


Logic Network 


The reference oscillator voltage is of the form 
e(wot+®), where @ is the phase at ¢=0, i.e., when the 
event being measured occurs. After transients have 
disappeared, the pulsed oscillator voltage is of the 
form Ae‘l«e-*)'+7) where A is the relative amplitude of 
the signal, 8 the difference frequency, which was chosen 
to be 1 M« y the fixed arbitrary starting phase of 
the pulsed oscillator. The combined signal is then 
e'(wott#)/ 1+ Ae~8+¢-” ]. Tf a condenser is charged at a 
constant rate from t=0 until §t+¢@—y=(#/2)+2xn 
where the number of cycles ignored so that 
transients disappear, the charge stored will be linear 
in d. If one charges this condenser for a time correspond- 
ing to ¢,, and discharges it for a time corresponding 
to @,, the charge remaining will be linear in ¢=¢,—4¢,, 
the quantity of interest in this experiment. 


sec, 


is 


The block diagram of the logic network which yields 
a pulse whose amplitude is proportional to ¢ is shown 
in Fig. 10. The combined signal is rectified and filtered. 
The envelope is converted into a square wave by the 
clipping amplifier using stabistor diodes with a stable 
forward conducting threshold 0.2 v. The square 
is differentiated so that a train of alternating 
positive and negative short pulses at half-microsecond 
intervals is obtained 

The relation be and the clipped pulse time 
will be linear only after the clipping amplifier has re- 
covered from starting transients. Therefore, an “enable” 
multivibrator is introduced which opens a gate one 
puicrosecond after the ramp st 


wave 


tween @ 


art. A coincidence is made 


in the “gated multivibrator,” with the first subsequent 
positive nile of the train. This is an improvement over 
and Higinbotham,! 

nonlinearity distorted a considerable por- 
In the 


cycle or more of the 


the circuit of Chase 4 in which an 


unavoidable 


tion of the cycle. present circuit, one waits for a 


beat frequency until all effects of 





ACCURATE DETERMINATION 


erreermce + 
. aston we 


—_>>—__—— 
freow 7080 
208566 
«TECTOR 

p» BRANCH 


Frc. 10. Block diagram 


of logic network 


the finite pass-band of the amplifier on the sudden start 
of the beat note have died away. 

The problem arises of the distortion of pulses falling 
during the rise of the “enable” gate. The ramp is, 
therefore, stopped not with the first positive pulse 
after the enable pulse but with the next following 
negative pulse after the first positive pulse. The “‘self- 
gate” is primed by the output of the gated multi- 
vibrator, and it then passes the next negative pulse 
from the train 0.5 ywsec later which triggers the stop 
multivibrator. The combined time jitter of the start 
and stop multivibrator is less than +0.05 usec. Worse 
jitter than this would worsen the time resolution, but 
has no first order effect on the measurement. 

The negative output of the zero-crossing amplifier is 
used to trigger the start multivibrator. A fourfold 
coincidence between “‘start” and “stop” outputs from 
both w and electron channels is required before any 
signal will be stored in the PHA. Switches are provided 
to eliminate this requirement from either side for test 
purposes. 

The ramp condenser that stores the charge propor- 
tional to ¢,-¢, is initially clamped to ground with two 
vacuum diodes. These diodes are cut off with the muon 
start multivibrator output and remain so until after 
the readout. 

The ramp charge pulse allows the ramp to be charged 
through a vacuum diode and two paralleled 100K 
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deposited carbon precision (+ 1%) resistors, by cutting 
off the tube which holds the diode plate below ground. 
The ramp will charge until the ramp charge stop pulse 
pulls the diode plate below ground. The “stop” output 
always outlasts the “‘start.” Similarly, the ramp dis- 
charge circuit allows the ramp to discharge through two 
100K precision resistors and a diode. The ramp circuit 
is thus made independent of tube characteristics since 
charging rates are determined by fixed resistors in 
series with vacuum diodes whose voltage drop in the 
forward direction is negligible compared with that 
across the charging resistors. The use of vacuum diodes 
throughout minimizes leakage currents stemming from 
finite back resistances. Leakage of the ramp condenser, 
which could introduce a systematic error, was checked 
and found to be negligible. The discharging rate may 
be varied with a potentiometer, in series with the fixed 
resistors. This will compensate for the frequencies of 
the pulsed oscillators not being identical. Adjustment is 
made for best time resolution as indicated by viewing 
the PHA when the same input is fed to both uw and e 
channels. 

The read multivibrator is triggered by the electron 
“stop” pulse after a delay to make sure all charging 
and discharging is complete. The read-out gated cathode 
follower gives an output linear in the charge on the 
ramp condenser with an adjustable pedestal. 
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Positive pions from the 90-Mev pion beam of the Nevis cyclotron were stopped in nuclear e1 


nulsion which 


was in a magnetic field of 25 000 gauss. The asymmetry parameter for the angular distribution of the posi- 


trons which came from the decay muons was measured. The result that PE= 
the asymmetry parameter ¢ is different from the value of 


0.87 +0.04 implies that either 
1 predicted by the V-A theory or that there is 


about 13% depolarization of positive muons in nuclear emulsion at 25 000 gauss 


I. INTRODUCTION 


HEN experimenters measure an angular dis- 
tribution of positrons from the decay of positive 

muons which have a polarization of magnitude P at 
the time of decay, they measure an angular distribution 
which usually is represented by the form 1+ <4 cos@ 
where @ is the angle between the initial directions of the 
muons and positron and a= (£/3)| P|. & is the asym- 
metry parameter intrinsic to muon decay. The V-A 
universal theory of Fermi interactions,'* which has 
been very successful in describing weak interactions, 
predicts that = —1. Clearly, only if the value of P is 
known can the value of £ be determined from measure- 
ments of the positron angular distribution. Many 
experiments, using various techniques, have been 
performed to measure a. In most of these experiments 
the value of P was unknown or only poorly known 
either because the initial polarization of the muons 
was unknown, as was the case when muon beams from 
cyclotrons were used, or because the extent of depolari- 
zation of the muons before they decayed was not known. 
When muons stop ip nuclear emulsion in the absence 
of any external magnetic field, they are depolarized 
by more than 50% before they decay. However, it 
has been shown by Orear et al.,‘ and also by Sens et al.,° 
that the presence of a large magnetic field applied in 
the direction of the muon spin direction can prevent 
most of this depolarization. These experiments gave 
good reason for the belief that in fields-of 9000 gauss 
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or more the muon depolarization in nuclear emulsion 
is negligible. 

If one could apply a large enough magnetic field so 
that the depolarization were rendered negligible, then 
the measurement asymmetry parameter for 
muons coming from pions which decay at rest in this 
large magnetic field would provide a direct measurement 
of t. One such experiment had been carried out by 
Barkas et al. who used a 14 200 gauss magnetic field 
and obtained an “a 0.23+0.05. This is 
two standard deviations away from the value of one- 
third expected theoretically if there were no depolari- 
zation. However, since the experiments of Orear and 
Sens indicated that the muon depolarization at this 
field is less than the 30% indicated by the Barkas 
experiment, it was of interest to measure the asymmetry 


of the 


V ilue”’ of 


parameter in nuclear emulsion under a larger magnetic 
field and with greater precision. 

This paper is a report on a measurement of the muon 
decay asymmetry parameter based on observations of 
more than 95000 muon decays in nuclear emulsion. 
These muons came from pions which decayed at rest 


in a magnetic field of 25 000 gauss. A preliminary report 
of this experiment has already been published.’ 


Il. THE EXPERIMENT 
A. Description 


The mesons which were used in this experiment were 
obtained from the 90-Mev x* beam of Nevis 
cyclotron. The pions were slowed down and brought to 
stack of 
composed of approximately 


the 


This stack was 
100 Ilford G-5 pellicles, 
each 600 microns in thickness and measuring one inch 
by two-thirds inch. These pellicles were placed in such 
a way that the pions entered the two-thirds inch edge 

Those muons which were present 
range too large for them to stop in 
the stack. The stack was placed inside a magnetic field 
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F. M. Smith, Phys. Rev. 107, 911 (1957 
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rest in a nuclear emulsion. 


as shown in Fig. 1 
in the beam had a 
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of 25 000 gauss with the magnetic field direction being 
in the plane of the pellicles. The pellicles were exposed 
to an integrated flux of about 5X10‘ pions/cm*, the 
vast majority of which stopped in the central one-half 
of the pellicles. 

If all of the decay muons in these plates were traveling 
in the direction of the magnetic field, the angular dis- 
tribution of the positrons from the muon decay would 
have the form 1+ <4 cos where ¢ is the angle between 
the direction of motion of the positron and the magnetic 
field direction. But the muons from pion decays have 
an isotropic distribution, as they must if the pion has 
zero spin. A muon which makes an angle 8 with the 
magnetic field will precess about the magnetic field 
direction so that when it decays nothing is known about 


the component of the spin perpendicular to the magnetic: 


field direction. Only the component of the spin in the 
magnetic field direction is known. For this reason the 
only angles worth measuring are the angles that the 
muon and positron make with the magnetic field. In 
the magnetic field direction the muon has a polarization 
cos8. Thus the angular distribution has the form 
1+ cos@ cos@. In this experiment no attempt was made 
to verify this distribution. The only object was to 
measure the asymmetry parameter a on the assumption 
that this distribution is valid. 

The scanning procedure which was adopted was 
designed to minimize the scanning time necessary to 
obtain a result of a given precision. Thus, the attempt 
was not to obtain the most information per event, but 
rather to obtain the most information per scanner hour. 
This was practical because there were more events in 
the plates than were needed. When the time required 
to find events is small, a method which requires the 
scanner to measure only projected angles can be more 
efficient with regard to scanner time than a method 
which requires the scanner to measure the space angles 
@ and 8. Furthermore since very little information is 
contained in those w-y-e events in which the muon or 
the positron directions have small components in the 
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Fic. 1. Exposure geometry. Upper pole tip is not shown. 
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Fic. 2. Orientation of microscope eyepiece cross hair. 


field direction, there is an advantage to be gained by 
not recording these events. 

The following scanning procedure was adopted at 
Cornell. A diagonal cross hair was placed in an eyepiece 
of the microscope and the plate placed on the micro- 
scope stage in such a way that the magnetic field 
direction bisected the left and right quadrants formed 
by the cross hair. This is shown in Fig. 2. The plates 
were scanned for muon endings, using a magnification 
of about 500. Upon finding a muon ending, the scanner 
recorded it only if the muon ending was more than 30 
microns from the surface of the processed emulsion 
(which corresponds to about 75 microns in the un- 
processed emulsion) and only if both the initial pro- 
jected directions of both the positron and muon lay 
in the quadrants bisected by the magnetic field. In 
other words, those events in which either the muon 
or the positron started out in either the forward or 
backward quadrant were not recorded. Clearly only 
one quarter of the events had muon and positron 
directions both in the side quadrants. Therefore, only 
one quarter of the events which satisfied the depth 
criterion were recorded. In the scanning no muons were 
followed from one plate to another. When the muon 
came from a pion which had stopped outside the 
pellicle in which the muon had stopped, which was the 
case for about one-half of the events, the initial direction 
of the muon was approximated by its direction upon 
entering the pellicle. 

The scanners recorded four things for each recordable 
event: 1. The position of the muon ending, 2. Whether 
or not the muon came from a pion which decayed in the 
same plate, 3. Whether the muon went left or right, and 
4. Whether the positron went left or right. From these 
data the uncorrected asymmetry parameter was esti- 
mated by the expression: a= 2[ (S—O)/(S+0) ], where 
S is the number of recorded events in which the muon 
and positron directions are in the same quadrants and 
O is the number of events in which they are in opposite 
quadrants. This expression for a can be derived’ by 
integrating over the distribution 1+4 cos@ cos@ to find 
the expected number of events which occur in the S 
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and O categories. It is only fortuitous that this inte- 
gration yields the same numerical constant as is used 
when estimating @ from simple forward backward 
counts. 

In addition to the scanning procedure outlined above, 
the scanners were instructed to be on the alert for the 
decay of a muon into three charged secondaries. Most 
of the scanning was done at Cornell University. 
However, some of the stack was scanned at Columbia 
University where the scanning procedure was basically 
the same as the one at Cornell. 


B. Corrections 


There are a number of systematic errors for which 
the experimentally measured asymmetry parameter 
must be corrected. For each effect a correction 6 will 
be determined. This quantity 4 is the fractional amount 
by which the measured asymmetry parameter must be 
changed in order to correct for the effect in question. 

As was mentioned earlier, the scanning procedure 
used was such that the pion decay was observed for 
only about one-half of the recorded events. For the 
rest of the events the initial muon directions were 
approximated by the directions which the muons had 
when they entered the pellicle in which they decayed. 
This introduced an error in the measured asymmetry 
parameter because the muons scattered through an 
unknown angle » before entering the pellicle. This 
scattering effect does not change the number of muons 
recorded because just as many muons scatter into 
criterion as scatter out of criterion. The average 
polarization of the muons which were recorded is 
decreased because of this scattering Since the measured 
asymmetry parameter is proportional to the average 
muon polarization, the change in average polarization 
must be taken into account. 

In order to determine what correction to the asym- 
metry parameter was needed to account for this multiple 
scattering effect, detailed multiple scattering calcula- 
tions® were carried out using the exact multiple scat- 
tering distribution of Goudsmit and Saunderson. The 
correction depends upon the thickness ¢ of the region 
near the surface of the pellicle in which muon endings 
were not recorded. The larger the value of e, the smaller 
is the correction. On the average the value of ¢€ used 
was 75 microns Corresponding to this value of ¢« the 
multiple scattering correction is dm.= 1.5%. 

In an attempt to obtain larger grain densities the 
pellicles were processed before being mounted on glass. 
Because of this there was lateral shrinkage, and this 
shrinkage was on the average four percent greater in 
the magnetic field direction than it was in the direction 
perpendicular to the magnetic field. This necessitated 
a lateral shrinkage correction 5;,= — 1.2%. 

To compensate for the uncertainty in the direction 
of the field a 5n= 0.2% 
estimated. 


magnetic correction was 


AND 
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A small fraction of the muon stopping in the 


pellicles came from pions which decayed in flight. 


Because. of the fact that only for one-half of the events 
is the pion decay seen, some of these unwanted muons 
were recorded. Since these muons had no polarization 
in the magnetic field direction, they increased the 
number of muons recorded without affecting the S—O 
difference on the average, and a correction equal to the 
fraction of muons coming from pion decays in flight is 
necessary. To determine this number 553 muons which 
were in criterion were followed into the next pellicle to 
see if the pion decayed there, and ten were found to 
have come from pion decays in flight, necessitating a 
decay in flight correction of 64,=0.9+0.4%. 

The data must also be corrected for scanning effi- 
ciency. The efficiency for finding positrons was very 
good and no correction was necessary for this effect. 
Of the approximately 24 000 events for which the pion 
decay was observed and the muon was within the 
criteria, there were only 9 cases where the positron was 
not observed. In addition no positron was found on 
0.2% of the endings of tracks which looked like muons 
but were not observed to come from pions. A few of 
these were probably protons and a few more were 
endings of cosmic-ray negative muons. Also, there were 
133 endings which were labeled as probable proton 
endings. A tew of these may have been muons. 

The efficiency for finding events varied within a 
range of from 80 to 100% from one scanner to another. 
The average efficiency for finding recordable events was 
measured by means of a random rescanning to be 
(95+1)%. Missing events constitute a bias only if the 
missed events are preferentially of one type. For 
example, the missed events might be preferentially 
steep events. The average value of cos§, where @ is the 
angle the muon makes with the magnetic field direction, 
is a measure of the average polarization of those muons 
in this direction. This in turn is proportional to the 
average “a value.”’ For recordable events this average 
polarization should be 4. For those events which had 
been missed and were found in the random rescanning, 
the average value of cos8 was measured, and was found 
to be 0.63+0.05. From this one obtains the correction 
needed to correct for missed events of 6,.=—0.6 
+0.4%. 

As a check against possible recording mistakes, 
approximately one-half of the recorded events were 
re-examined. From the results obtained it was con- 
cluded that the few recording mistakes which existed 
caused a negligible error in the measured asymmetry 
parameter. A number of checks were made of the data 
to determine if they were self-consistent. The data of 
the different scanners were compared with one another, 
and a plate by plate analysis of the data was made. In 
all cases the data demonstrated self-consistency. 

Due to radiative effects, there are small corrections 
which must be made to the theory. In both pion and 
muon decay internal bremsstrahlung photons are 
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emitted in addition to the other decay products. In 
pion decay these radiative effects can cause the muon 
not to be completely polarized. This effect is believed 
to be less than 0.1%.* In muon decay, radiative effects 
reduce the effective value of & Kinoshita and Sirlin” 
calculated this correction to be 6,=0.3% 

The corrections can now be accumulated to deter- 
mine the final correction. Those which have been 
determined are listed below. 


bae= 1.52%0.2% 
6. —1.2+0.1 
6n= 0.2+0.1 
bas= 0.9+0.4 
—0.6+0.4 


5 me= 


Bh: 
0.1140.6% 


This final correction as well as the uncertainty to the 
correction is quite small compared with the statistical 
error of four percent associated with the asymmetry 
parameter measurement. 


C. Results 


A total of 18555 events were recorded at Cornell 
and from them the corrected asymmetry parameter 
estimate is a= —0.292+0.015. In addition, 5372 events 
were recorded at Columbia and from these the estimate 
is a= —0.286+0.027 The combined asymmetry pa- 
rameter based on 23 927 events is a= —0.290+0.013. 
This corresponds to a value of PE= —0.87+0.04. 

In the course of the experiment more than 95 000 
muon endings were observed and more than half of 
these were observed with care. No case of the muon 
decaying into three charged secondaries was observed. 


Ill. REVIEW OF MUON ASYMMETRY 
PARAMETER MEASUREMENTS 


There have been many experiments which have 
measured the asymmetry parameter @ in y-e decay. 
These measured values of a are equal to $P,P2¢, where 
{ is the asymmetry parameter intrinsic to muon decay, 
P, is the average polarization of the muons which are 
used for the measurement, and P; is the extent to which 
the muons are not depolarized in the material in which 
they are brought to rest. These experiments can be 
grouped into a number of types. 

First, there are the counter experiments which used 
cyclotron muon beams. It was found in these experi- 
ments that the measured “a-value’”’ depended greatly 
upon which stopping substance was used. But for a 
large class of substances, which included graphite, there 
was a maximum “a-value” within the statistical ac- 
curacy of about 10% with which most of the data were 
taken. This has generally been interpreted to indicate 
that P, is nearly unity for these substances. An al- 
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ternate interpretation is that there exists a depolari- 
zation mechanism common to many of these substances 
and that all of them depolarize muons to about the 
same extent. 

Experiments in which the muons came from pions 
which decayed at rest in the presence of very small 
magnetic fields which include both nuclear emulsion 
experiments and bubble chamber experiments have the 
advantage that P, is determined only by the pion decay 
and is equal theoretically to unity. Their disadvantage 
is that the stopping media ure limited to substances 
which turn out to have values of P, which are consider- 
ably less than unity. Many of the nuclear emulsion 
experiments suffer from poor statistical accuracy. For 
this reason they are subject to the suspicion that the 
world average “a-value” of —0.111+0.011 obtained 
from the twelve published emulsion experiments!” 
which were performed at small magnetic fields may not 
represent the world average of performed experiments 
because experimenters are less apt to publish a result 
which is not statistically significant. Thus, there is 
a suspicion that the world average of emulsion “a 
value” measurements is too high. There have been a 
few emulsion experiments in which the emulsion has 
been placed in a large magnetic field in an attempt to 
reduce the depolarization of the muons. Orear et al.‘ 
used the Nevis cyclotron muon beam. The muons were 
stopped in nuclear emulsion on which was imposed a 
magnetic field of 9000 gauss in the direction of the 
muon spin. In this experiment both P; and P, were 
unknown. But P; was much nearer unity than in pre- 
vious emulsion experiments. The experiment of Barkas 
et al.* used muons from pion decays at rest in a magnetic 
field of 14200 gauss and obtained an “a-value”’ of 
—0.23+0.05. 

In addition to the present experiment there are three 
recent experiments which have considerably better 


” J. 1. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 (1957). 
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statistical accuracy as well as larger measured “a 
values” than previous experiments. The present 
experiment, the experiment of Ali-Zade et al.,” and 
the experiment of Plano et al.* used muons from pions 
which decayed at rest and used a large magnetic field 
in an attempt to prevent depolarization. In this 
experiment and in the experiment of Ali-Zade et al. 
nuclear emulsion in magnetic fields of 25 000 and 27 000 
gauss, respectively, were used. Ali-Zade’s group ob- 
tained P,¢=—0.97+0.06. In Plano’s bubble chamber 
experiment the stopping substance was liquid hydrogen 
in a magnetic field of 7000 gauss and the result was 
P,t= —0.93+4-0.065. The experiment of Bardon et al.”* 
used muons from decays in flight of pions of known 
energy. By using those muons which make the maxi- 
mum possible angle with the pion beam, muons of 
known energy and polarization were obtained. In this 
case muons were stopped in bromoform, a substance 
in which previous experiments had indicated, but with 
poor accuracy, that there is little depolarization of the 
muons. Their measured value was P,§= —0.97+0.05. 

The values for P2é of —0.97+0.06, —0.93+0.065, 
and —0.97+0.05 obtained in these three experiments 
are in good agreement with the theoretical prediction 
that §=—1. They are also consistent with the value of 
—0.87+0.04 obtained in this experiment. 


IV. DEPOLARIZATION OF MUONS 
A. Mechanisms 


The mechanisms by means of which positive muons 
are depolarized in the material in which they are 
brought to rest are not very well understood. The 
subject of the depolarization of Fermions as they pass 
through matter was first given a comprehensive treat- 
ment by Wolfenstein®* who showed that protons suffer 
negligible depolarization as they are slowed down and 
brought to rest. More recently Ford and Mullin?’ 
demonstrated that the depolarization of 4-Mev muons 
as they are brought to rest is less than 0.1%. 

After the muon comes to rest depolarization may 
occur. Before one can understand the muon depolari- 
zation, one must know what position the muon assumes 
within the stopping material. This question is par- 
ticularly hard to answer for an amorphous substance 
such as nuclear emulsion. By weight and by stopping 
power nuclear emulsion is predominantly silver bromide. 
However, in terms of numbers of atoms, nuclear emul- 
sion is about 25% silver bromide and 75% gelatin. 


%S. A. Ali-Zade, I. I. Gurevich, U. P. Dobretzov, B. A 
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When a muon is nearly stopped, only the valence 
electrons are effective in bringing the muon to rest. 
Therefore, one can expect that most of the muons stop 
in gelatin. 

The muons probably do not exist as simple muonium 
atoms to any appreciable extent. The experiments 
which have measured the precession rate of muons in 
nuclear emulsion did not find a precession rate corre- 
sponding to the muonium magnetic moment. This 
means that if the muons exist as simple muonium 
atoms, they are depolarized very quickly (~10-’ 
second) by local fields, and those muons which remain 
polarized at zero external magnetic field are not in 
muonium atoms. Nevertheless, it is instructive to 
consider the depolarization of the muon when muonium 
is formed because the muonium system can serve as a 
model for other more complicated systems. Since no 
electron can be appreciably closer to the muon than 
the electron is in the muonium atom, the depolarization 
obtained for the muonium atom should give a good idea 
of the upper limit of the depolarization obtainable by 
means of this type of mechanism for any configuration 
of the muon. 

The muonium depolarization calculation shows that 
for an S state muonium atom there is 50% depolari- 
zation within a time on the order of 4/AE=3X10™ 
second, where AE is the hyperfine splitting. However, 
this depolarization can be reduced by the presence of 
a large external magnetic field. The depolarization as a 
function of magnetic field H (in gauss) is given* by 


re 
2L1+(H/1600)2} 


At 25 000 gauss the depolarization is about 0.2%. The 
magnetic field serves to decouple the muon and electron 
spins and inhibits the mixing of spin states. In a mag- 
netic field which is very large compared with 1600 gauss 
the magnetic energy of the electron is large compared 
with the hyperfine interaction energy. However, it 
would take fields large compared to 10° gauss to make 
the magnetic energy of the muon larger than the 
hyperfine energy. Thus, the effect of a magnetic field 
of around 10* gauss is to fix the electron spin direction 
and thereby indirectly fix the muon spin direction by 
means of angular momentum conservation, rather than 
directly to fix the muon spin direction. 

If a proton entered a solid, it certainly would not 
exist in the form of nascent hydrogen. Nor does the 
muon form an isolated muonium atom. A more rea- 
sonable expectation is that a proton would attach itself 
to a molecule. A muon in a hydrogen-like molecule 
would not depolarize at all because in the ground state 
of the hydrogen molecule the electron spins are paired 
and there is no hyperfine splitting. In order to depolarize 
a muon which is in a magnetic field of a few thousand 
gauss there must be an unpaired electron. 

If this unpaired electron is in an S state, it will not 


i-P= 
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be able to depolarize the muon to any greater extent 
than the muon is depolarized in the ground state of the 
muonium atom. Suppose, however, the electron is not 
in an S state. Can the addition of a spin-orbit effect 
enhance depolarization? Some indication of what 
occurs in such a situation may be obtained by an 
investigation of a P-state muonium atom. Though 
other systems may differ from a P state muonium atom 
in the magnitude of the fine structure and hyperfine 
structure splittings, the effect is qualitatively the same. 
However, at large fields the depolarization of the muon 
is much less in the 2P state than it is in the 1S state.* 
Thus, it appears that even though muonium is not 
formed, the muonium depolarization calculation serves 
as an upper limit for the depolarization which would 
occur by this type of mechanism no matter which 
molecular structure the muon joins. 

When the muon is almost stopped, it can be expected 
to pick up an electron for a short time and then lose it 
and repeat this process a few times before coming to 
rest. This successive muonium formation has been 
suggested® as a possible explanation of the fact that the 
measured depolarization is considerably greater than 
the depolarization calculated by means of the muonium 
model. However, in view of the fact that the precession 
time for the muon in muonium is larger than the slowing 
down time, there is not enough time to depolarize the 
muon during slowing down by even as much as it would 
be depolarized by a single muonium formation. 

After it comes to rest the muon may suffer repeated 
collisions with surrounding molecules, and in some of 
these collisions the muon and the molecule with which 
it collides may exchange electrons. Each such exchange 
is effectively the formation of a new muonium atom. 
Even if each electron exchange causes only a 0.2% 
depolarization, 50 such exchanges could cause 10% 
depolarization. If this mechanism were an important 
one, measurements of the asymmetry parameter would 
show a decrease as a function of the time during which 
the muon is at rest before it decays. The measurements 
of Swanson**.” showed that no large time dependence 
of the “a value” exists for nuclear emulsion. If all of 
the muons have the same relaxation time his experiment 
rules out the possibility that a 20% depolarization 
occurs by means of this mechanism. It does not rule 
out the possibility of a 10% depclarization. It is 
possible, however, that only some of the muons come 
to rest in such a position that this mechanism is effec- 
tive, and for these few it could be so effective that at 
zero magnetic field these muons are fully depolarized 
in less than 10~’ second. If the relaxation time were 
this small the time dependence would not have been 
observed. This type of spin relaxation effect would be 
temperature dependent and the depolarization might 
be reduced by lowering the temperature of the nuclear 
emulsion. 


28 Robert A. Swanson, Phys. Rev. 112, 580 (1958) 
* Robert A. Swanson (private communication). 
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B. Experiments 


In discussing the experiments which have measured 
the depolarization of muons in various materials the 
viewpoint will be taken here that the V-A theory of 
Fermi interactions is correct. Then all measurements 
of the muon decay asymmetry parameter can be taken 
as measures of the depolarization P; of the muons at 
the time of decay. The experiments which use muons 
from pions which decay at rest can be used directly to 
determine P,. The cyclotron experiments can be used 
only after some measure of the cyclotron muon beam 
polarization is obtained. Both the Chicago and the 
Columbia cyclotron groups**” measured the asymmetry 
parameter using propane and nuclear emulsion as 
stopping substances. These “a values” can be used to 
obtain the depolarization in any other stopping sub- 
stance used in the cyclotron experiments by making 
use of the “a values” measured in nuclear emulsion 
and propane directly. For example, P, for graphite, the 
material for which the most accurate measurements 
were made, is given by 


a (graphite) 


a (emulsion) 


P.(graphite) = P:(emulsion) 


In this manner four values of P,(graphite) were ob- 
tained as follows: P,=0.724+0.12 obtained from the 
Columbia® data and the emulsion world average, 
P,=0.88+0.13 obtained from the Chicago data and 
the emulsion world average, P2=0.77240.12 obtained 
from the Chicago data and the propane world average, 
P,=0.79+0.11 obtained from the Columbia™ data and 
the propane world average. The average of these values 
is P,=0.79+0.07. This result is at variance with the 
heretofore generally accepted belief that there is 
negligible depolarization of muons in graphite. This 
belief was supported by the fact that Sens et al.® did 
not succeed in increasing the asymmetry parameter 
with a magnetic field when graphite was used as a 
stopping material, whereas a marked asymmetry 
parameter increase was obtained for nuclear emulsion 
and for vitreosil (fused SiO,). However, the accuracy 
of this experiment was such that a 20% effect might 
not have been observed. It seems unlikely that this 
result that there is 21+7% depolarization in graphite 
is due to systematic errors in the experiments because 
there is such good agreement among the four ways of 
calculating ?,, The one systematic error which is 
suspected is the one mentioned in the last section that 
the world average of emulsion experiments may be too 
high. If this were so, the estimate of the depolarization 
in graphite would need to be even larger than this 
estimate of 21%. 

In Table I is listed the values of P, for all of the 


* Marcel Weinrich, Ph.D. thesis, Columbia University, 1958 
(unpublished ). 

“" The Columbia data used were the relative values tabulated 
in Fig. 7 of Weinrich’s thesis.” 





LYNCH, OREAR, 


AND 


ROSENDORFI 


Tas.e I. Depolarization measurements. 


Stopping substance 


Nuclear dtectden | (zero field) 
Propane (zero field) 

Nuclear emulsion (14 200 gauss) 
Liquid hydrogen (zero field) 
Graphite 

Nuclear emulsion (25 000 gauss) 
Liquid hydrogen (7000 gauss) 
Bromoform (zero field) 

Nuclear emulsion (27 000 gauss) 


Barkas et al.‘ 


Plano et al.® 
Bardon et al.! 
Ali-Zade et al.! 


* See references 11-22 
> 1. A. Pless, A. E. 
Phys. Rev. 108, 159 (1957) 
*M. H, Alston, W. H. Evans, T. D. N. Morgan, R 
4V.V. Barmin, V. P. Kanavets, B. V. Morozov, 
34(7), 573 (1958) } 
* A. I, Alkhanian, V. G. Kirillov-Ugriumov, L. P. 
(translation: Soviet Phys.-J ETP 34(7), 176 1938). 
! See reference 6 
* A. Abashian, R. K. Adair, R. Cool, A. Erwin, J. Kopp, L. 
and W. J. Willis, Phys. Rev. 105, 1927 (1957). 
» See reference 24. 
' See reference 26 
) See reference 25. 
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substances in which it has been measured directly, as 
well as the value of P, for carbon which has just been 
calculated. Three substances, bromoform, nuclear 
emulsion at 25 000 gauss, and liquid hydrogen at 7000 
gauss appear to cause less depolarization than graphite. 
As a matter of fact, the original measurements on 
bromoform by the Columbia group did give a consider- 
ably larger “a value” than the graphite “a value.” 
However, this was regarded as a statistical fluctuation 
rather than a real effect, and the bromoform measure- 
ments were never carried out with the precision that 
was used for many of the other substances. It would be 
instructive if someone were to do more accurate “a- 
value” measurements for bromoform to see if the 
asymmetry parameter for bromoform is greater than 
that for graphite by the factor of 1.23+0.12 which is 
indicated by present experiments. 
In Fig. 3 is plotted the measured value of P, 

nuclear emulsion as a function of magnetic field. Orear 
et al.* measured an “a value” at 9000 gauss which was 
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Fic. 3. Plot of P, for nuclear emulsion vs external magnetic 
field. The depolarization of muons stop ping in nuclear emulsion 


is (1— Ps). 


12 emulsion experiments* 
4 bubble chamber experiments”~* 


Abashian et al.* 
Cyclotron experiments plus emulsion and propane data 0.79 
Present experiment 


Brenner, R. W. Williams, R. Bizzarri, R. H. Hildebrand, R. H. 


W. Newport, and P. R. Williams, Phil. Mes. 2, 
and |. I. Pershing, J. Exptl. Theoret. Phys. (1 S.R 


E,. P. Kuznetsov, and I. S. F 


Leipuner, T. W. Morris, D. C 


Data used 


0.33340.033 
0.57 +0.05 
0.69 +0.15 
0.75 +0.14 
+-0.07 
0.87 +0.04 
0.93 +0.065 
0.97 +0.05 
0.97 +0.06 


Milburn, A. M. Shapiro, K 


1143 (1957 


34, 830 JETP 


S.S.R.) 34, 253 (1958) 


Rahm, R. R. Rau, A. M horndike, W. L. Whittemore, 


nearly identical to the “a value” which had been 
measured for graphite with the same Nevis cyclotron 
muon beam. Therefore, a depolarization equal to that 
which was calculated for 
this point. The data of Sens et al. were not reported as 
“q-values,”’ but rather as the ratio of positrons counted 
in a fixed counter in the forward direction to muons 
stopping. These reported values were grouped into a 
few intervals and the group averages were converted 
to “a values.” These ‘ were multiplied by 
three and divided by the Chicago cyclotron muon beam 
polarization to obtain P,. The muon beam polarization 
was obtained by averaging the ratio of the propane 
“a value” measured with the Chicago cyclotron muons 
to the world average propane “a value” with the 
analogous ratio for nuclear emulsion data. This average 
is P,=0.83+0.09. No atte mpt is made to fit the points 
with a curve. However, the depolarization expected 
from single muonium formation is 
parison. The data 
muonium curve. 
The values of the pola 
in Fig. 3 are all based on the 
intrinsic 
minus However, if 
quantity which is 
rather than P3. 
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Vv. CONCLUSION 


The result of this experiment that — P&=0.87+0.04 
for muons stopping in nuclear emulsion at 25 000 gauss 
is more than three standard deviations away from the 
value of —1 which is predicted by the V-A theory for 
completely polarized muons. There is than one 
chance in 300 in obtaining a discrepancy this large by 
the theory is 
ere is about 13% 


] 
icss 


This means either 
1, or that tl 


alone. than 


and that |é 


chance 
incorrect 





MUON DECAY IN NUCLEAR 
depolarization of muons in nuclear emulsion at 25 000 
gauss. 

The experimental information available at present 
is still quite consistent with a value of = —0.9. More 
accurate measurements are necessary to remove this 
ten percent uncertainty in the value of . In view of 
the success which the V-A theory has had, the most 
likely explanation seems to be that the muons do 
depolarize even at this large field. Those depolarization 
mechanisms which have been treated adequately do 
not give rise to any appreciable depolarization at 25 000 
gauss. However, the nature of depolarization mechan- 
isms is not understood sufficiently to rule out the 
possibility that substantial depolarization occurs. In 
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fact, what experimental evidence exists supports this 
conclusion. 
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The relation between low-energy pion-nucleon scattering and pion photoproduction {s examined. Correct 


extrapolation to threshold of both the x* and x 


photoproduction data gives agreement with theory. A 


recent new method for analyzing the scattering data is applied giving a; =0.178, a= —0.087, and reasonable 
agreement with the Panofsky ratio P = 1.5 is obtained. An inner Coulomb correction to the scattering data 
helps to improve this agreement. The possibility of detecting a x —# interaction by low-energy pion scat- 
tering is examined. A new dispersior relation connects the s- and p-wave phase shifts at low energies; this 
relation excludes some well-known sets of phase-shift curves. 


I. INTRODUCTION AND SUMMARY 


HE violation of the well-known connection 

between low-energy pion scattering and threshold 

pion photoproduction via the Panofsky ratio have given 

some stimulus to theoretical studies of these low-energy 
phenomena. 

In 1958 the situation was clarified by Cini et al.,’ who 
asserted that the data were in agreement with a 
Panofsky ratio P=1.5 and a threshold #~/x* ratio 
r=1.3. This agreement was achieved by two steps: 


(i) Following a suggestion of Bernardini,” the extra- 
polation of the x* photoproduction cross section to 
threshold was improved by allowing for the retardation 
term. This increased the threshold value. 

(ii) It was suggested that the pion scattering crossing 
relations gave a new plot for the scattering phase shifts. 
This led to the very low value a,—a,;=0.24 (in units 


* This work was supported in part by a grant from the U. S. 
Air Force, European Office, Air Research and Development 
Command. 

'M. Cini, R. Gatto, E. L. Goldwasser, and M. A. Ruderman, 
Nuovo cimento 10, 242 (1958). 

2G. Bernardini, Suppl. Nuovo cimento 1, 104 (1955) 


h=c=y=1) where a;, a, are the T=} and T=} 
scattering lengths. 


A brief survey of the data and of these arguments is 
given in Sec. II below. Comments on this scheme include 
the following: 


(a) Beneventano et al.* asserted that the increased 
thresholc value for r* photoproduction was now in 
disagreement with the threshold photoproduction 
measurements of Adamovit et al.* (using y+D) if we 
wished to retain r=1.3. We show in Sec. II that on 
using the correct extrapolation for both the #* and 2~ 
photoproduction data, and using the correct values of 
Adamovit’s results, this difficulty disappears. For this 
extrapolation we use the dispersion relation of Chew, 


*M. Beneventano, G. Bernardini, G. Stoppini, and L. Tau, 
Nuovo cimento 10, 1109 (1958). 

*See 1958 Annual International Conference on High-Fnergy 
Physics at CERN, edited by B. Ferretti (CERN Scientific In- 
formation Service, Geneva, 1958), p. 49. 

* G. F. Chew, M. L. Goldberger, F. Low, and Y. Nambu, Phys. 
Rev. 104, 1345 (1956). 
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(b) The value a;—a;=0.24 is in disagreement with 
the usual plots of the experimental scattering data. 
Chiu and Lomon® get a,—a;=0.28. Another recent 
analysis of the low-energy scattering data by Barnes 
et al.’ gives s-wave phase-shift values 


a, = 0.205k—0.09K+0.018k°, 


(1 
a3= —0.115k, } 


where k is the pion c.m. momentum. We estimate that 
the statistical errors in the scattering lengths in this 
analysis are given by 


a,=0.205+0.005, a;=—0.115+0.003. 


This gives a,—a;=0.320+-0.006 and would require a 
great increase in the Panofsky ratio over the value 
P=155. 

We wish to emphasize that the arguments of Cini 
et al.! imply that the conventional expansion of either 
of the s-wave phase shifts in powers of & is not a good 
approximation when energies greater than 50 Mev are 
involved. In Sec. VI recent values of both the phase 
shifts are analyzed by the new method. This gives 


a,;=0.178+0.005, a,;= —0.087+0.005, 


SO @\—@;=0.265+0.007. The value of a; has appreci- 
ably changed from the old value (—0.11). 

Using these values of the scattering lengths, the 
correct threshold photoproduction values and a new 
Coulomb correction to the scattering lengths (see Sec. 
IV), it is clear that the low-energy data are consistent 
to within the experimental errors. 

In Sec. III we examine whether the s-wave pion 
scattering data proves the existence of a direct pion-pion 
interaction. If we express the low-energy behavior of 
the (T'=}4) s-wave phase shift a, by the effective range 
formula 

k cota, = (1/a;)+47.4*+---, 


then by (1) above we get r.~5(#/yc). This large value 
of the effective range might be thought to imply that 
the interaction between the s-wave pion and the nucleon 
has a radial extent of at least #/uc= 1.4 10-" cm. The 
usual picture of the s-wave interaction being due to 
virtual nucleon-pair formation necessarily gives a very 
short range (a radial extent <0.2X10-" cm). A pion- 
pion interaction could give a further scattering of the 
incident pion by the pion cloud which constitutes the 
outer part of the nucleon. Such an interaction could 
give values of r, as large as 5 units. 

It is shown in Sec. III that we cannot infer the 
existence of a pion-pion interaction in this way. When 
the scattering length @ is small, the presence of a small 

*H-Y Chiu and E. Lomon, Ann. Phys. (New York) 6, 50 
(1959). See also the report of the 1958 CERN Conference, refer 
ence 4, for other results 

™S. W. Barnes, B. Rose, G. Giacomelli, J. Ring, K. Miyahe, 
and K. Kinsey, Phys. Rev. 117, 226 (1960); S. W. Barnes, W. H. 


Winet, K. Miyahe and K. Kinsey, 117, 238 (1960). We are much 
indebted to Professor Barnes for sending us the manuscripts 


W. S. WOOLCOCK 

velocity dependent part in a short-range potential can 
also lead to a large value of r,. Another method which 
sometimes can determine the range of an interaction— 
Wigner’s causality condition—is also invalid in the 
present case. 

In Sec. IV we make small corrections to the scattering 
lengths to allow for Coulomb effects which are usually 
ignored. Two facts are relevant, (i) the electrostatic 
potential is not zero inside the nucleon (i.e., r¢1) as 
is usually assumed, (ii) the proton’s charge is spread 
over the nucleon’s volume. Taking these facts into 
account, the corrected scattering lengths represent the 
strictly mesonic scattering. On comparing the scattering 
data with photoproduction via the Panofsky ratio, the 
value of (a;—a;) as deduced from scattering must be 
reduced by 0.02. This is because the values of a; and a3 
quoted above do not include these new Coulomb cro- 
rections. 

In earlier analyses certain interference 
terms were allowed for, and as a result, the final values 
of the s-wave phase shifts varied’ with an arbitrary 


Coulomb 


Fic. 1. (a) Values of the 
- photoproduction coefh 
cient ao. A—Adamovié et 
al., reference 12. (b) Values of 
the x* photoproduction coeffi 
cient ag*. Z Adamovit et 
12; @—Bene 
ventano et al., reference 14; 
© —Leiss, Penner, and Ro 
reference 15; @ 
Azuma, reference 
Barbaro and Gold 
reference 17. The 
theoretical curves in both 
figures calculated from 
the dispersion relation of 
Chew et al., reference 5, with 
f?=0.08 and N =(),—0.025 
0.05 [curves (1), 
, respectively ] 
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radius parameter ro. Our method removes this unde- 
sirable dependence on fo. 

In Sec. V we give a new dispersion theory relation 
connecting the low-energy behavior of the s-wave and 
p-wave phase shifts. This relation suggests that the 
energy dependence of the set of s-wave and p-wave 
phase shifts proposed by Chiu and Lomon,' and of the 
set proposed by Barnes et al.,’ is inadmissable. The new 
dispersion relation gives some support to the new set 
of phase-shift curves which we give in Sec. VI. 


Il. THE LOW-ENERGY DATA 
(a) Panofsky Ratio 


Recent measurements of the ratio 
a(n +p— r°+n) 


P rn 
o(x-+p—y+n) 

for negative pions captured in hydrogen are P= 1.50 
+0.15 (Cassels et al.*), 1.872-0.10 (Marshall et al.’), 
and 1.46+0.10 (Koller and Sachs). Here we shall 
assume that the value is 1.5+0.1. 


(b) Photoproduction Data 


The cross sections for the processes y+p — r++, 
yt+n— x-+>? are written in the form" 


da kw* 
—= (ao+a; cos6+ a2 cos’). (2) 
dQ (1+0*/M/) 


6 is the angle of the pion in the center-of-mass system, 
k is its center-of-mass energy and (w*+M) is the folal 
energy in the c.m. system (M=nucleon mass; u 
mass). 

The experimental values for the above coefficients 
ao* (which refer to the r* cases) are plotted in Fig. 1. 
The ao values are due to Adamovité et al." and are 
deduced from the photoproduction in deuterium using 
the theoretical corrections of Baldin™® to give the 
equivalent free nucleon values. The ag* values are due 
to various workers as indicated.2-4-"” 


* J. Cassels et al., Proc. Phys. Soc. (London) A70, 405 (1957) 

*J. Fischer, R. March, and L. Marshall, Phys. Rev. 109, 533 
(1958). 

” E. L. Koller and A. M. Sachs, Bull. Am. Phys. Soc. 4, 24 
(1958). See also A. W. Merrison et. al., Proc. Phys. Soc. (London) 
73, 545 (1959). 

" See A. J. Lazarus, W. K. H. Panofsky, and F. R. Tangherlini, 
Phys. Rev. 113, 1330 (1959). Our definition of ao, a:, a2 agrees 
at theshold with that of M. Beneventano, G. Bernardini, D 
Carlson-Lee, and L. Tau, Nuovo cimento 4, 323 (1956). For 
photon energies, up to 220 Mev the two phase space factors 
differ by no more than a few percent. 

2M. Adamovit et al., Dubna, 1959 (to be published). We are 
indebted to Professor Adamovit for a copy of their paper. 

3 A. M. Baldin, Nuovo cimento 8, 569 (1958). 

4M. Beneventano et al., Nuovo cimento 4, 323 (1956) 

16 J. E. Leiss, S. Penner, and C. S. Robinson, Ninth Interna 
tional Conference on High-Energy Physics, Kiev, 1959 (un 
published). 

6 Lewis and Azuma, reference 15. 

17 G. Barbaro and E. L. Goldwasser, references 4 and 15. 


pion 


PION PHENOMENA 


293 


The theoretical curves in Fig. 1 are the results of 
Chew et al.® obtained by using the fixed momentum 
transfer dispersion relation and the predominance of 
the (4, }) pion-nucleon interaction. VN“ is a somewhat 
complicated function about which we can only say that 
it is believed to be small. It will be seen in the next 
section that our argument is fairly well independent of 
the precise value we use for N™. 

The sharp drop in the theoretical curves above 
threshold comes mainly from the interference of the 
retardation term in photoproduction with the main 
s-wave terms.’* The retardation term vanishes at 
threshold, leaving the gauge invariant and the recoil 
terms. The older extrapolations to threshold ignored 
this drop and, therefore, appreciably underestimated the 
threshold values of ao*. It should be emphasized that 
both the ag* and ag~ curves show this drop. 


(c) x~/x* Ratio 
The threshold value 

o(y+n— 2 +p) 
s) o(y+p— r++n) 


should, by the same theoretical argument,’ be 


1+ (gp+¢n)(u/2M)4+1.15 N™ 


2 
-( —), (3) 
1—(gp+£n)(u/2M)+1.15 NO 


where g,= 2.79, g,= —1.91 are the nucleon magnetic 


‘moments in nuclear magnetons. Putting VN~ =0 gives 


r= 1.30. Changing NV“ to 0.2 would give r=1.25, but 
it would also increase the absolute value of ag+ by 45%. 
Therefore the best procedure is to use the experimental 
points in Fig. 1 to suggest a range of values for V™, 


‘and then use (3) to give the ratio r, which is com- 


paratively insensitive to N™. 

At the energies we consider, the values of a9* are 
proportional to the pion-nucleon coupling constant. 
For simplicity, and to give reasonable agreement with 
pion scattering we choose {/?=0.08. Theoretical curves 
for aot and ag~ with N“~)=0, —0.025 and —0.05 are 
shown in Fig. 1. The experimental points for y-ray 
energies below 190 Mev are consistent with something 
lying between the VN =0 and N“~) = —0.05 curve. This 
suggests that suitable threshold values are 


ay+ = (20.2+1.5) 10-™ cm?/sr, 


(4 
ag” = (26.94-2.0) 10-” cm*/sr. 


This also gives the threshold ratio r= ag~/ag* = 1.33. 

We do not discuss why the x* experimental points 
at 200 Mev and above deviate from the dispersion 
relation values. 


% This was pointed out by G. Bernardini, Suppl. Nuovo 
cimento 1, 104 (1955). 
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(d) Charge Exchange Scattering 


Using the threshold value for y+n— 2~+ ) given 
by this value of ao~, and following the usual argument 
via detailed balancing, and the Panofsky ratio P=1.5, 
we deduce the cross section for charge exchange scat- 
tering #~+p— > 2°+n for zero energy 7. Assuming 
charge independence this requires’ 


a;—4;=0.245+0.01 (in units A=c=p=1), (5) 


where a; and a; are the T=} and T=} pion-nucleon 
s-wave scattering lengths. 

It should be noted that in this way we have obtained 
a value for the zero energy charge exchange cross 
section which is consistent with all the low-energy 
photoproduction data; it is also consistent with the 
ratio r= 1.3. Further, the analysis is almost independent 
of the value we assume for /*. 


(e) Pion Scattering 


Recent values of the scattering lengths deduced from 
low-energy x* scattering by protons are™® 


a;= —0.110+0.004, a,=0.173+0.011. (6) 


This gives a,—a;= 0.283. Thus for consistency with (c) 
above it would be necessary to increase the product ag~P 
[which is proportional to (@;—a;3)*] by 40%. We could 
either require P=2.1 or require ag-=37.10- cm?/sr, 
or we could make some combination of these changes. 
We believe that such a 40% increase in the value of 
Pag is definitely ruled out by the experimental results 
given in (a) and (c) above. 

Also, recent scattering results appear further to 
increase the discrepancy. A detailed analysis by Barnes 
et al.’ of the scattering data below 150 Mev, including 
m~ results at 30 Mev and 40 Mev, suggests the values 
(1) above. The resulting value of (@,—a3) is quite 
inconsistent with the photoproduction data (5). 

These values (1) and (6) are obtained by fitting the 
s-wave phase shifts a; and as by formulas of the type 


a/k = a,+b,k?+ck*+---, (i=1, 3) (7) 


where a; are the scattering lengths and ),; and ¢ are 
constants (& is the pion c.m. momentum). Cini et al.' 
by using the crossing relation are led to conjecture that 
the extrapolation formula should be 


Q\— a3 1 
——— = ————-(a'w* + bw"), (8) 
ie k 1+w*/M 


where a’, 6’ are constants and (w*+M) is the total c.m. 
energy. They determined a’ and }’ from charge exchange 
scattering data by putting (a:—a,)/k equal to 0.27 at 
30 Mev and again at 150 Mev. This gave a;—a;=0.24 
which is within the range of values required in (d) 
above. 


% See the 1958 CERN Conference (reference 4) 
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It is, however, clear that this suggestion of Cini et al. 
necessitates an appreciable change from the accepted 
values of both a, and as. As an example we take the 
phase shifts at 35.75 Mev and 98 Mev based on the 
analysis’ of recent accurate experiments.” The values 
are a;=0.114 (35.75 Mev), a,=0.134 (98 Mev), and*™ 
a3= —0.114 k (at 35.75 Mev and 98 Mev). Fitting (8) 
to these gives a;—a;=0.29 (40.02). 

This is unacceptable and we must in fact re-examine 
the energy dependence of both phase shifts. In Sec. VI 
below we discuss briefly a phase-shift analysis of the 
new type using the best recent data. It gives a;—a; 
=0.265+-0.007. A further correction to the scattering 
lengths, which is discussed in Sec. IV, reduces this 
value by 0.02. The agreement with the photoproduction 
results is now satisfactory. 


Ill. PlION-PION INTERACTION 


The data of Barnes et al.’ can be fitted with the 
curves (1) above. We now consider whether on the 
basis of these values, any simple deductions can be 
made about the nature of the interaction between the 
pion and the real nucleon at low energies. The real 
nucleon is thought of as a core where many-pion and 
nucleon-pair processes can occur, and around the core 
is a pion cloud. We might expect that if the s-wave 
pion-nucleon interaction is entirely due to the nucleon- 
pair process then it is a short-range interaction. If, 
however, a pion-pion interaction exists, the s-wave pion 
could interact with a pion in the nucleon cloud, and 
this interaction could have a radial extent of the order 
(h/yc). 


Effective Range Theory 


First, we consider a simple model in which the pion 
scattering (with given isotopic spin 7) at very low 
energies is described by a Schrédinger equation in which 
we insert an effective potential having the appropriate 
range and depth. If we assume also that the potential 
is velocity independent, the usual effective range 
expansion is valid at low energies, i.e., the phase shifts 
a obey 

k cota= (1/a)+4r,k?+----, (9) 


where rf, is a measure of the range of the potential and 
a is the scattering length. Also 


i= f {La(r) P—[u(r) Pyar, 
0 


where u(r) is the actual s-wave solution, and 


ai(r)=1+1r/a. 
™ The values at 98 Mev are due to D. N. Edwards, S. G. F. 
Frank, and J. R. Holt [Proc. Phys. Soc. (London) 73, 856 (1959)]. 
They are included in Barnes et al. analysis 
% This value of a; is used by Barnes et al. (reference 7). See 
also the 1958 CERN Conference Report, reference 4, p. 42, where 
a similar value is accepted 
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The solution u(r) is normalized so that u—> @asr— @. 
At low energies (9) gives 


a/k=a—}ark’+--- (11) 


Thus, from (1) we might deduce that the effective 
range in the isotopic state T=} is of the order r,—~5 
units. If this argument were valid, it would prove that 
a pion-pion force was present.” It can be seen from (10) 
that a potential which spreads over a radius of the 
order of unity could indeed give r.~S. 

Similar deductions could be made for x~ scattering 
without using charge independence. In this case our 
model has a potential V(r) which includes an imaginary 
part to produce the inelastic scattering. The new scat- 
tering length a_ is complex, the imaginary part giving 
a measure of the total absorption of the x~ mesons by 
the proton. The imaginary and real parts of the potential 
are (at zero energy) related in much the same way. The 
same effective range formulas (9) and (10) can be 
deduced, but now a, a, and r, are complex. Again this 
analysis of the data of Barnes et al. would show (if it 
were valid) that a + force is present. 


(for |a|<1). 


Velocity Dependent Forces 


The difficulty of using the above method to detect 
effects of a w-@ interaction is that simple short-range 
velocity dependent interactions also may produce a 
strong dependence of a/k on k*, This effect is particu- 
larly important when the scattering length is small (in 
terms of the natural unit of length). 

From Schrédinger’s equation we deduce that if the 
potential varies with the kinetic energy, the effective 
range formula becomes 


k cota= (1/a)+e f ( tatig — uso) dr 
0 


2s ¢” ; 
+= f (V—Vo)uuodr, (12) 
h? Jo 


where a is the scattering length. V(r) and Vo(r) are the | 


scattering potentials at energies E=#*k?/2y and E=0, 
respectively. u(r), uo(r) are the corresponding solutions 
of the Schrédinger equation. Also #=sin(kr+a)/sina, 
uo= 1+97/a. 

We obtain a general idea of the contribution of the 
last term in (12) by considering a square well potential 
Vo. The radius of the well 6 and its depth (— Vo) are 
related by ‘(—Vo)—~3#*a/2yh* provided |a|/b is not 
large. Let V be a square weil of the same radius 5}, 
having depth (— V)= (— Vo)(w/u) where w is the pion’s 
energy. 

The effect will be most marked for an attractive 
potential. Considering the T= 4 state and remembering 
that 0<a<1, a rough calculation shows that the last 


® Notice that the nucleon core radius is 0.2 unit. 


term in (12) is approximately 
(a/b*)(1+-b/a)*(w—p)/p. 


For low energies this becomes (k*/2yu*)(a/*)(1+-6/a)*. 
For a short-range force we put bc~a giving 24/ayp’. 


‘On account of the small value of a this is a large term, 


therefore, unless we are sure that the potential is 
independent of velocity, we cannot deduce from the a; 
phase-shift values in (1) above that the range of the 
s-wave pion-nucleon interaction is large. 

(For nucleon-nucleon scattering any velocity de- 
pendence of the potential does not have such a notice- 
able effect on the effective range formula because the 
scattering lengths in that case are large.) 


Causality Condition 


The range of the s-wave pion nucleon interaction has 
also been determined” by using the causality condition. 
For nonrelativistic potential scattering it is easy to 
deduce that the s-wave phase shift obeys” 


da/dk> —R, 


where the potential vanishes outside a sphere of radius 
R. By extending this method to relativistic potential 
scattering, Goebel, Karplus, and Ruderman™ deduce 
from the old data that for low-energy s-wave pion 
scattering R>0.11(h/yc). 

Unfortunately, the method which is used is based on 
a form of the scattering matrix S(%) which has not been 
shown to be valid when the effective scattering potential 
is velocity dependent. Therefore, we cannot regard as 
firm any conclusion which is drawn by applying the 
causality condition argument to the data in Eq. (1). 


IV. COULOMB CORRECTIONS 


The phase shifts for r* scattering are obtained by 
first removing the pure Coulomb scattering from the 
observed differential cross sections. This is done by the 
method of van Hove* on incorporating the relativistic 
and magnetic moment corrections of Solmitz.* From 
the remaining differential cross section we deduce the 
“observed” phase shifts a®. These phase shifts give the 
nuclear scattering phase shifts a” plus a small correction 
term.”” van Hove® deduces the nuclear phase shift a” 
from the observed phase shift a® by assuming that 
there is a sphere of radius ro, such that for r<ro the 
Coulomb interaction can be ignored, and for r>ro the 
nuclear interaction can be ignored. He joins the nuclear 
wave function, which is valid for r<ro, to the Coulomb 
wave function which is valid for r>ro. The small cor- 
rection (a”—a’) arises from the interference between 


™C. J. Goebel, R. Karplus, and M. A. Ruderman, Phys. Rev. 
100, 240 (1955). 

“E. P. Wigner, Phys. Rev. 98, 145 (1955). 

* LL. van Hove, Phys. Rev. 88, 1358 (1952). 

%* F. T. Solmitz, Phys. Rev. 94, 1799 (1954). 

” For example, at 41.5 Mev, ay” —af’= —0.005 radian (using 
= 1 ). 
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the Coulomb scattering in the region r>ro and the 
nuclear scattering. We could call it an outer Coulomb 
correction. 

It is customary to take ro=h/yc, (i.e., ro=1), on the 
grounds that this is roughly the size of the nucleon. 
However, at low energies (e.g., 30 or 40 Mev) the 
nuclear phase shifts ay obtained in this way’ vary by 
small but appreciable amounts as ro is changed from 1.0 
to 0.5. We, therefore, examine the Coulomb correction 
at low energies in more detail. Our results show how the 
greater part of this variation with ro can be removed; 
they also lead to a further correction to the scattering 
lengths. 


Inner Coulomb Correction 


For r<ro the Coulomb field does not vanish. At 
r=ro the Coulomb potential in the r++ p case is 1 Mev, 
and it rises as r decreases. If the proton’s charge were 
concentrated at r=0, the potential would be 2 Mev at 
r=}. As the proton’s charge is spread out,”* the poten- 
tial is less than 2 Mev at r=}, and it reaches a finite 
value” of a few Mev at r=0. (We ignore the structure 
of the pion.) 

In van Hove’s method this inner Coulomb potential 
is lumped together with the purely nuclear interaction. 
For r++ it gives a small extra repulsion and for 
«+p a small extra attraction. Thus, in each case it 
enhances slightly the magnitude of the scattering 
length over that due to the pure pion-nucleon inter- 
action alone. These latter values—which we may call 
the strictly nuclear values—are those which obey the 
charge independence relations. 

We now estimate the size of these effects. Consider 
first r++ scattering. We only require the scattering 
length, so it is sufficient to work at low energies, where 
the scattering can be described by a Schrédinger equa- 
tion (van Hove’s analysis also uses the Schrédinger 
equation), 

(d*u/dr*)+(k®— (2u/h?)V (r) Ju=0. (13) 
We assume that at very low energies a potential can 
adequately represent the nuclear scattering. 

The solution of (13) for r<ro can be joined on to the 
Coulomb solution for r>ro by using the method of 
Landau and Smorodinsky.” This gives 


1 1 { To to 1 1 
= | in( )+2c|+ : ( 4 ), 
a Ry | Ro 1 — fo To Ro 


* See, for example, W. H. K. Panofsky’s report in the 1958 
CERN Conference, reference 4. An exponential charge distribution 
with a rms radius of 0.8 10~" cm fits the electron scattering data. 

* If the charge e were spread uniformly over a sphere of radius 
ro, the central potential would be 3e¢/2ro. For the actual charge 
distribution the central potential is greater. 

*® See J. M. Blatt and J. D. Jackson, Revs. Modern Phys. 22, 
77 (1950) for an account of this method. It has been modified 
slightly here to deal with weak scattering (i.e., fo™1). 
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where Ro=f?/2yue?—~70 units and 


du 
dr 


(C=0.57--- is Euler’s constant.) A small change AV (r) 
in the potential in the region r <ro gives rise to a change 
Afo in fo 


‘ Qu . ‘ 
f AV (ro) (r)dr. 
u?(ro) h® Jo 


For weak scattering fo™1, and the related change in 
the scattering length is Aa=—rpAfo. When fo™1, a 
fairly good approximation to (14) is 


Afo (14) 


Qu . 
Aa = f AV (r)r'dr. 
h? 0 


Corrected Scattering Lengths 


Using (15) we evaluate the inner Coulomb correction 
for «*+p by giving AV(r) the constant value 
AV=-+1.5 Mev. This gives a contribution to the scat- 
tering length Aa,=—0.007 unit. The value we have 
used for AV seems reasonable, bearing in mind that 
(a) the Coulomb potential stays finite as r — 0, (b) the 
large values of r are heavily weighted in (15). 

We must subiract Aa, irom the usually quoted values 
of a3 [such as (6) above] to get the strictly nuclear 
(or mesonic) scattering length. Reducing ro will reduce 
the magnitude of Aa,. In fact, the variation of Aa, 
with ro will cancel out the variation of van Hove’s 
correction with ro. He gets, to the first order in e/k, 


(using units A#=c=yu=1) 


e 


[C+1n(2kr 


~ Ci(2kro) cos(2a;*) 


. 7 
+si(2kro) sin(2a3%) }. (16) 


* sinx 
J dx. 
x 


= 


In the range 0.5- 
mately 


kroSi, Eq. 


16) gives approxi- 


(1/k) (as’—as") er? = 0.007 X17. (17) 


Hence the two Coulomb corrections happen to cancel 
for ro=1. Using (14) or (15) and the above rough 
method of estimating Aa,, it is clear that the variation 
of Aa, with ro will almost cancel the variation with ro 
of van Hove’s correction. 

The inner Coulomb correction for *~+ scattering 
is made by using a complex potential V(r) in (13) to 
describe the nuclear scattering. This gives a complex 


%! We could choose other 
proton’s charge which would give Aa, a different magnitude from 


artificial) radial distributions of the 


van Hove's correction. However, the variations with ro will 


remain equal. 
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scattering length a_. Re a. is then the scattering length 
for the elastic scattering. Im a_ gives the s-wave reac- 
tion cross section (i.e., the charge exchange cross 
section) o,=(44/k) Ima_. ReV(r) can be a short- 
range velocity independent potential, but Im V(r) 
must be proportional to v%» the velocity of the neutral 
pion in charge exchange scattering. Re V(r) and 
Im V (#) can then be chosen to give the correct behavior 
of the x~ wave function in low-energy scattering. 

The inner Coulomb potential gives a real AV which 
is opposite in sign to that used for #* scattering. By 
(15) the inner Coulomb correction for elastic scattering 
is Aa. ~0.007. Equation (15) gives zero inner Coulomb 
correction for charge exchange scattering (because AV 
is real). A more careful examination of the correction 
for charge exchange scattering can be made with the 
aid of Eq. (14). If we assume that the charge exchange 
process is of short range (for example, if it only occurs 
for r<0.3) then the ratio Im [u(r) P/Re [u(r) P 
almost constant for those values of r for which the 
integrand is appreciable. Therefore, to a good first 
approximation, the inner Coulomb correction to charge 
exchange scattering is zero. van Hove finds that the 
observed s-wave charge exchange amplitude is 


)](14-0(e)}. 


Therefore, his (outer) Coulomb correction is 
negligible for charge exchange scattering. 

From the scattering data and charge independence 
we infer the charge exchange cross section using 
(a,—a;)=$(Re a_—a,). From this value we should 
poe Rae: A(a@:—a;)= 3(Aa_— Aa,)=0.02, before com- 
paring with the aa of (a;—a;3) deduced from the 
photoproduction data and the Panofsky ratio. (At 
present this order of magnitude is just greater than the 
limits imposed by the experimental errors.) 


3)Lexp(2ias*)—exp(2ia,* 


also 


V. DISPERSION RELATION FOR LOW-ENERGY 
PHASE SHIFTS 


We derive two dispersion relations which relate the 
s- and p-wave phase shifts at low energies; these are 
of value in selecting or rejecting certain sets of phase 
shifts which have been proposed. 

The pion-nucleon forward scattering dispersion rela- 
tions are usually written as follows. Let D,(w,) be the 
real parts of the forward scattering amplitude in the 
lab system, and w,, kz the pion (lab) energy and 
momentum. Putting #=c=1 we have™ 


Ds(wr)— Ds (y) 
2 fk? 


=+3(uy—w,)[D O-Rha—. —— 
we) LM ) wy 


ai da’ (= (w’) @ +) 
ae Sen adie 


"For details and references see J. Hamilton, Phys. Rev. 110, 
1134 (1958). 
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f* is the coupling constant and oy are the total cross 
The right-hand side of (18) vanishes when 
We shall 


sections. 
wp=p and for small k, it behaves as k,?. 
evaluate the coefficient of &?. 

It is desirable to express our results in terms of the 
center-of-mass scattering amplitudes D,*®, and the 
center-of-mass momentum &. To order # (with w= 1) 


Ds? (w) = Ds (wr) (14+1/M)*—#/2M ]. 
Equation (18) gives an expansion of the form 


D,*(w)= Ds? (u)+-CtP+---, 


“4 


where we have to find the constants € 

First we notice that the right-hand side of (18) is 
not very sensitive to the values we use for the scattering 
lengths a; and a3. The first term contributes $(a,—a;) 

(1+1/M)*k. Hence changing (a,—a,) by as much 
as 0.03 will only alter C* by 0.005. The scattering 
lengths also enter the dispersion integrals in (18) via 
the values we assume for o,(w) at very low pion ener- 
gies. For example, in this way, a change of 0.03 in a, 
will change C+ by 0.003 and C~ by a lesser amount. 
Below, we give the results for two sets of scattering 
tengths; they are almost identical. 

We have estimated the contribution to the dispersion 
integral arising from the fact that ko(w)— const as 
k—» 0. This singularity in ¢_(w) at threshold is due to 
the inelastic processes #~ +f — 9°+n, 2 +9 — ¥-+n. 
For charge exchange scattering ko(w) must be continued 
into the unphysical region as far as the pion energy 
u—Am where Am= 3.3 Mev. For the radiative process 
the continuation into the unphysical region extends 
down to the neutron pole.” In the resulting integrals 
we assume a smooth continuation of ko(w) into the 
unphysical region, and then take the principal value at 
w=. This has the consequence that a negligible error™ 
is introduced if we neglect the rise in o_(w) with (1/k) 
as w—» w and take o_(w) — constant as w — p, provided 
we also neglect the extra contributions to the dispersion 
integral coming from the unphysical region w<y (i.e., 
the neutron pole is the only unphysical region term 
included). 

The coupling constant /? appears explicitly in (18) 
and contributes to C*k* in the form 

(1+1/M) 
2Pk. 
2M) 


(19) 


t 
(1+1, 


A change of 0.01 in f* therefore gives a contribution 
which should not be ignored. 
Phase-Shift Relation 
Using (?=0.08, D,*(u)=—0.105, D_®(u)=0.078 


(which with charge independence are equivalent to 


* This calculation is more readily done with the unsubtracted 
dispersion relation 
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Orear’s values“ a,;= 0.165, ag= —0.105) we get 
D8 =a;+-0.3172+---, 
(20) 
D_® = Dg~(u)—0.020K8+---. 
Assuming charge independence this gives for T=} 
D,® = a,—0.188k?+ ---. (20a) 

Alternatively with /?=0.08, a,=0.178, a;= —0.087, 
we get (assuming charge independence) 

D,® 


D,® 


a3+0.322K8+---, 
(21) 
a,—0.197k+ see, 


For low energies we write the phase shifts in the form 


-,b2 
ay+ck ’ 


= 3 
ais Ciak?, 


ay/k=a,+c,h’, 
an= Ck, 


Caik’, 


a= 


a1 ay3> Cask}. 


Working® to the nearest 0.005 
f?=0.08) 


we find (21) gives (with 


—0.195, 
0.32. 
c=1). 


Crt eiut2er3 


Catcat (22) 


yy 33 
(in units A=p 
As an example of the use of (22) we apply it to the 
phase-shift values of Barnes et al.’ First we note that 
these authors have used f?=0.087 (in their Chew-Low 


plot for a3, etc.). We adjust (22) to this value of /*, 
giving 


D,® =a;+0.348, D,®=a,—0.23R'. (23) 


The p-wave phase shifts which fit the low-energy scat- 

tering data are given by® cy=—0.02, cis=—0.07, 

€3:>= — 0.04. Also 
(R?/w*)- $f? cotas3= 1—w*/2.17 


SO C33=0.22. 


Relation (23) now predicts c,= —0.07, cs= —0.06. If we 
use f?=0.08 and keep the same values of ¢11, ¢13, C1, We 
require c,= —0.04, c;= —0.06. 

We deduce that (i) the p-wave phase shifts a1, ass 
of Barnes et al.’ are noticeably inconsistent with their 
straight line plot for as; (a3;/k=—0.114). (ii) their 
values of a), a;3; are somewhat inconsistent with their 
suggested value for a; (a;/k=0.205—0.09k*?+ ---). 

Another example is provided by the Chiu-Lomon 
= —().014, 
with f?=0.08. 
= —().06. This 
is in disagreement with the values 
these authors use for a;. The value of c; is inconsistent 
with their straight line plot for az. 


phase shifts.6 These authors suggest ci 
Cis=+0.018, c= —0.018, 0.200 
Inserting in (22) gives cy=—0.22, ¢; 
large value of |c, 


The values of Barnes et al. are less in disagreement 


* J. Orear, Nuovo cimento 4, 856 (1956) 

% Terms — 4a,*h*, — ja;k* are negligible to the order of accuracy 
used in Eq. (22). 

3 These are satisfactory for the 35-Mev phase shifts 
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with relation (22) than those of Chiu and Lomon.” 
Neither set is consistent with the straight line plot for 
ay (i.€., cs=0). The phase-shift curves derived in Sec. VI 
are in reasonable agreement with relation (22). 


VI. S-WAVE PHASE-SHIFT CURVES 


Chew, Low, Goldberger, and Nambu® by using the 
finite momentum transfer dispersion relations, ex- 
panding in terms of u/M and keeping only terms up to 
order u/M find that the 
relations 


s-wave phase shifts obey the 


sin2a,;—sin2a; 1+w*/M 


2kw* 


1+pu/M 


sin2a; +2 sin2a; 1+w”* 


VM 


2k 1+y/M 





a, Wegreed 














Fic. 2. A plot of the wave phase shifts a; and a; against c.m. 
momentum. @—Fischer and Jenkins, reference 38; a—from data 
computed by Barnes et al., reference 7; *—Bodansky, Sachs, 
and Steinberger, reference 40; Chiu and Lomon, reference 6; 
g@— Edwards et al., refer 41. (The bar through the 35-Mev a; 
point is the new mean value of a which is consistent with the 
broken line for a3. The corresponding value at 98 Mev is shown 
by the bar above the point; it is close to the a; broken line.) 

7 A. Kanazawa, 7 
Phys. (Ky 21, 856 
Chiu and Lomon dot 
an integrated di 
ferentiated dispersion relation 
brought to our notice that D 
(1958), has used a relation like 
not both be straight lines 


Sakuma, and S. Furui, Progr. Theoret 
1959), have also found that the set of 
yt agree with a dispersion relation. They use 
relation whereas (22) comes from a dif- 
Note added in proof.—It has been 
\. Geffen, Phys. Rev. 112, 1370 
ours to show that a; and ay can 


oto 


spersior 
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f and g are functions to be determined and (w*+M) is 
the total energy in the c.m. system. It is hoped that, at 
least for low energies, f and g can be expressed in con- 
vergent power series about w*=1, so that 


f(w**) = (a;—a3) —b(w"* —1)+d(w"—1)?+ ---, 
g(w*?) = (a,+ 243) —c(w*— 1)+e(w"—1)?+---, 


(25) 


where b, c, d, e, --- are constants. 

In Fig. 2 we show the results of two solutions of this 
type. The experimental points used in making the first 
fit are, for #*: up to 24 Mev, Fischer and Jenkins"; 
24.8 Mev, Miller and Ring™; 31.5 and 41.5 Mev, 
Barnes et al.’; 58 Mev, Bodansky, Sachs, and Stein- 
berger.” For x~: 35.75 Mev, Barnes et al.’?; 98 Mev, 
Edwards, Frank, and Holt.” 

For the second solution we have in addition used 
other points at higher energies (the 98-Mev value of 
Edwards et al.,” plus results from the analysis of Chiu 
and Lomon* and the data of Ashkin et al. at 150, 170, 
and 220 Mev). For convenience and ease of comparison 
with other authors, the phase-shift values we have used 
contain van Hove’s Coulomb correction, but they do 
not as yet contain the inner Coulomb correction of 
Sec. IV. We can make that correction at the end of the 
analysis. 

We assumed Barnes et al.’ values for the p-wave 
phase shifts and then found solutions of the type (24), 
(25) which gave the best fit to the scattering data. [ As 


% G. E. Fischer and E. W. Jenkins, Phys. Rev. 116, 749 (1959) 

* Miller and Ring, Rochester University (to be published) 

“1D. Bodansky, A. M. Sachs, and J. Steinberger, Phys. Rev. 
93, 1367 (1954). 

“| We are indebted to these authors for permission to quote 
this result. It was not available when the first solution was found 

@ J. Ashkin, J. P. Blaser, F. Feiner, and M. O. Stern, Phys 
Rev. 101, 1149 (1956) 
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Barnes values of a; were computed using as= —0.115k, 
we have adjusted the a, values so as to keep (2a;+<a3) 
constant while using our solid curve for aj. Changing 
to the dashed curve for as improves the agreement 
between the a; values and the curve. | 

Our first solution—shown by the solid curves—is 
obtained by using fowr constants: @,;—a@,=0.255, 
a,;+2a,;=0, b6=0.05, c=0.095. The ay curve is also a 
fairly good fit to the results above 58 Mev; the a; curve 
obviously goes wrong above 98 Mev. 

Our second solution—shown by the broken curves— 
is a fit to all the accurate data up to 170 Mev. Its uses 
six constants: @;—@3;=0.265, a;+2¢3=0.005, b=0.065, 
c=0.120, d=0.008, e=0.010. This solution clearly gives 
somewhat better agreement with the data than the 
first solution. Using the second solution, the scattering 
lengths and their estimated errors are 


a,=0.178+0.005, a;=--0.0874-0,005. (26) 


Also, for small k? we have 


a;/k=0.178—0.018, as/k= —0.087—0.07%. (27) 


In (27) the coefficients (c, and cs) of the terms in 
are in tolerably good agreement with the values, 
—0.04 and —0.06, respectively, which we deduced 
from the dispersion relation in Sec. V. This is further 
evidence in favor of our phase-shift solution. 

Finally, we notice that (26) gives a;—a,;=0.265 
+:0.007. Now subtracting the inner Coulomb con- 
tribution 0.02 (see Sec. IV) we deduce from the scatlering 
data that the strictly mesonic interaction gives a;—4, 
=0.245+0.007. This is the quantity which should be 
compared with the value (5) above (@;—@s=0.245 
-+0.01) deduced from the photoproduction threshold data. 
All the low-energy pion data are, therefore, in good 
agreement with the charge independence hypothesis. 
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rhe disappearance and presumed charge exchange of K* mesons has previously beer 
emulsions. We have measured the charge-exchange cross section for K* energies bet 
in C, Cu, W, and, as a check, in nuclear emulsion. In addition, a scintillation-count 
detect the charged decay mode of the short-lived K,° produced in the charge-exchange reaction. The 
ured mean free path in nuclear emulsion is 195425 cm at 200 Mev. The aver 


observed in nuclear 
ween 150 and 250 Mev 
yunter array was used to 
meas 


age corrected free-neutron 


cross section deduced from the pure elements is 5.9+-0.4 mb 


From K* charge exchange, and assuming a branching ratio of 4 for decay into the 
to all decays for the K,° state, we find a K,°/K;,’ ratio consistent with unity 


I. INTRODUCTION 


HE disappearance of K*-meson tracks in emulsion 
has been attributed to the reaction K++) — K°® 
+n. According to the predictions of Gell-Mann and 
Pais,' the K° is a superposition of two states, the 
short-lived K,° and the long-lived K.°. The K,° in turn 
has two decay modes, 
KY xrt+e, Ki w+’. 

The fraction of K,° going into the 2x° mode has been 
measured to be 0.36.2 The pure AJ=} rule predicts 
0.33.! In a previous paper,® we reported the observation 
of the charged-decay mode of K,° from the charge 
exchange of 40- to 165-Mev K* in the carbon contained 
in the propane bubble chamber of the Lawrence 
Radiation Laboratory. From the observed number of 
events in this experiment we computed a total charge- 
exchange cross section of 0.6+0.6 mb per carbon 
neutron. The number from emulsion data‘ is 1.3+0.3 
mb per average neutron for the total charge-exchange 
cross section. These numbers left an uncertainty as to 
whether the rate of appearance of the K,° charged 
decay mode was compatible with the Gell-Mann 
predic tion. 

Accordingly, a counter experiment was designed to 
measure both the charge-exchange cross section and the 
number of K,° decays. An emulsion target was used as 
a cross calibration, and then the cross sections were 
measured for carbon, copper, and tungsten at 240- and 
175-Mev average A*+-meson energy. 
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Il. METHOD 
A. General Description 


An identified beam of K+ mesons® passed through a 
defining counter and entered a target surrounded by 
anticounters as shown in Fig. 1. 
event was defined as one in 


A charge-exchange 
which an identified K+ 
meson entered the target with none of the anticounters 
counting. Charge exchanges leading to Kz” (long-lived) 
mesons should be detected 100% efficiency, 
whereas with a target of some of the K,° 
| decay in the target and count 
These 


and the 


with 
finite size 
(short-lived) mesons wil 
in the anticounters. not counted as 


final data is corrected for 


events are 
charge exchanges, 
this loss. 

Besides the decay of the K,’, there are several other 
factors that are critical in the design of the target. A 
K,°-type event can be simulated by an inelastically 
scattered K+ which stops in the target in a position 
such that the charged decay products also stop. Simi- 
larly, the backward decay of K* mesons in flight which 
give low-energy decay particles can have the same 
result. In order to minimize these effects the stopping 
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Fic. 2. Diagram of K* beam. 


power of the target must be small in all dimensions. 
However, in the charge-exchange process an energetic 
proton may be ejected from the nucleus. If this proton 
enters the anticounters an event may be lost. Therefore, 
the low-density targets used were surrounded by a 
brass cylinder to keep this correction small. 

The detection of the K,° is based on the fact that 
there is a finite minimum opening angle between the 
two decay pions which increases as the K,° energy 
decreases. If the target assembly is surrounded by 
counters, each of which subtends an angle at the target 
smaller than this minimum angle, then two counters 
should count in coincidence when a K,° decays. For 
250-Mev K® mesons this angle is 72 deg, which allows 
the entire solid angle to be made up of twelve pentagons 
fitting together as a dodecahedron. The distance to the 
counters must be large compared to the mean distance 
for decay of the K,°. These various parameters deter- 
mined that the dimensions of each pentagon be about 
18 in. across and the target about 1 in. in diameter. 


B. The Beam 


A diagram of the beam trajectory is shown in Fig. 2. 
It consists of bending magnets, H and C, that had 
strong-focusing poles serving to focus, as well as 
momentum-analyze the beam. Small quadrupole lenses 
Q, and Q2 made fine adjustment possible when the beam 
energy was changed. A momentum bite of +2% was 
taken at the first focus with a slit in a lead collimator, 
and the beam was then refocused both in momentum 
and position on the charge-exchange target. The K* 
mesons were identified by coincidence among the 
time-of-flight counters 1, 2, and 3 and an anticoinci- 
dence with a water Cerenkov counter that counted 
only * mesons. The beam was partially purified by 
putting an absorber at the first focus that degraded the 
K momentum more than that of the pions. The difficult 
process of alignment and testing of this beam had been 
done already,’ hence we had merely to add and test 
the charge-exchange assembly. 

The limits on the pion and proton contamination had 
to be somewhat lower than in the K+ scattering 
experiment. Therefore, we added more absorber at the 
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first focus, which increased the momentum difference 
between the pions and X’s with the result that the 
physical separation was greater between them after the 
second bending. The following checks were made to 
measure the beam composition. First, the time-of-flight 
counters were timed for pions, and the ratio of counting 
rates with the pion anticounter off and on was measured. 
This ratio was about 1000, indicating that the anti- 
counter was very effective. Second, the same ratio of 
counting rates was determined with the time of flight 
set for K mesons. Here the ratio was 1.36. Thus the 
K/x ratio of the K peak is 1/0.36 without the pion 
anticounter, and (1/0.3¢6)x10°=2800 with the pion 
anticounter turned on. When the counters were timed 
for protons, the counting rate was down at least a 
factor of 400 from that at the K peak, indicating few, 
if any, protons. If these were all K’s getting through 
the coincidence circuit out of time, then one can 
assume that the proton contamination in the K peak 
must also be down by 400 from the counting rate at 
the proton peak. Thus in the K peak the proton 
contamination is less than 1/(400)?=0.6x10~°. How- 
ever, this is not the only source of proton contamination. 
Interactions of K mesons in the counters can lead to 
slow protons that could stop in the target, simulating 
charge-exchange events. These counts must be elimi- 
nated. To do so we arranged to measure the pulse height 
in the defining counter (de) just at the entrance to the 
charge-exchange target. Stopping protons could then 
be easily identified. Another use of the pulse-height 
information was to identify backward decays or 
inelastic scatters of K+ in the target which reentered 
the defining counter, thereby doubling the pulse height. 
The pulse-height calibration was made at regular 
intervals during the experiment by turning off the 
electronic anticoincidence and triggering on K* for a 
few hundred pulses. The beam intensity was such that 
when the Bevatron and our equipment were operating 
properly, about five K mesons came down the channel 
per 10” circulating protons. 


C. Counters 


Surrounding the cylindrical target was a scintillator 
in the form of a tube capped at one end (see Fig. 1) 
and viewed with a light pipe on one side. This cup, 
labelled A, in Fig. 3, was the primary anticounter. A 
ring anticounter, Az, immediately in front covered the 


- 2” -—- 
a Le —o 





Fic. 3. Target and 
anticounters - | 





| 


bross forget 





WHITEHEAD, 


TaBe I. Description of targets. 


Surface density 
(g cm™*) 


Length 
(cm) 


Diameter 
(cm) 


2.78 
2.86 
3.86 
3.12 
2.86 


18.08 
8.04 
2.37 

24.34 
4.39 


Emulsion 
Carbon 
Copper 
Tungsten 
CH; 


* Used for carbon at 250 Mev 


annular ring between the center area defined by the 
defining counter (de) and the A, anticup. In addition, 
we surrounded the incoming beam with a tapered 
cylinder of scintillator (labelled A, in Fig. 1) in the 
event discrimination in the 
defining counter did not eliminate back scatters. The 


that the pulse-height 


anticoincidence with a 
coincidence between an identified K+ and a pulse from 


A; counter was in electronk 


de. This anticoincidence pulse triggered two oscilloscope 
sweeps on which were displayed the pulses from all the 
counters, including the 12 pentagons. These sweeps 
were photographed for later inspection. Each of the 
pulses was first put in coincidence with the output of 
the K charge-exchange identification circuit, then they 
were added together with 50-mysec delay lines before 
going to the oscilloscope. In this way many spurious 
background pulses were removed, even though the 
sweep time was 5 usec. 

Prior to the run, particles were sent through the 
anticoincidence orientations and a 
pulse-height distribution was plotted to prove that the 
cup would count under all circumstances. 


cup in various 
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Fic. 4. Defining counter 
pulse-height distribution. 


3S 
° 





@Q 
°o 


Number of counts per unit pulse - height intervol 
” n 
° ° 


S 
o 





Ny 
°o 








a 


(234856 
de Pulse height 


o 





LANOU, 


COOK, AND BIRGE 


D. Targets 


The dimensions and materials of the various targets 

are given in Table I. 
Ill. EXPERIMENTAL PROCEDURE 
A. Data Analysis 

Several different targets were used at incident K+ 
energies varying from 175 to 250 Mev. Three types of 
data were taken for each target at each energy: (a) 
target in; (2) target out; (c) accidentals with target in. 
The various densities and stopping powers of the targets 
made it nex essary to have the geometry of each unique, 
and therefore the “empty” target contained different 
target holders in each case. The “‘accidental” runs were 
made by delaying the A* charge-exchange pulse into 
the oscilloscope coincidence circuit by 40X10~* sec. 
The three categories were run alternatively several 
times to average out changes in beam conditions and 
counter alignment 

In scanning the photographs of the oscilloscope 
traces, the pulse height of each counter output was 
measured. Two were then 
applied before setting acceptable limits. First, the 
pulse-height distribution in the “de” counter was 
measured when the oscilloscope sweep was triggered on 
through K’s. This distribution for T7x.=250 Mev is 
shown in Fig. 4. The acceptable limits were set from 2 
to 4 inclusive leaving approximately 3% of the pulses 


calibration corrections 


outside. The final cross sections were increased by this 
percentage. Secondly, a pulse from the charge-exchange 
trigger was allowed to feed through one channel of the 
scope coincidence circuit 
definite pulse height, thus 
amplifier. The 
run was then 
addition, all the pentagon and anticounter pulses were 
so normalized. No limitation was placed on the normal- 
ized pulse heights in the anticounters. These counters 
must be sensitive to a A+ that stops in the target and 
then decays; 
prompt one. 

Any normalized pulse height greater than two was 
accepted for the pentagons. The maximum value was 


marker and a 

the output 
height from run to 
normalized by this calibration and, in 


to give a time 
calibrating 


average “‘de”’ pulse 


a delayed pulse will be smaller than a 
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Taste II. Distribution of counts in various categories. 





Target material 
and K* energies 


(Mev) Nor 


Tungsten 
230 
179 

Copper 
179 

Carbon 
239 
188 
151 

Emulsion 
234 
179 


limited electronically to seven to preclude feed-through 
problems. In order to check the relative efficiency of 
the pentagons, a plot was made of the number of times 
each pentagon counted a K,° throughout the whole 
experiment. This is shown in Fig. 5. Counters AGK, 
FHJ, BEL, and CDI are in positions of cylindrical 
symmetry. 

From the recorded data, the K,’ and K,° events were 
selected on the following basis. The K,’ category 
included all events where there were (a) no pentagons 
and no anticounts, (b) no pentagons and Az, and (c) 
one pentagon and no anticounts. The total is called V2. 
Categories (b) and (c) were included under the assump- 
tion that the pulses were accidentals, thereby making 
the accidental correction statistically much better. 
Category (c) includes the small fraction of K,°’s that 
decay outside the cup and have one prong that goes 
out the entrance or exit opening of the dodecahedron. 

The K;,° category included all events where no 
anticounter and two or more pentagons counted. The 
total is called N;. 

On the accidental film the same categories were used, 
only in this case the de pulse height was required to be 
ZETO. 

After the various categories were selected, the data 
were reduced in the following manner: The rate for a 
given type of event (i) per K+ hitting a particular 
target is m;=N,/fK where K is the total number of 
K+ hitting the target while NV; events are being regis- 
tered on the film, and f,, is a correction factor to K 
equal to the fraction of useable oscilloscope sweeps. 

The accidental rates (r, and r,;) are calculated per 
charge-exchange trigger. There are two accidental 
corrections: The first corrects for events lost because 
accidental pulses appear on the film from the anti- 
counters. The rate is 


r.=N,/A, (1) 


where \, is the total accidental sweeps with any 


anticounter excepting A;, and A is the total number of | 


oscilloscope sweeps in an accidental run. The second 
corrects for the appearance of two pentagon events on 





d+s : K 
2.29 10" 
2.04 10" 
1.23 10 
16.3 x10" 0.88 
3.98 10* 0.99 
1.30 10 1 


0.96 
0.94 


5.9x10™ 
7.7X10* 


10.9 x10" 
0.852 10" 
21 x10 1.05 K108 0.96 
2.4x10™ 
49x10 
5.1x10"* 


114 X10 
3.73 X10" 
1.91 K10" 


4.59 10* 
2.09 10* 


11.410 
13.7X10* 


114 x10 
3.73 K10* 


the accidental runs, i.e., cases of false K,°. This rate is 
Tv; Vy A : (2) 


‘where Vy is the number of accidental sweeps with no 
anticounter and two or more pentagons. 

We can now write for the corrected counting rate of 
K,° mesons from a given target: 


Nor — Nox — (d+s)— San’ (ki) 
n' (KP) = —— 
l—r, 


(3) 


where mer and meg are the K,° rates for the target in 
and out; d and s are corrections for K* mesons that 
decay, at rest after a scatter or in flight, into secondaries 
that stop im the target; and /; is the fraction of the K,° 
‘mesons that send one prong through a hole in the 
dodecahedron (3% of surface area is not covered by 
scintillator) and would be counted as K?’s. 
The corrected counting rate for K,° is then 


nir—np—rn' (ky?) 


n'(KY)=— (4) 


(1 -t.— fs) 


The actual number of counts obtained in the various 
categories are given in Table II and the corrected 
charge-exchange counts per incident K* are given in 
Table ITI. 


TaBLe III. Corrected charge-exchange counts per incident K*. 


Target material 
and K* energies 
(Mev) mn’ (K,°) n' (K;°) 
Tungsten 
230 (2.2440.47)xK10* 
179 (2.2240.530)K 10% 
Copper 
179 (2.87+0.69)K10"* 
Carbon 
239 (0.38+0.13)K10°* 
188 (0.59+-0.24)K10°* 
151 (0.4340.35)xK10°* 
Emulsion 
234 (1.50+0.34)x10"* 
179 (1.9740.62)x10"* 


(1.2940.11) x10 
(1.24-40.12)K 10 


(1.4640.16)x 10 


(0.2640.02)x 10°* 
(04740.06)x 10% 
(0.3240.06) x 10°* 


(1.1340.09) x 10°* 
(1.34+0.12)x10% 
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B. Computation of the Production Rates from 
Observed Rates n(K,") and n'(K,") 


The true production rates V(K,°) and N(K,°) are 
deduced from the corrected counting rates n’(K,°) and 
n'(K2°) by the use of the following formulas: 

, ro 
fia n'(K;°) 
N(K 1") = 


(1— fp) fe(l —fe) 


n'(K2°) 
N(K#) 


(1—fp)[1+fefeN (Ky)/N(K2)] 


The symbols are explained below. 

To see how these formulas are derived, consider first 
the rate N(K,°). The experimentally measured rate, 
n'(K,°), must be corrected for those events which are 

‘missed because one or both of the K,° decay products 
pass through the anticounter, A;. This may happen 
either when the particle decays within the target or 
when it decays outside A; but manages to send one of 
its products backwards into A,. The fraction of all K,° 
remaining to be counted, fg, may be calculated in a 
straightforward way for each target and energy because 
the K,° lifetime and the target geometry are well-known 
quantities. The magnitude of fg varies from 0.21 in the 
case of carbon at 175 Mev to 0.51 for tungsten at 250 
Mev and is shown in Table IV. The method of compu- 
tation of fx is outlined in Appendix I. 

The next correction to the n’(K,°) rate arises because 
some events are not counted when an energetic proton 
manages to escape from the target and trigger A. The 
fraction of events lost by this mechanism is called fp. 
The range of values of fp are from 0.013 for tungsten 
to 0.084 for carbon and are shown in Table IV. The 
method of determining /p is described in Appendix IT. 

Lastly, compensation must be made for those K,°’s 
which decay by the 2x mode outside the target and 

hence are not counted by double coincidence in the 


TaBLe IV. Correction factors for production rates 
and free-neutron cross sections 


Target 
materials 
and K* 
energies 


(Mev) fy ip : fe 


Uni 
Peaked form 
0.40 0.33 
0.25 0.26 


Uni- 

Peaked form 
1.02 1.01 
1.03 1.01 


Tungsten 
230 
179 

Copper 
179 

Carbon 
239 0.27 
188 0.22 
151 0.20 

Emulsion 


234 


0.013 
0.013 
0.30 0.28 0.029 1.05 1.03 
0.24 
0.20 
0.19 


0.084 
0.084 
0.084 


1.22 
1.30 
1.39 


1.06 
1.09 


0.25 


0.21 
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dodecahedron. (Those which decay inside the target 
succeed in triggering the counter A, because of the high 
probability of converting at least one of the four 
gamma rays in the target or brass surrounding the 
target.) The ratio of those K,"’s decaying by the 22° 
mode to those decaying by both modes is taken as 
and designated by the symbol fs.” These three quanti- 
ties are combined to yield the corrected rate shown in 
Eq. (5). 

Consider the derivation of the \V(K.°) rate. 
Here, as in the V(K;°) events are lost 
because an energetic proton produced in the nuclear 
interaction escapes from the target and triggers A1. 
The fraction lost is again fp. 

The other correction which must be made to n’(K-2°) 
arises because those K°’s which decay outside of the 
target by the 2° mode of K,° give an electronic identi- 
fication identical to that of K.° and must, therefore, be 
removed from the ’(K,") rate. The fraction of events 
that must be removed is fefpN(K\)/N(K2). 
This correction amounts to about 106 / . 

The V(K,°) and V(K,*) rates may then be obtained 
from Eqs. (5) and (6) and the individual cross sections 
for charge exchange into the K,° channel, o(K,°), and 
into the K,° channel, o(K,°), are directly calculable from 


now 


rate, some 


then 


o.(K,°) V (K,°)/pr, 
and 


a,(Ke \ K PT, 


where p is the number of neutrons per square centimeter 
in the target, 7, under consideration. 

These cross-sections are called the “uncorrected cross 
section per neutron” [o,=0.(K,")+o.,(K2") } and are 
tabulated in column 1 of Table V. For emulsion, these 
uncorrected cross sections correspond to mean free 
paths of 225+25 cm at 234 Mev and 164+23 cm at 
179 Mev. 


IV. RESULTS 


A. Estimation of Free-Neutron Cross Section 
and R(K,°)/(K,°) 


When the neutron involved in the charge exchange is 
bound in the nucleus instead of being free, there are 
several effects make the measured charge- 
exchange cross section per neutron, ¢,, different from 
that of the free neutron, ow. The effects considered 
here are the diminution of the cross section by the 
Coulomb repulsion of the incident A* by the positively- 
charged nucleus, by shielding from the other nucleons 
in the nucleus, by suppression of charge exchange at 
forward angles due to the Pauli principle resulting from 
the endothermic nature of the process, and lastly, the 
overestimation of the section 
because occasionally double collisions occur. The details 
of the computation of these effects are contained in 
Appendixes 3 to 6. The shielding and double scattering 
are combined into K,°) and f,4(K2"). The shielding 


which 


single ( ollision cToss 
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Tasie V. Uncorrected cross sections (#4) for K* charge exchange, free neutron cross sections (#y), and the branching ratio, R, for 
production of the K,° and K;°. Shown are results for two assumed angular distributions and weighted averages. 





on(K;°) 


Cu 
Target material (mb/neutron) (mb neutron ) 


and K* energies Uni- 
(Mev) Peaked Uniform Peaked form 


Tungsten 
230 . 2.49 
179 2.7 2.77 

Copper 
179 ' 3.74 

Carbon 
239 4.45 
188 3.78 3.97 
151 2.80 2.87 

Emulsion 
234 3.54+0.38 
179 4.84+0.78 


2.59 
3.94 


3.78+0.41 
5.1340.82 


Weighted average 


and double-scattering factors have different values for 
K,° and K,° rates because multiple collisions involve 
loss of energy for the K*+ meson leading to appreciably 
more decays of the K;° in the target, whereas the K,° 
rate is not affected. The ow(K;.2") are the cross sections 
per free neutron for K,° or K,° obtained from the 
o.(K1,2°) by the formula 


on( KS) =fefefea(KP)ou(K) (9) 


where i= 1, 2, and the total corrected cross section per 
neutron by 


on=on(K,’)+on(K2). (10) 


In general the combined factor f.f./,«¢ amount to 
increasing o, by about a factor of two. The individual 
factors are tabulated in columns 3 to 5 of Table IV and 
the resulting free-neutron cross sections in Table V. 
The weighted average of the free-neutron cross section 
for all elements is also given. 


B. Estimate of Phase Shift 


An estimate of the phase shift for the zero-isespin, 
zero-orbital angular-momentum partial wave can be 
made from the measured charge-exchange cross sec- 
tions. We denote the amplitude for each partial wave 
state by @,,, where the first subscript refers to the 
isospin and the second subscript is 0, 1, 3 for the S, 
P,, and Py angular momentum. The differential cross 
section for K* interactions may be written as 

da/dQ=%(A+B cos6+C cos’), (11) 
and the total cross sections as 


o=44h*(A+40), 


where, for the reaction K++ P — K*++P, we have 


(12) 
A, p= (ayo)? + (@11— 443)’, (13) 


B,p=2 Re(a;0)* (2a4;— 13), (14) 


Peaked form 





on(K?) oN 
(mb/neutron ) 


(mb/neutron) 


R(K°/K?) 
Peaked 


Uni- 
Peaked Uniform 


Uniform 
2.79 
2.81 


4.94+0.49 
6.3340.72 


5.3824-0.56 
6.75+0.82 


0.78+0.20 
1.25+0.31 


0.934-0.22 
1.40+0.34 


1,19+0.31 
1.1140.38 
0.95+0.46 
1.18+1.0 


0.97 40.24 
1.2340.34 


3.21 6.914089 7.06+0.93 1.1340.30 
2.97 
2.81 


1.94 


6.2841.09 
§.47+41.21 
4.24+1.90 


1.00+0.28 
0.95+0.41 
1.12+0.98 


0.86+0.22 
1.12+0.33 


0.96+0.09 


5.794034 5974041 1.08+0.09 


and 


Cyp=3(ay1)?+6 Re(ai1)* ay. (15) 


Similarly, for the neutron reactions we have 


A n= } (ayo-doo)*+ i (au- 413)+ (do3—@o1) F, (16) 


Buy= } Re (@i02-4o0)*[ (2413+@11) + (2¢03+-a01) J, (17) 


and 


Civ= Af (2ais+ ay) (2acy+4o1) P 
—43[(G13—41:)+(Gos—a@o1) FP. (18) 


Where a choice of sign exists, the plus corresponds to 
the reaction K*++N — K*+-N, and the minus corre- 
sponds to K++. — K*°+P. Further, the amplitudes, 
Gmn, are related to the phase shifts, 5,.., by 


Omn= (e*omn— 1) /23. 


(19) 


Experimenta! measurements of do/dQ for the reaction 
K*++P-— K*+P from very low energy up to the 
energies of this experiment indicate that it is consistent 
with isotropy.® Either a pure S wave or pure P, state 
could give this distribution. If one argues that pure P, 
is the cause at the higher energy and pure S at the 
lower energy, then the angular distribution at some 
intermediate energy should show considerable ani- 
sotropy due to the presence of these two states. This 
anisotropy is not observed, and we choose to interpret 
this persistence of isotropy as due to S-wave interaction 
only. We, therefore, set a;,;=4@;;=0. We then use the 
previously determined value of a,5 which yields 
5:0= 33.4°42.3°. Under these conditions, we have 


Oror( Neutron) = 2¢¢.(N)+ 4X? Reago*aio, (20) 


[oror(V) _ 2aex(N) | 
—————=, (21) 
4h? sind i 
*A summary is to be found in the 1958 Annual International 
Conference on High-Energy Physics at CERN, edited by B. 
Ferretti (CERN Scientific Information Service, Geneva, 1958). 
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where oro.(N) is the neutron total cross section and 
aex(V) is the neutron charge-exchange cross section. 
The value of 12+3 mb at 239 Mev is obtained for 
ovr(N) by interpolation from the data of Lannutti’ 
and Burrowes et al.* Under these conditions we find 


500= 2°+ 13. (23) 


The large error is due chiefly to the uncertainty in the 
interpolated neutron total cross section, the lower limit 
is cut off at 0 deg to be consistent with the repulsive 
S-wave interaction as determined from Coulomb 
interference.®:* 


C. Determination of ¢.,./1,, 

The ratios of the K+ charge-exchange cross section to 
the K+ total inelastic cross section determined previ- 
ously were from nuclear-emulsion experiments and 
hence represent an averaging over several different 
nuclei.*’ Because the present experiment directly 
measures the exchange cross section in pure elements, 
we combine these results with previously measured total 
cross sections” to determine the ratios for the pure 
elements C, Cu, and W. For an energy of 200 Mev, the 
ratios which are in substantial agreement with the most 
recent compilation of emulsion results" are 0.23, 0.30, 
and 0.34 for carbon, copper, and tungsten, respectively, 
with an error of +0.05. 


D. The Ratio, R(K,°/K,°) 


In the description of the neutral K meson as a 
particle mixture,’ the functions for the two decay 
modes are expressed as 


| K? , oe 


p| K°)-+q| K~*) 
(e+) 


(23) 


and 


p| K°)—q| K~) 
Cite} 


The coefficients p and g must be equal to one if time 
reversal invariance is true. One consequence of p=q=1 
is that branching ratio R(K,°/K,.°) must also equal one. 

Since the are determined in this 
experiment from the raw data in terms of two different 
angular distributions, the ratio R is also determined 
in terms of these two angular distributions. As is shown 
in Table V, we obtain R=0.96+0.09 for the peaked 
distribution and R= 1.08+0.09 for the uniform distri- 


l\K ° 


cross sections 


‘J.E 
S. Giambuzzi, C 
Rev. 109, 2121 

*H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, 
D. M. Ritson, and R. A. Shluter, Phys. Rev. Letters 2, 117 
(1959). 

*D. H. Stork (private communication). We are indebted to 
Dr. Stork for communicating his results to us prior to publication 

LL. T. Kerth, T. F. Kycia, and L. Van Rossum, Phys. Rev 
109, 1784 (1958) 

1M. Grilli, L. Guerriero, M 
Nuovo cimento 10, 205 (1958). 


Lannutti, S. Goldhaber, G. Goldhaber, W. W. Chupp, 
Marchi, G. Quareni, and A. Wataghin, Phys. 
1958). 
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bution. Both values are consistent with the theoretically 
predicted value of 1. Rather than interpret this result 
as a check on the invariance of the time-reversal 
operation, we prefer to assume that the true value is 
R=1 and interpret the near-equality of the measured 
value to R=1 as a check on the internal consistency of 
the calculated parameters of this experiment. We rote 
that a change in the ratio 2x°/[ 29°+-(xtx~) | of —0.1 
changes R from 1.00 to 1.15. 


CONCLUSIONS 


The mean-free path for K* charge exchange in 
emulsion is in agreement with previously measured 
values. 

The value for the K+ charge-exchange cross section 
on a free neutron is of the order of 6 mb in the energy 
region from 175 to 250 Mev (see Table V). The ratio 
of the charge-exchange cross section to the inelastic 
cross section is of the order of 0.3. Both of these results 
are consistent increased interaction in the 
T=0 state, as suggested previously.‘ 

Previously no evidence existed as to the identity of 
the products of the K*+ disappearance in emulsion. If 
strangeness is conserved in K* interactions, then the 
number of K°’s detected should equal the number of 
K*’s that disappear. In this experiment the K+ disap- 
pearance and the fraction of K®’s decaying by the K,° 
mode are positively electronically detected, and the 
other mode K,° is assumed to make up the difference 
(after correction for 2x° decay of K,°). 

If the ratio R(K,°/K,°) is not equal to one, then 
either strangeness is not conserved or time-reversal 
invariance is not true, or both. However our measured 
value of R is consistent with unity. 
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APPENDIX I. COMPUTATION OF f; 


In order to determine what fraction of real events 
are lost because of K,° decay products counting in Aj, 
a Monte Carlo calculation was carried out on an 
IBM-650 computer. The direction of all incident X*’s 
was taken along the target axis and the distribution of 
charge exchanges was taken to be uniform over the 
target. The charge exchange was assumed to take place 
at a point on a single neutron at rest. Energy loss and 
scattering of the K* in the target was neglected. The 
following parameters were picked at random: (a) a 
point in the target, (b) a direction of the K,°, (c) a 
distance before decay (weighted according to the mean 
life), and (d) the barycentric angle for decay of the K,’. 
The half-life was corrected to proper time by assuming 
an energy of the K,° as if K*+-nucleon elastic scattering 
had taken place. By the use of an angular distribution 
of the K,° in the laboratory system, it was possible to 
compute the total fraction of K,° that would be lost 
and also the efficiency for escape per d(cos@,») as a 
function of cos@;,». These quantities were computed for 
each target and for each energy. A value of 0.95 10~-” 
sec was used for the mean life of the K,° mode. 

For purposes of reducing the data, a center-of-mass 
(c.m.) angular distribution must be assumed for the 
resulting K® in the exchange process. We have reduced 
the data in terms of two different distributions. The 
first is uniform in d(cos#@) and the second is of the form 
da /dQ=0.168+-0.415 cose.m.; this distribution is derived 
for the exchange process from the results on K*++p 
and K*++-n in emulsion.’ The K;,° escape efficiency for 
each of these assumed distributions could then be 
easily found by utilizing the above-mentioned Monte 
Carlo results. At small angles these distributions are 
suppressed, as mentioned in Appendix I, because of the 
necessity of imparting a certain minimum amount of 
energy to the recoiling proton. This minimum energy 
is determined by the endothermic nature of the ex- 
change process. 

We have also corrected the data for double scattering 
of the emitted K,° as per Appendix VI leading to the 
total corrections fg listed in Table IV. 


APPENDIX II. CALCULATION OF f, 


The factor, f,, which corrects for those events that 
are lost because energetic recoil protons sometimes 
escape from the target and count in A;, depends on 
the target material. For the emulsion target we use 
data obtained from emulsion stacks.’* For the other 
elements we note that the energy in the center of mass 
of the charge-exchange system is similar to that in some 
nucleon-nucleon experiments done with the 184-in. 
cyclotron.” The energy and angular distributions of 
recoil protons were measured from various elements 


2 E. Bailey and W. H. Barkas, University of California Radi- 
ation Laboratory Report UCRL-3334, March 1, 1956 (unpub- 
lished ). 
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close to those that we used. These distributions were 
used to compute what fraction of our charge-exchange 
events would be rejected by integrating over all possible 
directions in each of the targets. These corrections, fp, 
are given in Table IV. 


APPENDIX III. COULOMB CORRECTION 


The correction for the reduction of the effective 
nucleon radius by the Coulomb distortion of the inci- 
dent wave” was made by increasing the measured 
cross section by the factor 


fe=(iteV./T), (24) 


where we have the Coulomb interaction energy, 
eV .=@Z/R, and R=1.2X10-"A,. 

The values /, used for the various targets and energies 
are given in Table IV. 


APPENDIX IV. NUCLEAR SHIELDING 
CORRECTIONS 


We assume that the ratio of the charge-exchange 
cross sections for free neutrons to that for bound 
neutrons is the same as the ratio of the total scattering 
cross section on free nucleons to that on bound nucleons. 
We then use the calculations of nuclear transparency 
by Rossi to evaluate the ratio of the individual 
scattering cross sections in terms of the transparency 
factor (0,;/7R?). This factor is a function of the mean 
free path in nuclear matter /.) which is calculated from 
the known free neutron and proton scattering cross 
sections. 

By definition, the transparency factor is 


o;/2R?= Ao/xagA}, (25) 


where o is the average measured total cross section per 
nucleon, A the atomic weight, and agA'=R, the 
nuclear radius. 

Therefore we have 


o = (9;/2R") (xae/A'), (26) 


and the desired ratio is 


Cs aysA ' 
a = oe ~ — _ -, 
ao (a./xR*)xaé 


(27) 


‘where a, is the average free-nucleon cross section. The 


mean free path in nuclear matter is 


1 4rra,? 
l= -— (28) 


ee ’ 
o sPauel 3e% 


Zaypt+(A—Z)on 
os=— —_ -. (29) 


oe A 


4M. Blatt and F. Weiskopf, Theoretical Nuclear Physics (John 
Wiley & Sons, Inc., New York, 1952). 

“Bruno Rossi, High-Energy Particles (Prentice-Hall, Inc., 
New York, 1952), p. 359. 
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and op=16 mb and oy=12 mb are the values used for 
total cross sections for K* scattering on free protons 
and free neutrons. The correction factor a, calculated 
for each element and combined with the double- 
scattering corrections of Appendix VI appears as f,a 


in Table V. 


APPENDIX V. PAULI EXCLUSION 
PRINCIPLE CORRECTIONS 


Sternheimer'® calculated the minimum angle 6 of the 
K+-nucleon scatter within the nucleus in order that the 
momentum of the recoil nucleon be outside the occupied 
Fermi distribution, starting with an average value of 
the Fermi energy 7. In our case we substituted for 
Ty the sum of the K°— K+ mass difference and of the 
energy necessary to transform the target nucleus (A,Z) 
to (A, Z+1). The formula used is 


COSO min = 1— 1.5587 p/T;. (30) 


Here 7, equals the effectivé K+ energy inside the 
nucleus, 
T1=Tisw—Ve—Vi, 

where 7},» is the laboratory kinetic energy, V., the 
Coulomb potential, is taken to be Ze/(1.210~1A!), 
and V,, the repulsive K* nuclear potential, is taken to 
be 20 Mev."® 

The magnitude of the solid-angle correction f, 
determined by the cutoff angle @,i, depends on the 


angular distribution of the charge exchange on the 


nucleons. Table V shows the amounts the measured 
cross sections were increased for two assumed angular 
distributions mentioned before—spherically symmetric 
and peaked forward. 


1 R,. M. Sternheimer, Phys. Rev. 106, 1027 (1957). 
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APPENDIX VI. DOUBLE SCATTERING 
CORRECTIONS 
If a K* scatters a second time in the nucleus, it may 
charge-exchange and increase the number of events 
over what would be expected from the nuclear shielding 
calculation. The K* energy will be lowered by the first 
scatter, and consequently the probability of the K,° 
decaying in the target is increased. The effect of third- 
and greater-order scatters are ignored. The measured 
cross section is increased over the actual cross section 
as follows: 
1— 7)RP#B |, (31) 


J meas O acti 1 T 


where 1— ; is the fraction of A* left after first collision 
(=0.8), R is the ratio of cross sections at the energies 
of second and first collisions, P2 is the probability of a 
second collision, and @ is the ratio of escape factors of 
the K°® in the first and second collisions. 

Let R=1, as we have no evidence in this experiment 
for the change in the cross section; this value will give 
the maximum possible correction. 

TasBie VI 


Double scattering correction factors. 


Element 
Cc 


Cu 


Ww 


From the probability of any collision, o;/#R?®, which 
is known, P: is calculated. For o;/”R?=1—e~*, we have 
P2= (x*/2)e—*. The value of 8 is 1 for K2° events and 
0.68 for K,°. If we Tmeas) fa(K1.2°), we 
obtain the correction factors fa(K,,s°) which are given 
in Table VI. 


WILE Gace 
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Results on the «~-Proton Scattering at 1 Bev and a Comparison with 
the Lindenbaum-Sternheimer Model 


I. Derapo anp N. Scuitz 
Max-Planck-Institut fiir Physik und Astrophysik, Mtinchen, Germany 


(Received August 6, 1959) 


In photographs from the 10-in. hydrogen bubble chamber at Berkeley we have analyzed 640 x” -proton 
scattering events with two secondary tracks. The primary x” energy was 1 Bev. The cross sections for the 
various reactions and especially for the reactions 


r+p—-r +f, 
r+p-r tHat?T', 
r+p-r +ptr 


have been determined. The ratio o(x° + ~+-°)/o(x>+n-+-x«*) of the two inelastic reactions turned out to 
be 0.50_» ,4**4*. The differential cross section of the x~ for the elastic scattering and the momentum and 
angular distributions of ithe secondary particles from the two inelastic processes are given. 

Our momentum spectra exhibit two maxima which strongly indicate the existence of the isobaric nucleon 
state. However, our results can hardly be explained by the Lindenbaum-Sternheimer model quantitatively, 
as has been shown in two independent ways. Perhaps this discrepancy is an indication that those pion 
productions must not be neglected which do not go through the intermediate state of the isobar but through 


the direct channel. 


INTRODUCTION 


P to this day only a few quantitative conclusions 
regarding strong interactions can be drawn from 

the exact meson theory. Therefore, several authors'? 
have tried to describe pion production in the nucleon- 
nucleon or pion-nucleon collision by models. The origi- 
nal statistical model of Fermi?’ (i.e., without considera- 
tion of the isobaric state of the nucleon) did not agree 
well with the experiments?**; the experimental results 
were described much better by a statistical theory 
taking into account the isobaric intermediate state.?:*° 
Evidence for this resonance state of the nucleon with 
J = T=} came mainly from the resonance-like peak of 
the w-nucleon scattering cross section at about 140-Mev 
pion energy in the center-of-mass system.’:* In order 
to describe the pion production in the nucleon-nucleon* 
and pion-nucleon interaction,’ Lindenbaum and Stern- 
heimer have developed a model (LS model) assuming 
that the production is possible only via the isobaric 
intermediate state (isobar) which decays into the 
ground state (nucleon) and a pion. In this paper we 
want to compare the predictions of that model with our 
experimental results which we obtained from 640 x-- 


1S. J. Lindenbaum, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1957), Vol. 7, p. 317. 

? Belenkii, Maksimenko, Nikishov, and Rozental, Fortschr 
Physik 6, 524 (1958). 

*E. Fermi, Progr. Theoret. Phys. (Kyoto) 5, 570 (1950) 

*R. H. Milburn, Revs. Modern Phys. 27, 1 (1955) 

*A. I. Nikishov, J. Exptl. Theoret. Phys. U.S.S.R. 30, 601 
(1956) [translation :Soviet Phys. JETP 3, 634 (1956) ]. 

*S. Z. Belenkii and A. I. Nikishov, J. Exptl. Theoret. Phys 
U.S.S.R. 28, 744 (1955) [translation: Soviet Phys. JETP 1, 593 
(1955) }. 

7L. C. L. Yuan and S. J. Lindenbaum, Phys. Rev. 103, 404 
(1956). 

*S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 105, 
1874 (1957). 

*S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 109, 
1723 (1958). 


proton scattering events at 1 Bev. These events have 
been observed in photographs taken from the 10-in. 
hydrogen bubble chamber of the Alvarez Group 
(Berkeley). The chamber was set up in a magnetic field 
of ca 11 000 gauss. A first discussion of the LS model 
predictions for x~-proton scattering at 0.93 Bev and 
1.37 Bev has already been carried out by Lindenbaum 
and Sternheimer’ themselves on the results which 
Walker ef al. and Eisberg ef al." got their measure- 
ments from nuclear emulsions and cloud chamber pic- 
tures. However, the available statistics were rather poor. 
(For a compilation of a few further experimental re- 
sults see the report of the conference on high energy 
physics at CERN.”) 


MEASUREMENTS 


A detailed description of our experimental procedure 
has been given by Derado ef al. (including elimina- 
tion of events with short secondary tracks where the 
measurement of the momentum was difficult or im- 
possible, calculation of a correction factor for each 
measured event, geometrical and kinematical analysis 
of an event, distinction between the various reactions 
of the x~-proton scattering, precision of our measure- 
ments). Some remarks should be made about our scan- 
ning efficiency : 


(1) Several films were scanned twice, and in doing 
this we found nearly the same number of events. From 
this it follows that our scanning efficiency was high. 


” Walker, Hushfar, and Shephard, Phys. Rev. 104, 526 (1956) 

" Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955) 

21958 Annual International Conference on High-Energy Physics 
at CERN, edited by B. Ferretti (CERN Scientific Information 
Service, Geneva, 1958), pp. 65-70. 

“% Derado, Liitjens, and Schmitz, Ann. Physik 7, 103 (1959). 

“1. Derado and N. Schmitz, Nuovo cimento 1], 887 (1959). 
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Differential elastic cross section of the 
center-of-mass system at 1 Bev. 


(2) We have plotted the number of elastic events 
against the azimuth angle of the secondary w~ in the 
plane which is perpendicular to the primary direction. 
From this plot, which in the case of 100% scanning 
efficiency should be isotropic, it could be seen that an 
elastic event is frequently lost if the #~-proton plane 
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lies nearly in the direction of observation. About 9% 
of all elastic events were missed due to this effect. 
In the case of the inelastic events the loss is certainly 
lower, because here the tracks are generally not co- 
planar. We have estimated the scanning efficiency to be 
96% for the inelastic events with two secondary tracks. 
The same value has been assumed for events with no 
visible secondary particle. 

(3) From the gap in the cos’ distribution of the 
elastically scattered m~ (see Fig. 1, 3 is the scattering 
angle in the c.m. system) it followed that small angle 
scatterings are rather often overlooked in the scanning 
procedure. Visually extrapolating the experimental dis- 
tribution to cos?=0, we found that (15+4)% of all 
elastic events may have been lost. (This extrapolation 
is, of course, somewhat arbitrary.) This value and the 


Taste I. Tabulation of the cross sections and the 


ibers of events 


Number 


found (without 


i events 


orrection factor) 
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above value of 9%, however, are not independent of 
each other because mainly those small angle s« atterings 
are not seen in the pictures where 
lies nearly in the direction of 
some larger angles will probably have been lost by the 
effect mentioned under (2), we have assumed that a 
total of (17+5)% of all elastic events have escaped 
detection at the scanning stage. 


the x~-proton plane 
observation. Since also 


For the determination of the total ~-proton cross 
section at our energy of 1 Bev we have followed a r-- 
track length of about 1600 m and have assumed that 
the contamination of our primary beam by other 
particles was (7+2)%. This 
based upon information obtained by the 
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Fic. 3. Center-of-mass momentum distribution of the r* from 
the reaction *#-+p—~2>+n+<2*. Curve B: Lindenbaum 
Sternheimer model. 


of the various cross sections, but not on the branching 
ratios. 

Table I gives the cross sections for the various re- 
actions connected with #~-proton scattering at 1 Bev. 
Our values are in good agreement with the results ob- 


tained by other authors in the same energy region.”:”-'* 
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‘6 A. R. Erwin, Jr. and J. K. Kopp, Phys. Rev. 109, 1364 (1958) 
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The error intervals include statistical fluctuations and 
the uncertainties in the scanning efficiency, in the con- 
tamination, and in the distinction between the various 
reaction types. On the other hand, in the histograms 
of Figs. 1-16 the error intervals mean only the sta- 
tistical fluctuations. 

Figure 1 shows the differential cross section for the 
elastic scattering 
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in the center-of-mass system. This distribution agrees 
very well with the result of other authors,"*?'* some 
of whom have in addition tried to perform a phase- 
shift analysis. 


RESULTS OF SINGLE PRODUCTION, AND 
COMPARISON WITH THE LINDENBAUM- 
STERNHEIMER MODEL 


Figures 2-7 give our momentum distributions and 
Figs. 8-13 our angular distributions for the secondary 
particles from the two reactions 

(D wr+p- 2 +n+r"*, 
(Il +p 2 +pt+, 
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in the center-of-mass system of the x~ and proton. The 
dotted histograms were obtained only from those 
events which allowed an unambiguous distinction be- 
tween the two processes (I) and (II). The method by 
which the questionable events [8.5% of all events of 
the types (I) and (II) ] have been distributed between 
the two reactions (I) and (II) has been described in 
reference 13. The curves exhibited in the figures are the 
theoretical distributions according to the statistical 
model (A) without taking into account the isobaric 
nucleon state and according to the LS model (B) (see 
below) for 1 Bev. These curves are normalized to the 
area of the experimental histograms. 

According to Lindenbaum and Sternheimer the mo- 
mentum spectra of the secondary pions from the two 
processes (I) and (II) are given by the formulas 
(neglecting normalization factors) 


T,-? (p)=aJi(p)+y1Jo(p), 
T+ (p) =yJi(p)+21J2(p), 
[,- (p)= xis i(p) +ynJ2(p), 


T.*") (p) =ynJi(p)+anJ2(p). (4) 


In these equations /;(p) is the momentum distribu- 
tion of the pions from the isobar decay and J2(p) the 
momentum distribution of the recoil pions. The for- 
mulas for calculating these functions are given by 
Lindenbaum and Sternheimer® according to their model. 
In reference 9 the curves J;(p) and J2(p) are presented 
for the two primary energies 0.93 Bev and 1.37 Bev. 
The quantities x1, y1, x11, Yn are defined by 

x1 , + tp T da, (5) 
y1= (1/18)+ (8/45) p— (2/9)a, 
(1/45)p— (1/9)a, 


+-(16/45)p 4/9)a. 
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Here 

2p= O}inei/ 0 jinel, (9) 
i.e., the ratio of the inelastic cross sections for T=} 
and T=}. 

a= 2(p/5)! cos¢, (10) 
where ¢ is the phase difference between the matrix 
elements for pion production in the state T=} and 
T= 4. (In the case of the x~-proton scattering both 
isospin states occur.) 

If one combines the momentum spectra of mr and 
x* from reaction (I) into one momentum distribution, 
this distribution is independent of the unknown quan- 
tities a and p, as one sees from Eqs. (1) and (2). There- 
fore this joint distribution can be calculated at once, 5 
namely (neglecting the normalization factor and the . 
factor x1+ 1) 
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Fic. 11. Center-of-mass angular distribution of the 


T- (p) +1 e+ (p) =JIi(p) +-Ja(P). from the reaction x +p —+ x -+p-+#". 





The same is true for the joint momentum spectrum of - 
the x~ and r° coming out from reaction (IT). Figures 14 
and 15 show our experimental #~+2* and 2-+7° 
spectra together with the distributions predicted by the 
statistical model (A) and the LS model (B). Figure 16 
presents the momentum distribution of the protons and 
neutrons from (I) and (IT). In this case the theoretical 
curves (A) and (B) approximately fall together; there- 
fore in this figure only a mean theoretical curve is given. 
We have tried to determine the quantities a and p 
from our experimental spectra and the theoretical dis- 
tributions (1) to (4) by a best fit. This has been carried 
out in the following way: From (1) and (2) follows 














I (p)=[ar+J (p) /[1+21 (p) ], (11) 06 04 02 0 02 OA OS 


where cos 6. in the c.m. system 


12. Center-of-mass angular distribution of the x° 
from the reaction *~ +p — 2° + p+". 


I (p)=1,-4 (p), T,* (p), 


21> 41/¥1, 

J (p)=I2(p)/Ji(p). 
[Equation (11) is independent of unknown normaliza- 
tion factors. ] Taking the ratio 7" (p) from our experi- 
mental histograms (Figs. 2 and 3) and the ratio J(p) 
from the theoretical curves J;(p) and J2(p) we have 
calculated 2; for several momentum intervals, i, of our 
histograms. For each 2;; we have determined an error 
Az;, from the statistical errors of our experimental 
points, applying the error propagation law of Gauss to 
Eq. (11). Of course all 2;; should be equal if the LS 
model is correct and if our statistics were sufficiently 
large. From the various values 2;; which showed large 
fluctuations we have calculated a weighted mean value 
taking the quantity (1/Az;,)* as a weight for 2; We 
obtained 











06 04 02 O O02 04 08 208 2;= 1.22+0.33. 
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Fic. 10. Center-of-mass angular distribution of the 
neutrons from the reaction #~ +p — 2° +n+-x*. 


Replacing our histograms by some smooth curves still 
compatible with the histograms, and taking J (p) 
from these curves we obtained in the same way (using 
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Fic. 13. Center-of-mass angular distribution of the 
protons from the reaction x +) — #- +p+7". 
the same No. of intervals) the mean value 
9 oe 1.90+0.30. 


The same procedure can be applied to the Eqs. (3) and 
(4) for reaction (II). Making use of the experimental 
histograms 5 and 6 we found for 21=211/yu the mean 
value 

ay; = 1.44+0.34. 


From the smooth curves we got 


211° 1.37+0.15. 
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Fic. 14. Center-of-mass momentum distribution of the «~ and 
x* from the reaction #° +) — «°+n+-2*. Curve A: statistical 
model; Curve B: Lindenbaum-Sternheimer model. 
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Knowing 2 and 2; one can calculate a and p by means 
of Eqs. (5) to (8). However, inserting the above values 
for 2; and 21; into the formula for p one finds only nega- 
tive values for p which are physically senseless [see 
Eq. (9) |. This occurs also in the case that one takes 
the varicus limits of the calculated intervals around 2; 
and 231; even the most favored combination of these 
error limits is far from yielding a positive p. (The values 
obtained for p are between —0.44 and —0.32.) For 
the calculation of a ahd p one can also go back to the 
ratio 


10+17p—25a 
R= 0.50_9.147°'" (see Table I) (12) 
25+ 26p+35a 


of the total cross sections for the reactions (I) and (II). 
Unlike 2; and 2; the quantity R can be determined 
immediately from the experiments and is independent 
of the special shape of the theoretical curves J,(p) and 
J2(p). If one calculates p from the two values R, 2; or R, 
211, again one obtains in both cases only negative values 
even if one inserts the optimal error limits into the 
formula for p (the values are between — 5.40 and —0.99, 
and between —0.28 and —0.01, respectively). 

From this one can conclude that our experimental 
distributions which are based upon rather large sta- 
tistics cannot be very well described by the LS model. 

Another test of the LS model by the momentum dis- 
tributions of the single secondary pions has been carried 
out by Lindenbaum and Sternheimer® with the com- 
paratively small statistics of Walker ef al. and Eisberg 
et al. We have done the same with our results: 


Making the assumption that 
(13) 


total cross sections 


Tyinei/Fyinel = 74/04 
we have calculated p from the 
o(x~+p) and o(x*+-9): 


o\n + p 
p 1 / 3 1 |. 

a(x’ > p 

For our energy of 1 Bev, p has the value '*” 
p=0.200. 

Inserting this value into formula (12) and taking our 
value for R we found 

—(0).040 


and [see formula (10) | 
o=95.3 
With a and p we have calculated the distributions (1) 
to (4) and have plotted them in the Figs. 2, 3 and 5, 6 
(curves B). One sees that these theoretical curves do 


16 Cool, Piccioni, and Clark, Phys. Rev 
1? Burrowes, Caldwell, Frisch, Hill 
Wahlig, Phys. Rev. Letters 2, 119 (1959 


103, 1082 (1956). 
Ritson, Schluter, and 
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Fic. 15. Center-of-mass momentum distribution of the *~ and 
® from the reaction *~+)p — «-+p+7°. Curve A: statistical 
model; Curve B: Lindenbaum-Sternheimer model. 


not fit our experimental histograms well. Especially in 
the case of Figs. 5 and 6, the distributions predicted by 
the LS model with assumption (13) deviate consider- 
ably from our experimental results. 
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Fic. 16. Center-of-mass momentum distribution of the nu 
cleons from the reactions s+p—~* +n+2* and r+p— 
=~ +p+2°. Curve A, B: statistical and Lindenbaum-Sternheimer 
model. 


AT 1 Bev 


CONCLUSIONS 


Our momentum distributions indicate two pro- 
nounced maxima around the fnomenta 200 Mev/c and 
400 or 450 Mev/c. A simple model for the explanation 
of these two maxima is the LS model which ascribes 
the first maximum to the pions coming out from the 
isobar decay and the second maximum to the recoil 
pions. However, as the preceding chapter has shown, 
this model cannot explain our results quantitatively. 
On the other hand, also the statistical model in its 
simple form without taking into account the isobaric 
state surely is not a good description. Perhaps one can 
obtain a better agreement between experiment and 
theory if one combines the two models in the sense that 
part of the pion production takes place directly without 
the isobaric intermediate state and that the other part 
goes via isobars (see references 2, 5, and 6). Of course, 
the question remains as to what the frequency ratio 
for these two reaction channels is. Surely it would be 
too great a simplification if one calculated this ratio 
from the statistical weights for 2 and 3 particles. The 
attempt of combining the statistical and the LS model, 
of course, can only be successful if the curve of Fig. 16, 
where the statistical medel and the isobar model give 
practically the same result, is in agreement with the 
experimental distribution. This is actually the case. 
Moreover, recent experiments'*-” on x-proton scatter- 
ing have revealed the existence of additional resonances 
at higher energies. A satisfactory theory of pion pro- 
duction would also have to take into account the higher 
isobaric states corresponding to these resonances. At 
the moment we are investigating these questions in a 
more detailed way. 
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The hypothesis of an unstable charged boson to mediate muon decay radically affects the 
* +p” near the energy at which the intermediary may be produced. If the 


for the process b+e 


t cross section 


boson 1s 


assumed to have K-meson mass, the resonance occurs at an incident antineutrino energy of ~2X 10" ev. The 


flux of energetic antineutrinos produced in association with cosmic-ray muons will 
counts per day per square meter of detector, independently of the depth ar 


the experiment is performed 


HE interaction responsible for muon decay also 
permits an inelastic scattering of antineutrinos 
by electrons, 
p+e—- +p 
With the conventional four-Fermion form of decay 
interaction, the cross section for this process is 


oy= (E/m, 15X10 cm’, 


where £ is the energy of an antineutrino incident upon 
a stationary electron. However, if muon decay is 
mediated by a charged, unstable boson, this cross 
section becomes radically altered. The process will 
occur by the sequence 

>ZL-— i+n, 


pre 


and at some antineutrino energy there will be a reso- 
nance, occasioned by the real production of an inter- 
mediary boson. The cross section, in this case, assumes 
a typical resonance form, 


E? 


d or 


(E-E,)*+1? 


in which the incident antineutrino energy at the reso- 
nance is Ky=mz’/2m, and I denotes its width, 
I'=(mz/m,.)(1/rz) in terms of the lifetime, rz, of the 
Z meson. Although ¢» is proportional to the fourth 
power of the coupling constant of Z mesons to leptons, 
the average cross section near the resonance, 


1 Beta r fF Eo 
f o(E)dE= ( 
2A SH ko~s 4\ A r 


depends only upon: its square. If the Z-meson mass is 
not much greater than that of the nucleon, this enhanced 
cross section is not necessarily beyond experimental 
reach. We shall consider only values of the Z-meson 
mass such that mx <mz<my, since smaller values of 
mz would prohibit the use of the Z meson to mediate 
K-meson decays. 

The principal decay modes of the Z meson are 
expected to be Z-~—>e+s and Z~—>y-+%. With 


* National Science Foundation Post-Doctoral Fellow. 


then produce two muon 


| the orientation at which 


coupling strengths of the Z meson to muon and electron 
currents chosen equal (in accordance with universality) 
and of magnitude determined by the muon lifetime, we 
find 


Tz my /mz)*10°my he? sec. 


my, the 


With mz energy of the incident antineutrino 
energy at the resonance is 9X10" ev and the width of 
the resonance is 210° ev, while with mz=mex, 
Eo=2.3X 10" ev and l=1.5X 10° ev. 

Although the natural width of the resonance is quite 
small, a significant broadening is produced by the 
spread in velocity of the target electrons. In a collision 
along the direction of 
antineutrino 


with an electron of veloc ity Be 
in idence, the resonance occurs at the 
energy 

Ey’ = (1+8 


Thus the experimental width of the resonance will be 
approximately (4/137)/ 
number of the target n 
trinos of energies within the 
mean free path of some hundred 
sponding to a cross section of 10-" cm’. 


The only known source of antineutrinos of sufficiently 


where 4 is the mean atom 


iterial. Upon earth, antineu- 
resonance should have a 


ol kilometers, corre- 


great energies is the decay of cosmic-ray pions and 
K mesons 
duced in 
intensity and energy spectrum may be deduced from 


that 


Practically all such antineutrinos are pro- 


issociation with muons, consequently their 


flux of muons.' We estimate 
intineutrino flux is 10 


the known sea-leve 
at 9X10" ev the cm™~? sec 
Bev, and at 2 Bev. 
Exposed to these antineutrino flux s, each target elec- 
tron will act as a source of 4X10™ muon per second 
if MmMz=Myn, OT 10 
of Mz=—MK. 
With a muon-sensitiv meter, 
placed underground, the experimenter might anticipate 
a countirg rate of two per day (at mz or of 0.1 
per day (at mz=my) independently of the depth at 
which the experiment is performed 
should be relatively insensitive to the orientation of the 


3x10" ev s 10-° cm™ se 


* muon per second at the lower value 


irea of one square 


mk 
rhe counting rate 


experimental apparatus with respect to the vertical, 
since the muons should be produced isotropically in the 


1A. Subramanian and S. D. Verma, Nuovo cimento 8, 572 
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upper hemisphere. A positive result to this experiment 
would be evidence both for the existence of an inter- 
mediary boson and for the absence of a selection rule 
that prevents those neutrinos produced in association 
with muons from interacting with electrons. 
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The depolarization of positive muons being slowed down in an 
insulating material can only be accounted for by the capture of 
an electron into a bound state. The ground-state muonium formed 
in flight can be expected to break up in a time short compared to 
10-” sec (the time necessary for the electron to flip the muon 
spin via the hyperfine interaction). The effect of an external 
magnetic field in locking the electron spin in its initial orientation, 
and thereby quenching the action of the hyperfine coupling, is a 
useful test of the assumption of muonium as the depolarizing 
mechanism. If x is the magnetic field strength measured in units 
of 1.58 kilogauss, and +r is twice the mean life of the muonium 


T is known that when a fast positive muon enters 

condensed matter, in many substances it loses some 
or all of its initial polarization in the slowing down 
process. To account for this depolarization, it is neces- 
sary to invoke the spin-spin interaction of the magnetic 
moments of the muon with the electrons in the matter, 
as there is not available any other sufficiently strong 
interaction to give the observed effect.' In addition to 
this requirement, it is necessary that the muon not be 
exposed in rapid succession to many different electrons 
with random spin orientation, as this would average 
out the effect and give essentially no depolarization. 
Thus it is necessary that the muon capture an electron 
and form a muonium atom. It is only in this way that 
it may be exposed to just one electron of a definite spin 
orientation for a sufficiently long period of time to 
result in a secular precession of the spin of the muon. 
This requirement is consistent with the fact that metals 
do not exhibit the depolarization of muons, while 
insulators generally do. Thus, in metals the muon is 
always exposed to a random distribution of conduction 
electrons and does not accumulate any secular pre- 
cession leading to a loss in its spin orientation. In 
addition to the requirement that the muon should 
capture an electron and form the muonium atom it is 
necessary that the atom should be in the ground state, 


* Investigation supported in part by the U. S. Atomic Energy 
Commission under a contract with the University of Maryland 

t On leave from Institute of Nuclear Physics, Calcutta, India. 

‘Here we include the magnetic quenching effect discussed 
below. Hyperfine interaction with nuclei would be quenched much 
more easily than is found to be the case. 


atoms with respect to breakup, measured in units of 3.58 10"" 
sec, then it is found that the amount of depolarization for one 
formation and breakup process is equal to one-half of the quantity 
(1+7r°*+-2*)". By introducing #, the number of times that the 
capture-breakup process is repeated, one has two parameters and 
can achieve good fits to the experimental data of Sens et al. for 
nuclear emulsion and fused quartz. It is pointed out that the 
interpretation by Sens et al. of their magnetic quenching data, 
also based on a two-parameter formula, is not tenable, since it 
depends on assuming that a certain fraction of the muons are not 
subject to the capture and loss process. 


as the excited states have too weak a hyperfine inter- 
action to give sufficient depolarization. 

In testing any such depolarization mechanism as 
muonium, it is very useful to apply a laboratory 
magnetic field, and to study the dependence of the 
depolarization mechanism on the strength of the field. 
Since the flipping of the muon spin in the muonium 
atom is accompanied by a recoil flip of the electron 


‘spin, as required by conservation of angular momentum, 


it is clear that the depolarization mechanism can be 
controlled by having the electron be acted upon by 
the external magnetic field. Thus, if the field is made 
strong enough, the electron can be locked in its initial 
orientation by the Paschen-Back effect. The muon spin 
is then locked into position by a kind of indirect 
Paschen-Back effect. (The direct action of the external 
field on the muon is negligible compared to this indirect 
effect through the electron.) The simplest possible 
theoretical treatment which satisfies the requirements 
of the preceding paragraph is that of “one-time” 
muonium formation. In this picture a fast muon enters 
a solid material, is very quickly stopped, and then 
captures an electron, which subsequently remains 
bound to the muon until the latter decays. The effect 
of an external magnetic field on such a simple de- 
polarization process has been studied by Breit and 
Hughes’ and by Ferrell and Chaos.’ It has been shown 
by Orear, Harris, and Bierman,‘ and also in reference 

? G. Breit and V. W. Hughes, Phys. Rev. 106, 1293 (1957). 

*R. A. Ferrell and F. Chaos, Phys. Rev. 107, 1322 (1957). 

‘J. Orear, G. Harris, and E. Bierman, Phys. Rev. 107, 322 
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3, that the dependence of the polarization on the 
magnetic field in this simple model is given by 


1 i # 
Pa—--——., (1) 
2 21+2# 
Throughout the present paper, we will use the notation 
of reference 3. x is the magnetic field measured in units 
of 1.58 kilogauss. The dependence of this polarization 
on magnetic field is plotted in Fig. 1 of reference 3 and 
it will be noted that a cross-over occurs at about x= 1, 
or at about 1.5 kilogauss. Fields significantly larger 
than this value will restore the polarization lost because 
of the hyperfine interaction between the muon and the 
electron. This simple theory has been tested quali- 
tatively by Orear et al.,‘ and by Barkas et al.,5 who 
verify that the polarization is completely restored in 
large magnetic fields of the order of 10 kilogauss. But 
the more detailed investigation of Sens et al.* showed 
that the depolarization persists up to fields of the order 
of 4.5 kilogauss or x= 3. At this field about one-half of 
the depolarization was found to be restored or 
“quenched.” It is clear that this behavior cannot be 
explained in terms of one-time muonium formation 
[Eq. (1)]. For this reason Sens et al.* proposed the 
following equation based on the idea that a fraction f 
of the muons undergoes nm repeated capture and loss 
processes, and the fraction 1—/f remains immune and 
does not ever capture electrons in the course of being 


slowed down: 
112 \* 
pP=1 +s( +-- ) : (2) 
2 21+2 


But this explanation is not tenable, as there is no 
reason to expect that the muons will divide up into two 
groups in this way and be subjected to different treat- 
ments by the medium. The purpose of this note is to 
propose a different modification of the simple one-time 
muonium depolarization mechanism, and to derive an 
alternative formula which will replace Eq. (2). The 
new formula will be equally successful in explaining the 
data, and will be better founded in the basic physical 
principles. 

Since the events involved in the slowing down process 
are generally regarded as being fast, occurring in time 
of the order of magnitude of only 10-" sec, while the 
time required for an electron in the muonium ground 
state to flip the muon spin is 10" sec, it is clearly 
necessary to take account of the finite lifetime of the 
muonium atom with respect to breakup. Equations (1) 
and (2) above are based on the assumption that the 
muonium lives indefinitely, or at least for a time long 
compared to 10~" sec. They are therefore, clearly not 
to be regarded as reliable for the actual slowing down 


5 W. H. Barkas, P. C. Giles, H. H. Heckman, F. W. Inman, and 
F. M. Smith, Phys. Rev. 107, 911 (1957). 

* J. C. Sens, R. A. Swanson, V. L. Telegdi, and D. D. Yovano- 
vitch, Phys. Rev. 107, 1465 (1957). 


LEE, 


AND PAI 

process that is taking place in the condensed material. 
It is, however, a simple matter to modify the theory of 
reference 3 to take account of breakup of the muonium 
for times of the same order or shorter than the hyperfine 
depolarization time. It is convenient to introduce the 
unit of time 3.58 10-™" sec, which is (27) times the 
reciprocal of the hyperfine period. If we now consider 
that we cause a muon to capture an electron at time 
zero, then the residual polarization of the muon at time 
¢ measured in the above unit, and averaged over initial 
electron spin orientation is given by 

sin?(1+-2*)i 


(o,%)=1— . 


1+ 


sin*{_ (1+-2*)4(t/2)] 


+1— (3) 


1+27 


Since we are interested in the statistical problem of 
averaging over the various individual events which 
occur in the slowing down process, we can introduce 
7/2 —> fr for the mean life with respect to breakup and 
weight the polarization given by Eq. (3) by the quan- 


tity 
1 l 
2/r exp(—2t/r)dt > - exp( - Jar. 
T T 


Carrying out this average, which we denote by the sub- 
script 7, we find 


(04! ).=1- — (4) 


We note that this checks in the limits of r— ~, in 
which case it reduces to Eq. (1), and r+ 0, in which 
case there is no depolarization, because there has simply 
been no time available for it to take place. We further 
note that for values of 7 of the order of unity or less, 
the field required to quench one-half of the depolari- 
zation corresponds to x>1. This is already in the 
direction of giving better agreement with the data of 
Sens et al.® 

It is now necessary to take account of the fact that 
upon breakup, the muon will continue for a while 
through the medium, ionizing as it goes and being 
slowed down, but probably eventually again capturing 
an electron. Thus we will again have muonium, but 
now with a somewhat longer mean life because of the 
lower translational velocity. It is easy to establish that 
the net polarization after several such transitory 
muonium histories is given simply by the product of 
factors of the form of Eq. (4). In order to avoid the 
complications of the slowing down theory, we make here 
the simple approximation of assuming all the mean 
lives during the slowing down process to be the same. 
Although this approximation is dictated by simplicity, 
it is not unreasonable. In the initial phases of the 
slowing down process there will occur very many 
short-lived muonium cases. But as we have seen above, 
these have a completely negligible depolarizing effect. 
Toward the end of the slowing down process, after a 
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time of the order of 10-" sec, or perhaps somewhat 
longer, we can imagine that the muonium breaks up 
for the last time, since the breakup cross section is 
generally expected to be much greater than the capture 
cross section. Thus it is also reasonable not to consider 
large values of r. In any case, we assume that the 
repeated captures and breakups can be represented by 
some effective mean life, and find for the final polari- 
zation of the muon at the time that it decays the 


expression 
1 1 ; 
p=(1--—__) 
21+77*+2 


This equation replaces Eq. (2) proposed by Sens et al.® 
It also contains two parameters, 7/2 — 1, the effective 
mean life with respect to breakup, and nm, the average 
number of intermediate muonium formations. A con- 
venient procedure for obtaining a fit to the experimental 
data is to consider that value of the magnetic field 
strength, x,,, for which the polarization is equal to the 
geometrical mean of its value for zero and infinite field 
strengths. «x,, is readily estimated from the experimental 
data. In terms of x,,, 7 is determined by the following 
equation : 


(5) 


r=(—3+ (ee t2,)' 4. (6) 


n can now be determined from r and Po, the zero-field 
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Fic. 1. Dependence of muon polarization P on magnetic field 
x, measured in units of 1.58 kilogauss. The etic quenching 
data shown are those of Sens et al. (reference 6) for nuclear 
emulsion (triangles) and fused quartz (circles). The fits achieved 
by the present theory, which takes into account the finite lifetime 
of the muonium atom with respect to breakup, are given by the 
upper and lower curves (nuclear emulsion and fused quartz, 
respectively ). 


polarization : 
InPo 
In{1—1/2(7*+1)] 


n 


(7) 


Figure 1 shows the data of Sens et al.* represented by 
solid triangles for nuclear emulsion and by solid circles 
for fused quartz. Fits are given to this data by r=0.38 
and m=10.1 for nuclear emulsion and by r=0.7 and 
n=13.5 for fused quartz, and are exhibited by the 
upper and lower curves, respectively. 
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Absorption of Negative Muons in C” Leading to Production of Bound B"*f 


J. G. Ferxovicn, T. H. Freups, anv R. L. 


McIiwarn} 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received September 8, 1959) 


A negative muon beam from the Carnegie Tech synchrocylotron was stopped in a six-inch propane bubble 
chamber. Since the hydrogen does not form ~-mesonic atoms in the presence of carbon, the pictures yield 
information on the interaction of stopped muons with carbon. About 30 000 pictures of stopping muons were 
taken with the bubble chamber kept sensitive for ~20 msec after the beam pulse in order to observe the beta 
decay of any bound B" nuclei resulting from « absorption by carbon. The chamber was photographed right 
after the beam pulse to determine whether a given stopped muon decayed, or was absorbed. Another photo- 
graph was taken about 15 msec later to determine if the absorption had led to a nucleus which had beta 
decayed. A count of w-e decays in the same film allowed the determination of the probability per unit time 
of bound B” formation. Forty-six boron decays were observed yielding (7.641.2) K 10° sec™ for the rate of 
bound B® production. Possible interpretation of this result in terms of a universal V-A Fermi interaction is 


discussed. 


INTRODUCTION 
HE theory of the universal V-A Fermi interaction! 
leads to a clear cut prediction concerning the 
rate of the capture process 


* utp nt. (1) 


* Research supported in part by the U. S. Atomic Energy 
Commission. 
t This work has been submitted by J. G. Fetkovich to Carnegie 


This theory has been quite successful in explaining the 
available experimental data, and further verification, 
in the form of a measurement of the absorption rate 


Institute of Technology in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy. 

t Now at Princeton University, Princeton, way? g- 4 

' R. P. Feynman and M. Gell-mann, Phys. Rev. 109, we Se) 
E. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 109, 1860 
(1958); J. J. Sakurai, Bull. Am. Phys. Soc. 3, 10 (1958). 
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for muons in hydrogen, is desirable. This measurement 
is difficult to make, however, due to the low probability 
for the reaction, and due to complications arising from 
the formation of u-mesonic molecules. 

The coupling constant for (1) can in principle be 
determined by measuring the absorption rate in heavy 
nuclei, in which case the above-mentioned experimental 
difficulties do not occur. In this case, however, there is 
a large uncertainty in the theoretical prediction due to 
lack of knowledge of the nuclear matrix elements 
between the initial and final states. In certain special 
cases the u-mesonic absorption by a nucleus goes from 
an initial to a final nuclear state which are, respectively, 
the final and initial nuclear states of a known beta 
decay reaction. In such a the nuclear matrix 
element between the two states in question can be 
evaluated from the known beta decay lifetime. One 
such special case is the absorption of a w~ by C™ leading 
to the ground state of B”: 


case 


p-+C? — B+». (2) 


The B" is beta active, and decays back to the ground 
state of C”: 


BY — C?+e +5. (3) 


From the known probability per unit time, W%, of (3), 
one can evaluate the nuclear matrix element for the 
transition between the ground states of C” and B® 
and use this value to predict W*, the rate of reaction 
(2). Unfortunately, there are still some uncertainties 
in the calculation, stemming mainly from the large 
momentum transfer in (2) as compared to (3) and from 
effects of virtual pions. 
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Fic. 1. Diagram of the experimental setup. The elevation view 
is taken looking along the beam direction. 


FIELDS, 


AND McILWAIN 











% t 
Fic. 2. Pressure vs time in the propane. At the operating 
temperature the vapor pressure was 310 psig 


The measurement of the rate of reaction (2) was first 
suggested by Tiomno, and done by Godfrey? in 1954 
using cosmic ray muons stopped in a liquid scintillation 
counter. It was deemed desirable, in view of recent 
advances in the theory of weak interactions, to redo 
the measurement by a quite different method as a 
check, and, if possible, to increase the prec ision of the 
result.’ 


EXPERIMENTAL METHOD 


In this work, the rate of B® production was studied 
using a propane (C;H,) bubble chamber in which were 
stopped yu-mesons from the Carnegie synchrocyclotron. 
Figure 1 the experimental 
setup. A pulse of beam lasting about 100 usec was made 


illustrates schematically 


to penetrate an amount of absorber sufficient to bring 
the muons to rest in a convenient region of the propane 
chamber. All the stopping negative muons are captured 
in atomic orbits around carbon nuclei (the hydrogen is 
completely ineffective in capturing’) and cascade down 
to the K orbit in a time shorter than about 10" sec.° 
The weak coupling between the muon and other fermion 
fields then causes one of several possible reactions to 
occur. For the purposes of this discussion these reactions 
may be conveniently grouped into three classes: 


I. ww +C 
1. w-+C" 


+ p+ p, 


Ill. w 


where B'* means a state whose excitation energy is 


>3.4 Mev, and B! 


means one of the five bound states 


*T. N. K. Godfrey, thesis, Princeton University, 1954 (un 
published ) 

? A preliminary account of this work was given at the Gatlinburg 
Conference on Weak Interactions, Gatlinburg, Tennessee, October, 
1958 (Bull. Am. Phys. Soc. 4, 81 (1959) ]. Further details of the 
experimental method can be found in J. G. Fetkovich, Atomic 
Energy Commission Report N YO/2237, 1959 (unpublished) 

*W.K. H. Panofsky, R. L. Aamodt, and J. Hadley, Phys. Rev 
81, 565 (1951); J. D. Jackson, Phys. Rev. 106, 330 (1957). 

§ G. R. Burbidge and A. H. de Borde, Phys. Rev. 89, 189 (1953). 
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Fic. 3. Drawing illustrating the two pictures, P; and Ps, of a 
boron event. The separation between P,; and P; is proportional 
to the time interval /;.—t,, and to the speed of film motion in the 
camera. The boron decay electron appears only in P» indicating 
that the decay occurred between ty; and ty». 


of B™. Reaction I is just the “free” decay of the muon 
in which the carbon nucleus plays little part and which 
has a measured probability per unit time A;=4.5X 10° 
sec. In reaction II the muon is absorbed by the carbon 
nucleus leading to a particle unstable state of B” which 
breaks up by the emission of heavy particles, usually 
neutrons. This reaction has a probability per unit time 
An. In reaction III, the absorption of the muon leads 
to a B® nucleus with insufficient excitation to emit 
particles. The B® may be formed in its ground state or 
any of its four bound excited states. If the latter occurs, 
the boron de-excites by y-ray emission.’ The probability 
per unit time of the first arrow in III is represented by 
Ayn while that of the second is known® from other 
experiments to be 1/29.31 msec~'. Ain was measured 
relative to A; by comparing the number of muon 
absorptions leading to bound states of B’ with the 
number of observed u-e decays. The detection of re- 
action III was accomplished by observing the electron 
emitted in the B® beta decay. The bubble chamber was 
kept sensitive for 20 msec after the beam pulse so that 
a reasonable fraction of the radioactive B™ nuclei would 
be seen to decay before sensitivity was lost. Twenty 
milliseconds was near the upper limit to the attainable 
sensitive time imposed by the design of the chamber. 
As indicated in Fig. 1, the chamber was viewed from 
above by a stereoscopic pair of cameras, designated T 
and B, in each of which was registered an image of the 
chamber each time the light source (an electronic flash) 
was triggered. The stereo half angle was 10° in the 
propane. The central rays of the two cameras defined 
the “camera plane” which was perpendicular to the 
beam direction. 


* F. Ajzenberg-Selove, and T. Lauritsen, Revs. Modern Phys. 
(to be published). 
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In order to distinguish reactions I and III, two 
photographs of the chamber were taken after each beam 
pulse. The first was taken at time ¢;;,, which was about 
1.5 msec, after the time, 4, of the beam pulse. The 
second, at f;2, was taken about 15 msec later. Of course 
ty, ty, and tye were all within T,, the period of chamber 
sensitivity (this sequence is illustrated in Fig. 2). The 
first picture, designated ?,, shows the tracks of all 
particles which traverse the chamber before ¢;, (but 
within 7,), while P: shows all particles which traverse 
the chamber before /;2. Thus a w-e decay would have 
both the muon and electron tracks on both P; and P2, 
while a boron event (wherein the B® decayed between 
ty, and ty) would have the muon in P; and P», but the 
electron in only P». During the interval between (,; 
and ¢y2, the film was moved in the cameras to separate 
the two images. This motion was perpendicular to the 
beam direction and resulted in photographs of the 
chamber which appear, schematically, as in Fig. 3 
(the T view only is shown). Figures 4 and 5 show the 
actual T view of a boron event and a w-e decay event, 
respectively. 

BEAM 


The beam emerging from the cyclotron was analyzed 
by a magnet to select 35-Mev muons (see Fig. 1). There 
was a contamination of pions and electrons with 
momentum equal to that of the selected muons. The 
composition of the beam which entered the chamber 


Boron decay 


Fic. 4. T view of a boron event with double flash. The electron 
track is clearly of an age intermediate between the pw; and ys 
tracks. 
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Beam 


Fic. 5. T view of a w-e decay with double flash. 


w: pe: 1:10:20. 


In Fig. 6 is shown a plot of the differential range dis- 
tribution of mesons. The abscissa is distance, along the 
beam direction, from the upstream end of the chamber. 
This distance was measured on a projected image which 
was 1.8 life size. The density of the propane when the 
chamber was expanded was 0.42 g/cm’. Curve B clearly 
shows the separate r and yw peaks. The horizontal bar 
indicates the acceptance region for boron and p-e events. 


SCANNING PROCEDURES 


We could in principle measure Ay relative to A; by 
finding all the boron and y-e decay events on the film. 
This is extremely difficult because scanner efficiency is 
not 100% for all events. However, since we are only 
interested in the ratio of the numbers of the two types 
of event, we may reject events which are difficult to 
find without affecting the result, provided we do so 
through rejection criteria so designed that equal 
fractions of the two classes of event are omitted. If this 
is correctly done, there will be high efficiency for finding 
acceptable events and the efficiency correction may be 
easily made. 

Because the 7 view was generally easier to scan and 
measure than the B view (due to accidental optical 
misadjustment during the run), it was the defining 
view for application of the acceptance criteria and the 
lengths and angles referred to in the acceptance criteria 
are measured in the T view. All measurements were 
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made on the projection: The criteria for acceptable 
boron and y-e events were (@, is defined in Fig. 7; /, is 
the length of the chord to the electron track): 

(a) The muon end point must be in the “acceptable” 
region of the chamber; (b) 1,.>2 cm (in P2); (c) 
|@.| < 165° (in P:); (d) The decay electron (in P2) does 
not pass within 2 mm of the muon end point in P;; 
(e) Scanned frames must 18 incident tracks, 
counting in P; and P2, and have the separation between 
P, and P; be >2 mm; and (f 6,| > 20°) where the 
expressions in parentheses apply to w-e events only. 
Thus in (b) and (c), the measurements were made in 
P, for y-e events, even though the P; tracks were more 
clearly defined, in order to parallel the procedure for 
boron events which have no P, electron. Criterion (d) 
was necessary for boron events because if the decay 
electron had passed directly over the muon end point 
in P,, one could not tell whether a decay electron in P, 
existed. Application of (a) insured that accepted events 
occur in easily scannable regions of the chamber, not 
at walls or windows, and not where there were too many 
stopping pions (Fig. 6 

Certain corrections to the raw data were necessitated 
for the following reasons: Criterion (a) includes a 
limitation on the depth in the chamber of the event 
(to prevent acceptance of events wherein the muon 
penetrated a glass window). To save time, the depth of 
u-e events was not measured. Thus, some unacceptable 
events were included in the w-e scan. Criterion (f) was 
applied to u-e events because of difficulty in detecting 
forward yu-e decays (there was not always a sufficiently 


have 
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Fic. 6. Curve A is the differential range curve of w-e decay 
events in the propane. Curve B is the distribution of meson 
absorptions showing a r— and a »— peak. The histogram at the 
bottom shows the distribution of the accepted boron events. The 
horizontal bar indicates the acceptance region for w-e decays and 
boron events. The upstream end of the chamber is at 0 cm, and 
the downstream end at 28 
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great difference in bubble density between mesons and 
electrons to tell them apart. This was due to difficulties 
in controlling chamber sensitivity in the long-sensitive- 
time mode of operation). This criterion was not applied 
to boron events. Finally, (b) rejects a greater fraction 
of boron events than w-e decays because of the low 
energy of the boron decay electrons compared to y-¢ 
electrons. These and other corrections are considered 
below. 

In all, about 28 000 frames were scanned for boron 
events and yw-e decays. About 17000 of these were 
scanned for boron events at least twice. In these 


multiply-scanned frames 34 events were found and only — 


one of these was missed by a scanner. Thus the efficiency 
correction for boron events was negligible. The average 
efficiency for w-e decays was measured to be (97.7 
+0.3)%. 


DATA REDUCTION 


The data obtained in this experiment are as follows: 
In 28 000 frames, 8908 u-e decays (corrected for scanner 
efficiency) and 46 B™ decays were observed. 

We now allow for the finite observation period. If 
ng(t) is the number of undecayed B” nuclei present ¢ 
seconds after the beam pulse we have: 


nzp= np (ty)—np(tyo) = Na(t,)Lexp(—iy ‘r) 
—exp(—ty2/r) |, 


where gz is the number of observed decays. Thus: 
Na(t»)=np Cexp(—ty:/t) —exp(—tys ‘t)), 


yielding 120 for Ng(t,), the number originally formed. 
Because the track bubbles require a finite time to grow 
to visibility after the passage of the charged particle, 
the times, f;; and ¢,2, used in the above calculation were 
not the flash times, but were less by a small amount 6. 
Measurements, in this experiment, of visibility versus 
track age led to the choice 6=0.340.2 msec. The 
uncertainty of 0.2 msec in 6 contributes a 1% uncer- 
tainty to Ny, while a measuring error of +} msec in 
the flash times contributes negligibly thereto (since 
they were measured 28 times). 

As stated previously, criterion (b) rejected a greater 
fraction of boron events than y-e events due to the lower 
energy of boron electrons. We calculate, from experi- 
mental data on attenuation of electrons passing through 
matter, a correction factor f such that the corrected 
number of boron events is {Ng. We find f=1/(0.92 
+0.05). 

The number, N,, of w-e events found on the film 
must now be corrected for the effects of criteria (a) 
and (f). By measuring the depth distribution of a 
sample of the u-e decay points, it was determined that 
a fraction C=0.24+0.015 of the otherwise acceptable 
u-e events did not satisfy the depth part of criterion (a). 

The number of events rejected by (f) was determined 
by plotting dN ,/d@, versus @, for a sample of events 
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Fic. 7. Diagram of a w-e decay or a boron event showing the 
definition of @,, the decay electron angle. 


in which the decay electron emerged to the right in the 
T view. This plot was extrapolated to 6,=0 to deter- 
mine the average intensity of events in the angular 
region —20°<@,<20°. The number of events in this 
angular interval was expressed as a fraction, b, of Nr, 
the number of u-e decays to the right [only those events 
wherein the decay is to the right (@,>0) were used 
because criterion (d) rejects a variable fraction of left 
decays since the P;-P: separation varies from frame to 
frame |. The result is b= 0.26+0.03. 

The number of y-e events satisfying all criteria except 
part of (a) is V,. We add to this bN,» [correcting for 
criterion (f)] to get V, +N, 2. We subtract from these 
events the fraction C of them to obtain N,, the number 
of w-e events to be compared to {N», the number of 
boron events. Thus: 


MR, = (1—C)(N,+5N,z), 
and: 
IN» 
Aq = Ar —_—_—_——, 
(1—C)(N,+6N, 2) 
To recapitulate : 
(1—C) =0.76+0.015, 
b=0.26+0.03, 
N,= 8908+ 90, 
N,rx= 5272470, 
Ne= 1204-17, 
1/f=0.9240.05, 


which yields: 


Aun/A1= (1.6740.26)%, 
or: 
Arn = (7.64 1.2)K 10 sec. 
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The error assigned to this result arises almost entirely 
from the statistical error on the 46 boron events. The 
major corrections applied to the raw data are repre- 
sented by the factors 6 and C, the net correction being 
about 25%. This is moderately large ; however, it is felt 
that the correction factors are well known and that 
their precision is well represented by the errors assigned 
them. 

There are several possible sources of systematic error 
in this measurement. There is a background of boron 
and boron-like events due to absorption of x~ by carbon. 
There is also a background of boron-type events due to 
accidental space ¢ oun idences of ¢ ompton electrons with 
absorbed muons. Finally, the results would be affected 
if a significant number of captures were on elements 
other than carbon. All these effects have been con- 
sidered, and found to affect the result negligibly. 


DISCUSSION 


This experiment measures Aj, the transition proba- 

bility per unit time for w~ absorption leading to any 
bound state of B". This is very difficult to predict 
theoretically. There are several calculations of W*, the 
probability per unit time for w~ absorption leading to 
the ground state of B™. Fujii and Primakoff’ have done 
the calculation using a nonrelativistic hydrogenic wave 
function for the muon, neglecting higher than s-wave 
neutrinos, and neglecting terms of order (v/c)? in the 
nucleons. Wolfenstein® has done a similar calculation 
wherein, however, he includes up to d-wave neutrinos. 
Flamand and Ford® have further refined the calculation 
by using the relativistic muon wave function obtained 
when the finite nuclear extension is taken into account. 
The results of these calculations are listed in Table I. 
The three cases are as follows: 
A neglects all effects of virtual pions. Case B 
includes the expected virtual pion effects but without 
the assumption of a conserved vector current.’° Case C 
includes the conserved vector current assumption. The 
uncertainty in these calculated values has been esti- 
mated’* to be 10% to 20%. This is due mainly to 
uncertainty in the magnitude of effects of virtual pions, 
and to imprecise knowledge of the nuclear wave func- 
tions of C” and B®. 


Case 


7A. Fujii and H. Primakoff, Nuovo cimento 12, 327 (1959) 
§ L. Wolfenstein, Nuovo cimento 13, 319 (1959) 

*G. Flamand and K. W. Ford, Phys. Rev. 116, 1591 (1959) 
1M. Gell-mann, Phys. Rev. 111, 362 (1958) 
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Taste I. Theoretical transition rate 


W*x10" 
Fujii and 


Primakofl 


Flamand 


Assumption Wolfenstein and Ford 


A 
B 6.34 
( 7.36 


Before comparing the experimental number with the 
calculations we need to know what fraction of absorp- 
tions to bound states of B™” are to excited states. This 
experiment gives no information on this, but there is 
other evidence" that the fraction is about 10%. If we 
use this number we obtair 


W xp*= (9/10 Ann 6.8+ 1.1) 10° sec . 


where it should be emphasized that the quoted error 
does not reflect the uncertainty in the 9/10 factor. 
This experiment has also been done by several groups 


using counter techniques. Their results (including the 
correction for absorption leading to bound excited 
states, which is again assumed to happen 10% of the 
time) are 

W (9.05+0.95) 10* se« 


(9.18+-0.5)K 10° sex 


5 < 10 Sec 8 
x 10° Se 


It appears that the spread in the present experi- 
mental values of W* is comparable to or perhaps a 
little larger than the theoretical uncertainty in W*, 
and is certainly larger than the effect of a conserved 
vector current term in the interaction 
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Higher Resonances in Pion-Nucleon Interactions*t 
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(Received October 9, 1959) 


The recent experiments on pion-nucleon scattering and photoproduction at energies up to about 1.2 Bev 
are examined from a phenomenological standpoint. The most useful information seems to come from the 
photoproduction angular distribution and polarization results. The data seem to imply the existence of two 
“resonances” in the J =}, odd parity and J = §, even parity states at photon energies of about 750 and 1100 
Mev. These assignments satisfy several nontrivial consistency requirements. The same two states are also 


a consistent assignment for the observed scattering resonances at 615 Mev and 950 Mev 


A qualitative 


model is proposed to explain these resonances as consequences of the 33 resonance acting in two-meson final 
states; their isotopic spin dependence seems to require some additional assumptions. Finally, the relation 
between the photoproduction and scattering phases in the presence of strong inelastic scattering is examined. 


INTRODUCTION 


VER the past two years there has been a consider- 

able amount of new experimental data on inter- 
actions of the pion-nucleon system at center-of-mass 
(c.m.) energies corresponding to pions incident on 
nucleons at rest, with kinetic energies from 300 Mev 
up to greater than 1 Bev. The reactions that have been 
at least partially studied include the following: 


r+N 
2r+N 


r+N-— 


each in several charge states. The present state of the 
theory of strong interactions makes it impossible to 
calculate the expected cross sections on the basis of 
any formal theory, and so we have te use the qualitative 
features of the results to try to obtain information 
about the nature of the interactions. 

Our understanding of the situation below about 300 
Mev is satisfactory up to a point.' In this energy region 
all processes are dominated by the 33 resonance, whose 
existence can be related to the odd intrinsic parity of the 
pion and the requirements of charge independence, 
and whose shape and position can be fitted by the 
introduction of two parameters. However, its existence 
was established first on phenomenological grounds alone. 
If we assume one state to dominate the scattering, the 
phase shift is known from the energy dependence of the 


*Work supported in part by the U. 5. Atomic Energy 
Commission. 

t Based in part on a thesis submitted to the Graduate Faculty 
of Cornell University in June, 1959, in partial fulfillment of the 
requirements for the Ph.D. degree. 

} Present address: Department of Mathematical Physics, The 
University, Birmingham, England. 

‘ Geoffrey F. Chew, in Handbuch der Physik (Springer-Verlag, 
Berlin, to be published), Vol. 43, issued as a University of Cali 
fornia Radiation Report UCRL-1957-45 (1957). Geoffrey F. Chew, 
University of California Radiation Laboratory Report UCRL 
8670, January, 1959 (unpublished). 


cross section, because elastic scattering is the only 
process allowed. The elastic-scattering angular distri- 
bution determines the angular momentum and parity ; 
the charge dependence fixes the isotopic spin. The 
photoproduction results can be analyzed similarly, and 
the photoproduction matrix element must have a phase 
equal to the scattering phase shift in the corresponding 
state. Thus we are provided with a consistency check 
on the interpretation of the scattering. This is not 
quite the chronological order in which the analysis was 
carried out,? but would probably be the most satis- 
factory argument for the existence of the 33 resonance 
if ali the present data were available. 

In this paper we try to find a similar phenomeno- 
logical program to cover the higher energy range in 
which many experiments have been done that suggest, 
at first glance, the existence of more resonances. In 
Sec. I we outline the experimental data. Section II 
contains a discussion of the general problem of analysis 
of photoproduction results. In Sec. III we give the 
results of the analysis for the two new resonances. 
Section IV contains a discussion of the scattering, and 
a possible qualitative explanation of the existence of 
the higher resonances. In Sec. V we consider the question 
of the isotopic spin dependence which is not covered 
by the model. Section VI contains a discussion of the 
relation between the photoproduction and scattering 
phases in the presence of strong inelastic scattering. 


I. EXPERIMENTAL RESULTS 


Figure 1 shows the energy dependence of the total 
cross sections for x* and x incident on protons, and 
for the two photoproduction processes 


[at+n 
| w+ p. 
It should be emphasized that all the results mentioned 


in this paper are only approximate representations of 
the experimental data, some of which, particularly 


v+p- 


* See, for example, H. A. Bethe and F. deHofiman, Mesons and 
Fields (Row, Peterson and Company, Evanston, 1956), Vol. II. 
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Fic. 1 Total cross sec 
tions for x* and x incident 
on protons, and for the two 
charged photoproduction 
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mate representation of a 
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an incident pion needed to 
produce the same center-of 
mass energy 
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at higher energies, has poor statistical accuracy as yet. 
However, the qualitative behavior is probably correctly 
shown. Now let us consider the separate processes in 
more detail. 


A. «+ p Cross Sections 


Burrowes et al., have measured the absorption of 
mx and x* by hydrogen at energies from about 470 to 
1200 Mev, with the results shown in Fig. 1.4 We note 
that the #* cross section falls off above the 33 resonance, 
has a minimum at about 650 Mev, and then steadily 
rises. Other experiments indicate a broad peak in this 
cross section at high energies with a maximum at about 
1.5 Bev.* The x~ cross section shows two clear peaks 
at 600-650 Mev and at about 950 Mev. Using a bubble 
chamber, Crittenden et al., have measured the #~+ ) 
cross sections in the same energy region.’ The direct 
elastic-scattering section seems to vary with 
energy following the total cross section with maxima 
of about 20 mb at each peak. The inelastic cross section 
seems to show the second peak much more strongly 
than the first. The charge-exchange elastic 
section falls off steadily above the 33 resonance up to 
about 800 Mev, above which there are no experimental 
results as yet. 

The differential elastic cross section throughout the 
energy range discussed above has a large peak in the 


cToss 


cross 


*H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, 
D. M. Ritson, R. A. Schluter, and M. A. Wahlig, Phys. Rev. 
Letters 2, 119 (1959) 

*R. Cool, O. Piccioni, 
(1956). 

*R. R. Crittenden, J. H. Scandrett, W. D. Shepherd, W. D 
Walker, and J. Ballam, Phys. Rev. Letters 2, 121 (1959) 


and D. Clark, Phys. Rev. 103, 1082 
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forward direction, a minimum in the region of 90°, and 
a second peak in the backwards hemisphere.’ The 
relative magnitudes and positions of these peaks and 


minima vary with energy 


B. Single-Pion Photoproduction 


Work at and California 
Institute of Technology that the total 
cross section for positive-pion photoproduction is as 
shown in Fig. 1, showing a second maximum at an 
energy somewhat below that corresponding to the peak 
in w~ scattering, and apparently rising towards a 
third peak at 1100-Mev photon energy. The total cross 
section for production of x° has a small second peak 
at an energy corresponding to the scattering peak, 
and another small peak at 1100 Mev. The angular 
distributions of the photoproduced pions analyzed 


in powers of cos# are shown in Figs. 2 and 3, where 


> 


Cornell University’ 


indicates 


dat ©/dQ er 


cos"@. 

Again, these curves are only approximate; in particular, 

the statistical uncertainties in A;® and A# are large.’ 
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Fic. 2. Angular coefficients for the reaction y+) — n+ 7° 


Adapted from curves provided by Turkot.’ 


Measurements of the polarization of the recoil proton 
in x production have been made by Stein” and by 
Connolly and Weill.” At 700-Mev photon energy, the 
polarization is found to be 0.59+0.12 along the negative 
normal to the production plane, in the sense to be 
discussed below. At 550 Mev the polarization is smaller 
(0.35) in the same direction, while at 900 Mev it is very 
small and in the opposite direction, though in fact 
statistically consistent with zero. 


C. Double-Pion Photoproduction 


Double-pion photoproduction has been measured by 
Sellen et al.,"* and by Bloch and Sands.'* At present 
the statistics are not very extensive. The total cross 
section rises very sharply, starting somewhat above 
threshold, to a maximum at about 550-Mev photon 
energy. The differential cross sections are rather 
difficult to interpret since there are so many parameters 
involved; however there is some indication that in the 
reaction, 


Yt+p— ptatt+r, 


the Q values of the (pe*) pair are not distributed 
statistically, but favor values near 170 Mev. 


Il. THE PHENOMENOLOGICAL ANALYSIS 
OF PHOTOPRODUCTION 


The most informative data is that from the single- 
pion photoproduction. Phenomenologically the transi- 
tion matrix for this process may be written as a sum 
of contributions from all possible multipole transitions 
a, where a@ stands for the multipole order /,, the total 


2 P._C. Stein, Phys. Rev. Letters 2, 473 (1959). 
’ P. L. Connelly and R. Weill, Butl. Am. Phys. Soc. 4, 23 (1959) 


“J. M. Sellen, G. Cocconi, V. T. Cocconi, and E 
Phys. Rev. 113, 1323 (1959). 
4° M. Bloch and M. Sands, Phys. Rev. 108, 1101 (1958). 
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Fic. 3. Angular coefficients for the reaction y+) —+ +7’. 
Adapted from results prepared by Berkelman.’ The results for 
Af and A? have still large statistical uncertainties. 


momentum J,, the parity we, and the 
isotopic spin T,. Each such contribution has an energy 
dependence specified by a complex amplitude, 


M.e**, 


where M,, 6. are real functions of energy. If we allow 
M, to take both positive and negative values, we may 
restrict 6, to lie between 0 and . We consider pion 
photoproduction by unpolarized photons at an angle 
6 in the c.m. system. The differential cross section may 
then be written as 


da/dQ= 2 M.*f.(x) 


a 


T > MMs cos(bq—5s) fag(x)-«~* (1) 


a<8 
and the polarization of the recoil nucleon as P, where 


P(do/dQ)= > M.Msz sin(bs—5e)gas(x) sindA (2) 


a>é 


in which x=cosé, and fi= (kXq)/\kX<q| is the unit 
vector normal to the production plane, where k, q are 
the momenta of the incoming photon and outgoing 
pion, respectively, in the c.m. system. 

We have to consider separate amplitudes for the 
production of x* and #° from protons. These are related 
by 


M,°=(T,—1)2-%M,*; T, 
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where 7, is the isotopic spin corresponding to the state 
a. The angular momenta and parity associated with a 
determine the functions f,, fas, gas. These can be 
calculated for any particular states,'* and the results 
are shown in Table I for the first ten multipole transi- 
tions, as well as for two particular combinations of 
states which we shall discuss later. (The a8 element in 
the table must be multiplied by the normalization fac- 
tor .V, Ng). The functions f ¢ are all polynomials 
in x with the following prope 


In principle, using these ri 
ones for the production by polarized photons, from a 


ults ind the corre sponding 


complete knowledge of the experiments at a given 
energy, we could calculate the amounts and phases of 
each state present. However, at least at the present 
time, far too little information is available for this, so 
we must use the less satisfactory procedure of assuming 
various states to be present and compare the resulting 
predictions with the observed results 

To start with, we assume that, apart from the contri- 
butions from those states already known to be present 
from the low-energy data, where they give good 
quantitative agreement,' the behavior of the higher 
energy results is due to two new states only. These are 
labeled by B and C where the magnitudes |Mgx! and 
Mc| have maxima as functions of energy near the 
700-Mev and 1100-Mev peak n the total cross 
sections, respective ly We also assume that each of the 
peaks in the total cross section is due mainly to the 
single state to which it corresponds 

The states already known are the 33 resonance, 
labeled by A, and the contribution to charged-meson 


production alone, which comes from a component 


of the production matrix of the form 


Lkw Ru 3k q 


where e and f are tl tron charge and renormal- 
ized pion coupling constant, w, is the pion total energy, 


é is the photon polarization direction, 8 is the pion 


center-of-mass velocity, he nucleon spin operator, 
and g is a projection operat inishing for neutral-pion 
production 
The first term in tl t, denoted by S, corre- 
production. The 
mtributions from all 


sponds to pure electri 
second, denoted by R 
possible states, owing to tl presence of the denomi- 
nator. For the limiting ca and 8=1, the contri- 


© R. F. Peierls, thesi r versit 1959 (unpubiished 
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butions of this term to the angular distributions and 
polarizations are shown in Table I as Ro and R;. The 
exact form of this term and the connection with e, f is 
as predicted by lowest-order perturbation theory, or 
from the more successful approaches to the theory of 
low-energy photoproduction. In view of its success at 
these lower energies, we may hope that it will be at 
least an approximate representation of that part of the 
photoproduction which is not connected with the strong 
final-state interaction of pion and nucleon. But we 
should not expect very exact agreement at higher 
energies. 

The so-called “retardation term” R, has two im- 
portant effects. Firstly, it makes the angular distri- 
bution of x* production much more difficult to interpret 
in terms of only low powers of cos#; in Fig, 2 the 
coefficients as shown can only be taken as approximate 
fits except at very low energies and very high energies 
(extremely relativistic pions) when the higher powers 
do not contribute. Secondly, and more important, it 
has an effect on the total cross section for #* photo- 
production. Since R contains all states, the interference 
of R with any other state a@ will not vanish when 
integrated over angles.'’* Instead it will be propor- 
tional to 

M reMa cOSba, (7) 


where M gq is the component of R corresponding to the 
angular momentum state (Ja, la, wa). 

In addition to the quantum numbers J, /, w, T, to be 
determined for the new states B and C, we must also 
determine the sign of the amplitudes. Let us fix 
\=M+/|M*!|. With the requirement that |Mal, 
|Mc| have maxima as stated above, these five param- 
eters for each state determine the qualitative behavior 
of the cross sections. Table II gives the values of these 
parameters for the states A, B, and C. In the next 
section we discuss how these are identified for the new 
states B and C. 


Ill. IDENTIFICATION OF THE STATES B AND C 


The isotopic spin assignment is trivial, because the 
contribution of these states to the x* production is 
much larger than the contribution to the production 
of x° (we are assuming that: the states are specific 
eigenstates of T and not mixtures). The next step is to 
assign / and J. To do this, we examine the angular 
distribution near each peak, where the contribution 
from the corresponding state should dominate that 
from the other states and the interference terms. For 
the production of x° near 750 Mev, the angular distri- 
bution is close to 

5—3z4, 

17 G. F. Chew, Phys. Rev. 95, 1669 (1954). 

A. M. Wetherell, California Institute of Technology, 
Pasadena, 1959 (unpublished). Wetherell uses essentially this 
argument in reverse, assuming the specific resonant forms for 


a, and 4. The qualitative result does not depend on his 
assumptions. 
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which, from the table corresponds to a transition with 
l=1, J= 4. This is the only assignment even approxi- 
mately resembling the experimental result and, in 
fact, is quite close. Looking at the #* distribution at 
1000 Mev (it would be simpler to analyze the x° 
results to which S and R do not contribute, but the 
results are not known well enough in this region), we 
see that A g* is small, A,* is large and positive, and 
A,* is nearly as large and negative. Again there is only 
one assignment even approximately fitting this, and 
that is /=2, J =§; this would predict 


1+ 627 — 524, 


which is in quite good agreement. 

Now we must try to determine the parities. The 
large polarization of the recoil protons observed at 
700 Mev (for x=0) means, according to Eq. (4), that 
there is strong interference between states of opposite 
parity. If the states in question are A and B, then 
wp=—1. We can rule out the possibility that C is the 
main contributor to this interference on several grounds. 
Firstly, there is no evidence of appreciable terms in 24 
in the angular distributions below 800 Mev, implying 
that at 700 Mev |Me|*? is much less than |M,|? 
+ |M~,\*. Secondly, we must explain the strange rise 
in Az* in the region of 500 Mev. For wx= —1 this comes 
from interference between B and S of the form (327—1) 
in this case. This gives us the additional information 
Ag=+1, since 6g=O0<4,<7. If, on the other hand we 
have wy= +1 and wce= —1, then neither the interference 
of B with S (which is odd) or of C with S (which is 
isotropic) can explain this behavior. Some contribution 
to At could come from the interference of C with R, 
but consideration of the requirements that this, 
together with the observed direction of the polarization, 
would impose on \» and Ac would also imply a small 
value for A;*, which is clearly not the case. So we may 
conclude that wr equals —1. 

There are two other checks on the consistency of 
this assignment, which gives \,= +1 and 6, increasing 
as a function of energy. Firstly the sign of the polari- 
zation is correctly predicted (negative, with our 
definition of f#) by using the fact that the phase is 
greater than 90°, which follows from the large positive 
value of A,*+ (note that it is not essential to use the 
relation with the scattering phase shift 533). Secondly, 
there is the effect of the interference of the retardation 
term in the total cross section.'’"* With the assignment 
given above, the predicted effect is to add a term that 
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has the effect of lowering the energy at which the 
maximum in the total and of 
causing the total cross section to fall off more sharply 
above the maximum. The large polarization gives us 
more The maximum possible 
polarization due to interference between the states A 
and B, with the above assignments is 80%, which is 
possible for |M 4 Mp| and 64—6g=90°. The fact 
that the observed polarization averaged over an energy 
spread of about 70 Mev, over which |M,| and | Mz| 
must vary appreciably, is so large means that the 
assumption about the small number of states present 
is probably correct. It also confirms the phase assign- 
ment above. 

The final quantities to be determined are we and Xc. 
We observe that A;* is appreciable already near 700 
Mev and must presumably be due to interference of C 
with the dominant terms at this energy. This can only 
happen if we have w= +1. The sign of A;* gives the 
result Ac=+1. The polarization has been measured 
in the region where interference between B and C might 
contribute, but unfortunately it is small because the 
ratio of |Mc| to |Ma| is small at this energy, and in 
fact even the sign is uncertain. It is interesting to note 
that only the large size of the 33 resonance compared 
with B, together with the change from a T=} to a 
T=} state allows the energy at which |M,|=|Ma| 
to be close to the peak of B and the energy where 
64—52=90°. 

This last quantum number \¢ as yet has no very 


cross section occurs, 


some information. 


good check on the consistency of its assigned value, 
and is the least well determined. But the remainder 
to be fairly uniquely established under the 
assumptions we have made. Since it would require far 
more experimental information to formally determine 
the assignments, it is clear that at any particular 
energy there must exist other possible combinations 
that would fit. However, these would probably involve 
many higher angular-momentum states with compli- 
cated and to fit the whole range of 
energies would presumably require very unlikely energy 
dependence of the corresponding amplitudes. 

It should be emphasized that the above analysis 
has considered the photoproduction data given as a 
closed system, making no assumption about the relation- 
ship to the scattering. In particular we have not had 
to assume anything about the behavior of the phases. 
It is interesting to note that the solution obtained does 


seem 


cancellations, 


seem to have the sort of phase behavior associated with 
resonances, even though the usual theorem does not 
hold in this energy region. This is discussed in more 
detail in Sec. VI. 


IV. SCATTERING RESULTS AND A POSSIBLE 
CAUSE OF THE RESONANCES 


The results of the scattering experiments are more 


difficult to analyze as well as being much less complete 


PEIERLS 


differential cross sections are 
} 


as far as details of the 
concerned. We 


the same two stats 


whether 
seem sulhcient 
so account for the 
rTresp. nding energy fre gion. 
hown that, in 


may iSK ITSEiVE ywwever, 
to 
explain the photoproduction can a 
scattering results in the 
At lower energies it 

the same states should 
addition 


photoproductien. Even th 
to prove formally for these higher energies, it is still 


fact, exactly 
be important in the two pro- 
of the S and R for 
ugh this may not be possible 


cesses, with the terms 


to be expected the apply, since the 
electromagnetic coupli is so weak that one 

expect the dominate 
photoproduc tion. It is clear that tl sult 
explained entirely by the two re 


would 
the 
s cannot be 
First 
ering tobe « xplained 

Then, the forward 


‘ : 6 
scattering, 


finai-state in tion Oo 


sonances. 
of all there is too much 
by the tail of the 33 resonanc 
peak occurring in both 
the 


T scatt 


which 
a number of higher- 


and 
ol 
in both isotopic spin States. 
the 

spin 


seems to indicate 
angular-momentum 


presence 
tates 


observations on charge 


This is supported by the 
I 


exchange 
we have 


scattering or a pure isotopic stale 


of about can be 


m 


The only observed result 


way the 


achieved is through some 


mentum 
contributing to scattering in both isotopi 


state 


angu ir 

spin states 
The states in question responsibl 

peak in the angula 

as a diffraction peak and tentatively 


forward 
tion have been interpreted 
related to the 
return to this 
that if 


ire important, then 


for the 


pion-pion interaction shall 


question later; for the moment, we observe 


indeed the higher ang 


it is possible to understa particular states 


do not show up in the photoproduction. For in photo- 


production the higher multipol ild be strongly 


suppressed. (This depends t xtent on the energy 
ob erved that 


there 1 


region in question ywever, we have 


for each of the 


ee 
lttie 


lead 


very 
hich 


contribution from tipoles which 


to the same J value 


Hence, we may tentatively describe the scattering 


results at these energies as being indeed due to the same 


two states B and C as in phot which are 


production, 


responsible for the peaks in the #~ cross section, 
together with an absorption that varies 
smoothly with energy an curs in both isotopic 


spin states. With this interpretation can consider 
the total The 
maximum total cross section coming from a state of 


we 


cross sections, elastic plus inelastic. 
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angular momentum J can be expressed as” 
Frotai S rA7(2J+1)(1+n), O<udl 


where yw determines the contribution of the inelastic 
scattering to this maximum: 


F inei = }aX*(2I+1)(1—y?). 


At the peak of B, the total cross section is in the region 
of 8X". Bearing in mind that this must include overlap 
from other states such as A and C, both of which should 
be appreciable near the peak of B, as well as the states 
discussed above, it is clear that u cannot be very large 
(if all the cross section were due to B alone we would 
have u=1). In other words, the inelastic scattering 
must be large in this state. Certainly the experiments 
indicate that the total inelastic scattering is indeed 
large. 

This suggests a possible model for the existence of 
resonances B and C, if we assume that the peak in the 
cross section is due primarily to the inelastic scattering 
and only appears as a consequence in the elastic cross 
section as well. The inelastic scattering in this energy 
region is due mainly to the production of another 
meson, so we must ask the question : Can we understand 
the occurrence of peaks in the cross section for the 
pre cess 


t+N—-artantN (1) 


in the appropriate states at the appropriate energies? 
The data on reaction (1) are still fairly meager. 
Attempts have been made to analyze them in terms of 
the so-called “isobar model.” In this model it is 
assumed that one of the two final-state mesons and the 
final-state nucleon always emerge in such a way that 
they are in a relative resonant 33 state, while the 
remaining meson is produced in an s state relative to 
this “isobar.” One can immediately see that this 
three-body system has angular momentum /=3 and 
odd parity, since the 33 state has even parity and the 
pion is pseudoscalar. This model was introduced in 
order to discuss the behavior of the differential cross 
sections at a given total energy in the center-of-mass 
system. The problem we are concerned with is slightly 
different—not the relative probabilities of different 
configurations of the system at a given total energy, 
but the relative probabilities of producing the system 
at different energies. Crudely speaking, what we shall 
do is to assume that these are given by the proportion 
of “strongly favored” configurations at the correspond- 
ing energies. 

We assume that the mechanism by which a final 
state with two real mesons is reached may be extremely 
complicated but probably not too sharply energy- 
dependent. However, because of the possibility of one 


a See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley & Sons, New York, 1952), Chap 
VII. 

2S. 
1107 (1957). 
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of the final-state mesons “rescattering” off the nucleon, 
if their relative energy lies in the range in which the 33 
resonance is strong it can be seen that certain of the 
possible final states will be very strongly enhanced. 
The situation is somewhat analogous to the single 
photoproduction of pions, which may be qualitatively 
interpreted as the “rescattering” off the nucleon of an 
electromagnetically excited pion. In the case so far 
described, only one of the mesons interacts in this way. 
However, at higher energies both final state mesons 
might be able to interact separately. In this case both 
would be p-state mesons, and since the orbital angular 
momentum of each one must be parallel to the nucleon 
spin to produce an angular momentum of § for the pair, 
they must also be parallel to one another. Thus the 
total angular momentum must be §. This argument 
treats the addition of the angular momentum classically, 
but essentially the same result is true if they are added 
quantum-mechanically—the J = § state still dominates. 
The parity of such a configuration is even, and therefore 
it has the correct quantum numbers to describe level C.” 

We have to be careful in describing the angular- 
momentum states of a three-body system. There are a 
great many different possible representations of the 
states of such a system, and such quantities as the 
relative orbital angular momentum of two of the three 
particles depend on which representation is used. In 
general, two orbital momenta completely specify the 
system, and one should talk about the “relative orbital 
angular momentum of particles 1 and 2” only when the 
other quantum number used to describe the system 
is the orbital angular momentum of particle 3 relative 
to the center-of-mass of particles 1 and 2. In other 
words, strictly speaking, we cannot really talk about a 
state having both mesons simultaneously in p states 
relative to the nucleon. However, if we examine the 
kinematics of the configurations at the energies con- 
cerned, we find that the motion of the mesons is 
relativistic, while that of the nucleon is comparatively 
small. In particular, for level C, as we shall see below, 
the important configurations will be those in which the 
nucleon is almost at rest, in which case the ambiguity 
does not arise. For level B we have already used a 
correct description. 

The cross section may be written in the following 
form: 


o(«@) = 2’¢ oo(w)A(E)[(Ew)/p(w) J, (2) 


where co(w) would be the cross section if there were no 
enhancement due to the 33 resonance, — is some 
parameter specifying the configuration of the system, 
\(£) is the factor by which this particular configuration 
is enhanced, p(£,w) is the density of final states with the 
particular configuration £, and p(w) is the total density 
of the two-body final states at the energy w. The 


™ For the third resonance this model is similar to that discussed 
by K. A. Brueckner, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience publishers 
New York, 1956), p. I'V-12. 
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assumption we make is that in the energy region where 
\(E) and p(§,w)/p(w) vary very rapidly, co(w) changes 
comparatively slowly, so that the position of the peak 
in the cross section is given roughly by the maximum of 
[A(E)p(E,w)/p(w) |. Let kj, ke, ks be the momenta of the 
two pions and the nucleon, respectively; then, after 
taking into account the requirement of momentum 
conservation and ignoring the trivial integrations, we 
can set 


p(w,t cf dhsdkd h,, ke) k:2k26(w)8(£), 


where 5(w) represents the restriction due to energy 
conservation and 6(£) represents the restriction imposed 
by specifying the configuration. The total density, 
p(w) is given by the same expression except for the term 
5(£). The enhancement factor A(£) is given by the shape 
of the 33 resonance and the energies of the pions 
relative to the nucleon. The exact evaluation of the 
integral would have to be done num rically, but since 
this is a very rough model, we can estimate the result 
at least to the accuracy to which it is meaningful. 
Consider the case of level B. We may make a very 
rough estimate of the position of the peak if we assume 
the pions to be extremely relativistic and the nucleon 
to be extremely heavy. Then, the restriction on the 
configuration will be essentially the specification of the 
magnitude of k,, say. The energy restriction becomes 
simply ki +k2= EF, and we easily find that the maximum 
of p(é,w)/p(w) occurs, for fixed ky, at E=5k,/3. There- 
fore the maximum cross section will be for this value of 
E« orresponding to the resonance value of ky. The same 
sort of calculation can carried out taking into 
account first-order terms in the ratio of the pion mass 
to energy, though still assuming a static nucleon. The 
result is again similar 
reaches its maximum at an energy at which the total 
energy of the two pions is slightly less than the assigned 


| »€ 


the ratio of p(tw) to p(w) 


kinetic energy of the resonant pion. Let us assume that 
if we could do the very complicated exact calculation, 
the result would be approximately the same—the 
maximum will occur in the region where the two pions 
share the kinetic energy about equally. Having stated 
this condition, we can calculate the corresponding 
energy, taking the finite masses into account quite 
exactly. For the case in which we are interested, this 
predicts a peak in the region of 600 Mev. Clearly the 
agreement is as accurate as the model warrants. 

For the case of the third resonance, C, if we fix the 
energy of both pions relative to the nucleon, then the 
total energy of the system is determined by the one 
remaining parameter, the angle between k; and ke. 
Thus such a configuration can only occur for a limited 
range of energies. In the case when the two pions have 
the same energy, the calculation can easily be carried 
out exactly, and it turns out that the contribution to 
p(t,w)/p(w) comes almost entirely from the largest 
values of w allowed for the particular £. In this case, 


I 
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this would be the largest total energy corresponding 
to a given kinetic energy of the pions relative to the 
the momenta of the two pions are 
In this case the sh: pe f the 


nucleon, which comes when the nucleon is at rest and 
equal and opposite. 
peak is mainly given by the 
fac tor A £) or the shi pe f the 33 resonance This gives 
e region of 800 Mev. 
low ; however we must 


a Maximum in tl This is somewhat 


remember that we have made the 
drastic approximation that the two pions must be in 


the same energy state relative to the nucleon. Removal 
of this restriction will presumably raise the position 
of the maximum, but the agreement is not too bad in 
ire of the 


view of the approximate nat model. 


Hence we may Say t the action of the 33 resonance 
in two-meson final states is a possible explanation of 
the observed resonances in the (}—) and (§+-) states 
at the observed energies. If this explanation is correct, 
then we must conclude that the occurrence of these, at 
first sight very striking, features of the cross sections 
tells us nothing ibout the nature of the 


very new 


interaction. 


V. ISOTOPIC SPIN DEPENDENCE 
OF THE INTERACTION 


The mechanism proposed above makes no prediction 


of the isotopic S} | 
In the case of tl ond 
there is one “‘free”’ pi I ther with 
3, either T or 7 
system will be pos ible. In the case 
nance, i! 


un to iated with these reso- 


nances. where 
“isobar” of 
i the 
of third reso- 
hat predicting the 
angular momentum woul lict the strongest en- 
hancement in the state 7=%. However, this cannot be 


iments with which we are 


resonance, 
an 


for 
the 


isotopic spin whole 


an argument similar to t 


reached by any of the 
The ot! 
likely to give the doubly resonant 
Hence 
dominance of the T=} s is due 
mechanism. Some support for tl 
that the T7=4 state shows of being the most 
important state also near the threshold for the produc- 
both 


concerned er two st re about equally 
figuration. 

. . . ; } he observed " 
I nciu e observed pre 


to 


we 
some other 
is is given by the fact 
signs 
tion of a second pion,” whet must come out in s 
Another thing 
scattering in the 


states, and an isobar « formed 


to be explained is tl iable 


higher angular-mom states and both isotopic 


spin states, as discussed above 

To try to understand tl we can consider, 
as an example, the followi We consider the 
physical nucleon to be made up of a nucleon-like core 
surrounded by a mes | is components 


with one, two, we can consider 


the absorption of a pion by the physical nucleon with 
urring in one of two 
ibsorbed either through an 


the 


the emission of 1 nent is Of 
The pi 
interaction 


ways. 
with 1 cloud, in whi incoming 
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V. Perez-Mendez, PI Re tters 3, 56 
Phys. Rev. Letters 3, 5 
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pion “knocks out” a single meson from the cloud, or 
else through an interaction in which the incident meson 
is absorbed by the core, releasing the two final-state 
mesons from the cloud. The former process we consider 
as giving rise to the diffraction-like absorption. This 
process will be dominated by the pion-pion interaction, 
and if this interaction has a resonance in the T=1 
state, at the energy required to explain the nucleon 
form factor, we should expect it to contribute to both 
possible isotopic spin states of the two-pion-plus- 
nucleon system. Such a process might possibly be the 
cause of the observed peak in x* scattering at 1.5 Bev, 
with its effects spread over a very wide range of energies. 
This is essentially the mechanism proposed by Dyson 
and Takeda at one stage to explain the apparent single 
resonance at 800 Mev in pion-nucleon scattering,” 
before it was known that in fact this peak was due to 
the two separate resonances discussed above. 

The absorption by the core can also be considered 
from the point of view of isotopic spin. Since the two 
final-state mesons at one stage were combined with a 
nucleonlike core to form the physical nucleon, their 
total isotopic spin must be either 0 or 1. In the former 
case only incident x~ can be absorbed (considering the 
initial nucleon to be a proton), and in the latter case the 
relative probability of absorbing w~ is twice that of 
absorbing a. If the probabilities for the two cases were 
equal, this would predict a ratio of 6:1 for the absorp- 
tion of x~ over that of x*, which is probably sufficient 
to explain the experiments. In addition there are reasons 
for expecting the 7=0 component of the cloud, which 
is symmetric in the two mesons, to be more important, 
which strengthens the x~ absorption still more. 

We have been talking in a rather pictorial way about 
the nature of these processes. Another way of looking 
at them is to say that they correspond to the two 
perturbation-theory diagrams shown in Fig. 4. Note 
that in the case of Fig. 4(b) we have only shown one 
of the three possible diagrams that could contribute: 
the one with the initial pion absorbed after the emission 
of both final-state pions. This can be supported on the 
grounds that in perturbation theory this is the one with 
the most important energy denominators. However, 
even if we do not wish to attach any great significance 
to this particular argument, the main point secms to 
be supported : It is reasonable to dissociate the problem 
of the isotopic spin dependence of the cross sections 
from that of the occurrence of the resonances. In fact 
it seems that an understanding of the former problem 
rather than the latter is more likely to yield information 
about the nature of the picn-nucleon interaction 


VI. RELATION BETWEEN PHOTOPRODUCTION 
AND SCATTERING PHASES 
We consider here the problem of relating the photo- 
production and scattering phases when there is inelasti: 


" % F. J. Dyson, Phys. Rev. 99, 1037 (1955). 
%* G. Takeda, Phys. Rev. 100, 440 (1955). 


PION-NUCI 


EON INTERACTIONS 


Fic, 4. Perturbation-theory dia 
grams representing the two types 
of pion absorption by a nucleon 
giving two pions: (a) absorption 
by the cloud, with the pion-pion 
interaction dominating; (b) ab 
sorption by the core, with the 
pion-nucleon interaction domi 
nating the final state 


as well as elastic scattering. In this case, instead of the 
S matrix being diagonal as for pure elastic scattering 
we ignore the electromagnetic coupling for the 
there are many independent three-particle 
eigenstates having the same total energy, angular 
momentum, parity, and isotopic spin. 

Consider a general S matrix describing a scattering 
process with state vector |y). We have 


| B—)=>. Sralplat+), (1) 


moment) 


where |a+) are a complete set of basis states with 
ingoing boundary conditions, and 
8—) are the corresponding outgoing states, with the 
time-reversed boundary conditions. With this definition 
hoice of phase for la+); see below) the 
elements Ss form a symmetric unitary matrix. Consider 
a unitary transformation U among the states |a+): 


(2a) 


asymptotically 
(with correct « 


; 


a + a Oe 7+ ). 


The 


12 
Oo 


corresponding transformation on the states 
—) is 


B— ' —). (2b) 


In the representation defined by these transformed 
basis states, the new S matrix is 


S’= U*SU- 
(U')TSUt, 
since U is unitary. Note that this preserves the sym- 


metry and unitarity of S’. Consider in particular the 
transformation defined by 


1+ 


eI 
L 


Su 7 ' » > Sis*|8+), (4) 
a> 


the rest of the elements of U being chosen so as to make 


it unitary. Then we have 


pe t Ut yeSyeU oft, 


ve 
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whence it follows, using Eq. (4) and the fact that U 
is unitary, 
Sy'=0. B>2 (5) 
The unitarity of S’ gives us the result 
(S'tS ag Sy Sary’* Sug! = bag. 


Thus, for a=1, 8>2, as a result of Eq. (5), only one 
term in the summation survives, and we have 


S12'* Sop! = 0, 
and therefore 
Sag! = 0 


B>2 (6) 


(except for the case Si)’=0, but this corresponds to 
pure elastic scattering in channel |1), which we are not 
considering). Hence the elements 


e*(1 Si:|*)! 
— eins," ) 

form a unitary symmetric submatrix, so that channels 
11) and |2’) are completely independent of the others. 
The fact that it is possible to construct such a channel 
|2’) which represents the entire effects of all other 
channels on the scattering in channel |1) can be easily 
understood physically by considering the wave function 
describing the system when there are particles incident 
in channel |1) alone. Using the completeness of the 
a—) and expressions (1) and (4), we have for this 
wave function: 


[1+)=Sala—)a— | 1+) 
>. (14 


~ 


Si i- +e"(1— | Sy,|*)#|2’— 


a! 
a~ 7)" ) 


We have still to discuss the phase n. In general multi- 
plying any state by a phase factor will transform S in 
such a way that it is still unitary and symmetric, but 
so that the transition amplitude T= 1—S is multiplied 
also by a phase factor using the relation between the 
unitary transformations (2a) and (2b) on the ingoing 
and outgoing states. The point is that these are only 
related by complex conjugation for sets of states 
satisfying a relation such as?’ 


a—)=(—)”|a+)*, 


where M is the z component of total angular momentum. 
For example, we have 


,ingiq - )* — pin, 
ev J ee 


for 7 
which 


0 only. 
we 


becomes 


his condition determines the phase ", 
define ‘2), so that S’ 


a 


may as (6,;+6.+-7 


A*)% 


hetita 


*? See, for example, M. Gell-Mann and K. M. Watson, Annual 
Review of Nuclear Science (Annual Reviews, Inc., Palo Alto, 
1954), Vol. IV, p. 267. 
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Suppose now we perturb the scattering by the 
addition of another channel |3) weakly coupled to the 
other two so that 


| Sa3|=1, 


and with its elastic phase shift equal to zero. We 
neglect the squares of the small terms. Then, for \=1, 
the unitarity requirement on S shows that S,; and S23 
can be written as *8 


be 


Sis=tpie™, So3=tp2e™™ 


’ 


where p; and p: are real (though not necessarily 
positive). If 41, then in general there is no such simple 
result following from unitarity, but the phases depend 
on the details of the scattering. If \ is nearly 1, then 
the phases will be close to those given above. However, 
we can say something about the special case \=0. In 
this case the phases 5, and 4, are not separately deter- 
mined, but only their sum, 6,+4 into the 
problem which is thus symmetric in the two channels. 
Now let us define new channels by the transformation 


, enters 


1)=/1)+/2 


B 1)—|2 


so that S now becomes 


0 Sa ; 
eC 7 S B 
Sp 5 S 


where 7» has been defined above 
unitarity requirement, as above, 
write 


as 6b; + be 4. ar fa. The 
tells us that we may 


iae™ 2 S; — petr/2 


’ 


where a and 3} are real. Hence it follows that we have 


Sis=t(at+tb)e™?, Sog=i(a—tb)e™?, 


or, in other words, 


9/2)—8) 


Sis ipe ‘ 9 


ipe 
where 


p= |a+ib a tand=b/a. 


This is the extent of our information from unitarity. 
of channel |3) 
to be very weak, the interaction will be dominated by 
the outgoing waves in the with incident 
waves in channel | 3). Hence we may try the assumption 
that the magnitudes of the transition amplitudes from 
channel |3) are proportional to the elastic-scattering 
amplitudes corresponding to the final Thus 
we have 


Since we have assumed the coupling 


pre cesses 


States 


vento 10, 17 (1955). 
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Hence of the two channels |1) and |2), one will have 
the phase 6,+62, and the other phase will be 2/2. 
The application of this to the pion nucleon problem 
comes when we consider channel | 1) to be the two-body, 
pion-plus-nucleon channel with the appropriate total 
quantum numbers, while |2") as shown above can 
represent the inelastic scattering. The third channel 
represents the photon-plus-nucleon channel. If we have 
a resonance of the sort discussed in the last section, the 
elastic phase must increase through 2/2 on passing 
through the resonance region, while the parameter A 
starts at 1, decreases to 0, and then increases to 1 again. 
Hence the photoproduction phase starts off together 
with the scattering phase shift and finally rejoins it, 
but there is an intermediate region in which the phase 
is given by one of the two forms given above. The 
choice of 6;+6, seems to agree somewhat better with 
experiments unless the phase shift 4, small. 
The model as outlined in the previous section would 
predict a phase shift 4. of #/2 at all energies through 


is 


the second resonance, and a phase shift increasing 
through w for the third. Perhaps further experiments 
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on the scattering and photoproduction will enable a 
comparison to be made. 
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Quantum Limitations on the Measurement of Gravitational Fields* 
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By means of the analogy that exists between the gravitational field, in the weak, quasi-static case, and the 


electromagnetic field, uncertainty relations are 


yb>taine 


d for the average values of some of the Christoffel 


symbols measured in two domains, similar to those for the components of the quantized electromagnetic 
field. Furthermore, it is shown that there exists a limitation on the accuracy to which the average value of 


a single one of these Christoffel symbols can be measured 
an argument in support of the standpoint that the gr 


HERE has recently been some controversy about 
the necessity of quantizing the gravitational 
field.' It is therefore of interest to show that it must be 
subject to some uncertainty relations. This can be done 
on the basis of an analogy between the gravitational 
and the electromagnetic fields. 
In the case of gravitation, the motion of a test 
particle is described by the equation of the geodesic’: 


du*/ds= —T*oo(u°)?— 21 * ont °u® — Tn pte 0". 


For slow motion, u°~1, u*=~0, so that the last term 
can be neglected. This equation then has a form 
analogous to the equation of motion of a particle of 


* Partly supported by the U.S. Air Force, through the European 
Office of Air Research and Development Command. 

‘Pp. G. Bergmann, Summary of the Colloque International de 
Royaumont (to be published). 

* w is the velocity four-vector of the particle. The velocity of 
light is taken as unity. Latin indices run from 1 to 3. 


ivitational field m 


The existence of uncertainty relations provides 


ist be quantized 
charge e and mass m acted upon by the Lorentz force 
in a given electromagnetic field 


du*/ds= —(e/m)(F* + F* a"). 
Here F*,>= —E, and F*,=—B,,, where E and B are 
the electric and magnetic field vectors and (k, n, m) is 
a cyclic permutation of (1, 2, 3). 

We see then, that there is a correspondence between 
the Christoffel symbols and the electromagnetic field 
components given by 


F*,—+ To, F*,—> 20 *on, 


provided we also let e—> m. 

» In what follows, it will be assumed that the gravi- 
tational field is weak and quasi-static, and that we are 
using quasi-Galilean coordinates. The analogy can then 
be pursued further, because —I“o and —2I"*s, 
(~2I%) are produced by masses (multiplied by G, 
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the gravitational constant) in the same way as E and 
B are produced by charges.’ 

Now, Bohr and Rosenfeld‘ have made a detailed 
analysis of the measurement of the electromagnetic 
field. On the basis of the above correspondence it is 
possible to carry over many of their results to the case 
of the gravitational field. 

For instance, let us assume that the measurements 
of the average values of the fields are carried out in 
two space regions 7, and J», each having dimensions of 
the order of L, during the corresponding time intervals 
T, and 72, each of the order of 7, and let the mean 
distance between J, and J, be of the order of r. If we 
further assume that light signals emitted during the 
measurement performed in J, during 7, will reach a 
substantial part of /, during T2, then one gets, on the 
basis of the work of Bohr and Rosenfeld, a number of 
uncertainty relations, e.g.,® 


(AT* oy) (Al on)22Gh/PLT, (TXKL), 


‘~ 


>Gh/rT?, (TL), 


where there is no summation on the index k. 

On the other hand, in some cases modifications or 
new limitations are necessary. As an example, let us 
consider the result obtained by Bohr and Rosenfeld, 
that one can measure the average value of the electro- 
magnetic field, in a given region of space and during a 
given interval of time, to any desired accuracy. The 
procedure which they considered involved essentially 
the use of a body of large charge and mass uniformly 
distributed, occupying the region in question, and the 
determination of the momentum acquired by it during 
the given time interval. The corresponding result in 
the gravitational case would then be: by means of 
suitable measurements involving a test body of large 
mass one can determine the average values of the 


Christoffel symbols I*oo (“‘electric-type” field) and 
3 3 } 


‘A. Einstein, The Meaing of Relativity (Princeton University 
Press, Princeton, 1953), p. 102. 

‘N. Bohr and L. Rosenfeld, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 12, 8 (1933). 

*W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, New York, 1954), p. 80 
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The basic algebraic structure of the Dirac equation for the electron is used as a model for wave equations 
for other particles of nonzero rest mass. Wave equations of the form (7*V,+m)y =0, where the »-matrices 
satisfy the usual Dirac anticommutation rules [y,,7,],=2g,, are then found for every positive integral 


and half-odd-integral spin. Wave equations of the above form describing multiple spin particles are also 


found 


The improper transformations are given explicitly in their most general form, and quantization is 


performed. Finally, the vector meson field is treated as an example. 


1. INTRODUCTION 


N the past many formulations of higher spin (s> 4) 

wave equations have been given. Among these, two 
broad classes might be considered to be more or less 
Dirac-like. The first class consists of those employing 
higher rank undors'~* (i.e., 4-spinors). The second 
class*" consists of those derived by algebraic rather 
than tensor-undor techniques and having the form 


(7°V_+m)p=0, 


where the y’s are square coefficient matrices. 

The equations to be derived in the present article fall 
in the second category, but differ (for spin #4) from 
the previously derived equations of this category in five 
important respects. (I) The coefficient matrices y, of 
the earlier equations are irreducible, whereas the 
coefficient matrices of our equations are reducible. (IT) 
The spin matrices of earlier equations are polynomials 
in the coefficient matrices whereas ours are not. (III) 
The coefficient matrices of the earlier equations satisfy 
minimal equations of degree >2 for spin >4, whereas 
all of our coefficient matrices satisfy a minimal equation 
of degree two. (IV) The coefficient matrices of earlier 
equations satisfy complicated commutation relations 
of degree >2 for spin >4, whereas all of our coefficient 
matrices satisfy the ordinary simple Dirac anticommu- 
tation relations of degree two. (V) The earlier equations 
have no subsidiary conditions, whereas our single spin 
equations have, in a sense. Our subsidiary conditions 


(1.1) 
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*Q. Klein, Arkiv Mat. Astron. Fysik 25, No. 15 (1936). 

*H. J. Bhabha, Current Sci. India 14, 89 (1945). 

7H. J. Bhabha, Revs. Modern Phys. 17, 200 (1945). 

* Harish-Chandra, Phys. Rev. 71, 793 (1947). 
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” H. J. Bhabha, /nstituts Solvay, Huitiéme Conseil de Physique 
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“1H. J. Bhabha, Revs. Modern Phys. 21, 451 (1949). 


consist of putting some of the components of ¥ equal to 
zero when the form of all the relevant matrices (i.e., 
the form of the representation) is suitably chosen. 

The reason for referring to our equations as Dirac- 
like is of course that the coefficient matrices satisfy the 
Dirac anticommutation relations. The Klein equa- 
tions®:*-"? (which include the Duffin-Kemmer equations), 
on the other hand, abandon the Dirac anticommutation 
relations but retain the equation from Dirac theory 
which expresses the spin matrices as bilinear functions 
of the coefficient matrices. The Pauli-Fierz equations 
when written in the form (1.1) with irreducible coeffi- 
cient matrices, have neither of these properties. 

The algebraic technique which will be employed here 
is a straightforward extension of the technique which 
was employed” in deriving Dirac-like wave equations 
for massless particles. 

The wave equation for a particle of spin s has the 
form" 


(v,V*+m)y =0, (1.1) 


where m is the mass of the particle, the y’s are 8s<8s 
square matrices satisfying the usual Dirac relations 


[Yur] (1.2) 


and y is an 8s-component wave function in which 2s—1 
components are put equal to zero. The spin 4 equation 
is the usual Dirac equation. As will be seen, this is a 
rather degenerate case. 

The wave equations described above are covariant 
under the proper orthochronous Lorentz group and 
also under time-reversal transformations. They are not, 
(except for s=}), covariant under space 
inversion transformations, Equations invariant under 


) 
“furs 


however 


" For a review of Klein’s theory see S. Hjalmars, Arkiv Fysik 
1, 41 (1949) 

3 J. S. Lomont, Phys. Rev. 111, 1710 (1958). 

Greek indices run from 0 to 3, Latin indices from 1 to 3 
h=c=1, —goo™g1=fe2=ges™l, =i, stex, stay, zms, 
V.=0/dx, t and ¢ mean transpose and Hermitian conjugate, 
respectively. 
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space inversion can be obtained from those of type (1.1) 
by simply doubling the number of components of y. 
These equations are 16s-dimensional (except for s=4) 
and again have the form (1.1) where the y, matrices 
again satisfy (1.2). 

Finally, it should be mentioned that this approach 
also yields multiple spin equations of Dirac-like form. 


2. GENERAL THEORY 


We shall begin by assuming that our wave equation 
has the form 
(y.V*+m)y=0, (2.1) 
where 


Cros¥e l= 2g (2.2) 


Furthermore, we shall assume that under the infini- 
tesimal Lorentz transformation 


h uty 


ba =w*x,, w= —wh, 


(2.3) 
the wave function ¥ undergoes the transformation 
. —— 
oy ae gu” K a, 


Ky — Ky, 


(2.5) 
(2.6) 


where the infinitesimal transformations K,, satisfy the 
usual Lorentz group condition 


[Kaa,K ys] . Ban K rot BrK ep Berl rp— BrpK ov, (2.7) 


and the usual covariance condition" 


[yn K wv = Bre ¥e— Baur (2.8) 


The covariance of the wave equation (2.1) is now 
easily shown. 
yn (6V* + (y¥, V* +m) by 
ywV WW — 3 (nrV*+-m)wo"’K 
wy" My Vw —} *”K ye (yaV* t m)y 
fest VW + bw "y Vi 
0 (2.9) 


5 (y,V* +m) | 


Equations (2.1) and (2.2) assure us that y satisfies the 
Klein-Gordon equation as in the usual Dirac theory. 
Now we shall find all possible matrix forms of the y’s 
and K’s by finding all irreudible representations of the 
y’s and K’s. If we let 
M,=K,.+ 


tL Yur¥e] ’ (2.10) 


we see that 


CM er,M yr = GevM rot 2reM op —SerM rp—BrpM or, (2.11) 


and 
(2.12) 
Consequently if 


Ya »D(yy), M 


M,,— D(M,,) 
‘6 The essential difference between our approach and Klein’s 
is that instead of (2.2), Klein assumes [y,,7,].=—4K,, (see 


reference 5 


AND H 


MOSES 

is a finite-dimensional irreducible representation we see 

from (2.2), (2.11), and (2.12) that 
Diy) =I" "Oy, 
D(M,,)=D™”(M,, 


(2.13) 
(2.14) 


where y, on the right side of (2.13 
Dirac y,, 1” is the (2m+-1)(2n-44 
matrix, 7 is the 4-dimensional 
D'"™(M,,) is a (2m+1)(2n+1)-dimensional irreduc- 
ible representation A,,, of the Lie algebra of the 
homogeneous Lorentz group Let us call the represen- 
tation of the y’s and K’s defined by (2.13) and (2.14) 
I'n.n- Lhe dimension of I,,., is 4(2m+1)(2n+1 

Let £ be the Lorentz Lie algebra generated by the 
K’s, and let T’,,,‘” be the representation of £ “‘sub- 
duced” by restricting I, , to £ We shall now decom- 
pose I',,,.°” into a direct sum of irreducible represen- 
tations Aw» of £ Let 


is the usual 4&4 
1)-dimensional unit 
unit matrix, and 


K=(Ko3,Ku,Ki2), M=(Mo;,Mu,Mi), 
R= (Koi,Ko2,Kos), W=(Mor,Mo2,M 
C.= K— 8’, D,= M?’—De, 

C= K-&, D.=M-M 


(2.15) 


It is then a straightforw tter to show that 


(C,—D,+3 (Cc ia 2iD, U, (2.19) 


(D.—C2)?+ (i/2) (D; 


2)D,=0. (2.20) 


Since D, and Dz commute with the 
are represented by 


M’s and y’s they 
scalar matrices inT,, a: 


dD, 2{m(m+1 


tn(n+1)}T, 


D.=i{m(m+1 


where J is the 4(2m+1 unit 
matrix. Consequently (2.19) and (2.20) are simply 
equations for the eigenvalues of C; and C2. The eigen- 


values of C; and C; are as follows. 


2n+-1)-dimensional 


l 
1 


} 
2)} 
s)} 


resentation of £ is char- 


lues of C, and C, we see 


Since every 
acterized by a pair 
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from the preceding table that 


ln.” = Amit n®@ An 3.2 Anns D Amn ; (2 23) 


The infinitesimal operators Ks, K3:, and Kj. generate 

a sub-algebra ® of £ which is the Lie algebra of the 

3-dimensional rotation group. Let us denote the 

(27+1)-dimensional representation of ® by A,. Then 

if An.“ is the representation of ® subduced by the 

representation A,,,, of £, we see from the Clebsch- 
Gordan expansion 

min 
Aank= > Ay, (2.24) 


j=| mn] 


together with (2.23), (2.5), and (2.1), that the wave 
equation (2.1) will in general describe multiple spin 
particles. 

We want to show now that the irreducible represen- 
tation I'q,, can be chosen in a form such that the 
subduced representations of both £ and ® are com- 
pletely reduced and such that 


K'=~—K, 
R'= 8, 


1.'=y7". 


or K,t=—K»"’. (2.25) 
(2.26) 
(2.27) 


We shall subsequently refer to this representation as 
the C.R. (completely reduced) form of I’,,,, or as the 
C.R. representation. 

One form of I’,,,, is given by (2.13) and (2.14) where 
D‘™™(M,,) can be chosen as follows: 


Di=.") (M) ao — LoMQIM+1 Qe), 
D™(M) = —[o GI — 1a}, 


(2.28) 
(2.29) 


where o” is the irreducible (2m+1)-dimensional spin 
vector matrix, and J‘ is the (2m+-1)-dimensional unit 
matrix. Since «’” is Hermitian we see that D‘™-”) (M) 
is skew Hermitian and D+") (MQ) is Hermitian. Since 
the 4X4 Dirac y’s can be chosen to satisfy (2.27) we 
see that D(y,) given by (2.13) can also. Thus I’... in 
the unreduced form (2.13), (2.14) can be chosen to 
satisfy (2.25)—(2.27). Let us consider now the K,, in 
reduced form. The irreducible components of & are of 
the form (2.29) (with different indices) and, since the 
spin matrices are Hermitian, satisfy (2.26). Also since 
the irreducible components of K are —i times spin 
matrices, K satisfies (2.25). The question now is 
whether the transformed y’s satisfy (2.27). Since the 
K,,’s are all either Hermitian or skew Hermitian in 
both the reduced and unreduced form, it follows that 
the transformation matrix U can be chosen to be 
unitary. Since 

(Uy,U~)t=Uy,tU4=Uy"*U—. (2.30) 
It follows that (2.27) holds in the transformed repre- 
sentation. 
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3. TIME REVERSAL 
We shall now show that there is a 4(2m-+-1)(2n+-1)- 


dimensional, unitary, time reversal matrix T such that 
(3.1) 
(3.2) 
(3.3) 


(— ] petseri]. 
T-'T=y7,", 
T KT = K*, 
T“RT=—&*, 
or T"K,,7=K*", (3.4) 


where the C.R. form of I’,,,, is used. Equation (3.1)'* 
assures that two time reversals (where ¥/ = Ty*) return 
a state to its original value. The numbers m, n character- 
ize the irreducible representation I',,.. Equation (3.2) 
assures the covariance of the wave equation. 

To prove the existence of T we first observe that 
the two sets of matrices {7,,K,&} and {y*, K*, — &*) 
satisfy the same cormmutation relations. Since they 
also have the same Casimir operators they must be 
equivalent. Again since the K’s and y’s are either 
Hermitian or skew-Hermitian the matrix T transform- 
ing one set into the other can be chosen to be unitary. 
If N denotes a generic element of the set {7,,K,8), then 


TINT=¢(N)N*, e=+1, (3.5) 


from which it follows that 


[TT*,N |_=0. (3.6) 
By Schur’s lemma 


TT*=XI, (3.7) 


and since T is unitary and A rea!"’ 


A= +1. (3.8) 


We shall now construct the operator T and show 
that A= (—1)?"*2""", 

It will be convenient to introduce in addition to the 
C.R. representation, a representation of the M,,’s and 
ya's of the form (2.13)—(2.14) and (2.28)—(2.29), which 
we shall denote by primes, such that the matrices +,’ 
are real, y; (i=1,2,3) are symmetric and yo’ is 
antisymmetric. 

The operators M’ are chosen so that M,’ and M,’ 
are imaginary and symmetric and M,’ is real and 
antisymmetric. Furthermore Jt,’, I,’ are real and 
symmetric and Wt,’ is imaginary and antisymmetric. 
Since the N’s are Hermitian or anti-Hermitian, a 
unitary operator V exists such that 


VNV=N’, (3.9) 

From (2.14) and the Clebsch-Gordan expansion 
(2.24), it is seen that the eigenvalues of iM; are all 
integers if both m and n are integers or half-integers, 


“It should be made clear that (3.1) is a consequence of the 
other requirements on 7 and is not itself a requirement. 

"On multiplying (3.7) on the left by T~* and on the right by 
T, one has 7*7=)J. By taking the complex conjugate of this 
and comparing with (3.7), one finds A* =. 
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and are all half-odd-integers if one of the pair m, n is 
an integer and the other a half-odd-integer. Conse- 
quently, we see that the eigenvalues of the square of 
the operator 


D=e-™™? (3.10) 


are all one in the first case and minus one in the second 
case. Hence 
Dp -1)?"*+2*7, 3.11) 


Furthermore, 


D“=e"™?, D*=D, D'= Dp, (3.12) 


From the commutation rules for M,,’ and the symmetry 
properties and M and M, 


D'M,,'D=e™? M,,'e-*™" =—M,,'*=M'*"*. (3.13) 


We maintain that the operator 7 given by 


T=V 'Dyi'y2'¥3s'V " (3.14) 


satisfies (3.1)—(3.4) as can be proved by direct calcu- 
lation, using the properties of D and the real y’ matrices. 

We shall now show that the operator J is unique 
within a phase factor, i.e., if 7, and 7; are any two 
unitary operators satisfying (3.2)—(3.4), then 7;=e**T;. 
From (3.2)—(3.4), it follows that 


[T; 'T,,N* | 0. (3.15) 


Since N is an irreducible set, 


T2=AT}. (3.16) 
Since 7; and 7; are unitary, \ must be a phase factor. 
Hence 

T= eT, 
where ¢ is arbitrary. Hence, generally 


T=eT. (3.18) 
4. SPACE INVERSION 


The theory as 
possess a space inversion operator. There are, however, 


developed so far does. not in general 


in which it does. These are the cases where 

I'n.n’- A neces- 
sary and sufficient condition for these cases is m=n. 

Under such circumstances (m=m) we can find a 

unitary, Hermitian space inversion matrix S such that 

S=I, (4.1) 

-K,,'=K”’, (4.2) 


(4.3) 


some Cast 


Pn.» iS equivalent to I'm.n*, i.e., Cm.a= 


SK,,S 
SpS=—yt=—y', 

and y’= Sy ( 

first equation assures the return of y to its original 

value after two inversions, and the third assures the 

covariance of the wave equation. 

To prove the existence of such an S we first observe 
that the two matrices {K,,*,y,*} and 
{—K,,', —7,'} satisfy the same commutation relations 
and have the same Casimir operators. They are there- 


(where the C.R. form of I’,., is used). The 


sets of 


AND H 


MOSI 


fore equivalent. Since 'n,.=I'm,..*, it follows that the 
two sets {K,,,y,} and {—K,',, —ya'} are equivalent. 
We again see that the transformation matrix can be 
chosen unitary. Hence 
element of {K,,,y.}) we 
matrix .S’ such that 


tting \ 
if ifly ’ 


denote a generi 
there is a unitary 


(4.4) 
From this it follows th: 

(4.5) 
and hence that 

(4.6) 


Since S’ is unitary |\| = 1. We then define S by 


1S’ (4.7) 
We note that S is Hermitian 
For later purposes it 
construction for S. 
We recall that if A and B are any two square d- 
dimensional matrices, then there exists a d*-dimensional 


will be useful to give an explicit 


permutation matrix & such that 
(4.8) 


on d and on the 


of the Kronecker 


It is important to note that ® depends 
ordering of the nd 
product but not on A and B. 
We recall further that 
M’ . ° m« , j , 2) ” , Ql 4 : 


mM’ "@IM—[™Qem) QI, 


coiumn 


rows 


(4.9) 
(4.10) 


We now let @™ ? dimensional permu- 


into [‘™ 
@I™ we have 

(4.11) 
(4.12) 


tation 
Qo 


x 


matrix which tr el” 
and vice ver 


(4.13) 


The space inversion operator is then given by 


S=+iV-70'y'V. (4.14) 


It should be noted tl y’ is real, P?=J, and &” 


commutes with yo’ 


It can easily be shown that S as given by (4.14) 
satisfies (4.1)—(4.3). It can also be shown that if S” is 
another Hermitian matrix satisfying (4.1)—(4.3) then 
S'=+5S. 

In case I, .~I....* we construct a new theory with 
twice the dimension of the original. Let 


as 0 
0 hes’ 
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and let ¥ be a wave function transforming under K 


bf = —hw"K,,, (4.17) 
and satisfying 


(4,V*+m)y =0. 


We now show that there exists a unitary Hermitian 
space inversion matrix S such that 


(4.18) 


(4.19) 
(4.20) 
(4.21) 


where I is the identy in the doubled space. Since the 
two sets {K,,,7,} and {-K,,', —7') satisfy the 
same commutation relations and have equivalent 
Casimir operators they are equivalent. Hence there 
exists a unitary 5’ such that 


SNS A= —Nt. (4.22) 


But I'n,.#I'm.n* implies {K,,,y,} is not equivalent to 
{—K,.', —y,'} and hence 


a 0 A; 
Az O 
A,N*=—N'A,, 
A.N=—N*tAz. 


4.23) 
From (4.22) 

(4.24) 
(4.25) 


Furthermore, since the operators N are either Hermitian 
or anti-Hermitian we write 


Nt=p(N)N, (4.26) 


where p(N)==+1. From (4.24)-(4.26) 
[A2A1,N*] =0. 


Hence 
AzA,=NI. 


From the fact that S’ is unitary 


A,'= Z A;'= 


A ro. 
Hence 

A2=)\A}=AAZ, 
and 


St=NI. 
From the fact that 5 is unitary, it follows that 
A= 62", 


We define the space inversion operator by 


“ 0 e* A; 
S=e05'=( ). (4.33) 
e#A,t 0 


Clearly S$ is Hermitian and unitary and satisfies 
(4.19)-(4.21). 

It will be useful to write 5 explicitly. We maintain 
that a matrix 5S’ which satisfies the requirements for 
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0 iV-Dy,'V* 
( ). (4.34) 
iV*"D4)'V 0 


This statement be proved by straightforward 
calculation. Let us consider any other Hermitian 


matrix 5 which satisfies (4.19)—(4.21). From the fact 
that 


5’ = 


can 


(SSN ]=0, 


we see that 5 must have the form 


— 


A=iV"Dy'V*, 


(4.35) 


(4.36) 
where 
(4.37) 


and @ is thus far arbitrary but will be fixed later. 


5. TIME REVERSAL AND SPACE INVERSION 


It will be useful to obtain relations between the time 
reversal and space inversion matrices 

Let us first consider the undoubled theory in which 
the representation is equivalent to its complex conju- 
gate. On using (3.18) and (3.14) for T and (4.14) for § 
we can calculate explicitly 


TST =S*, (5.1) 


For the doubled theory we write 


0 


We should like to obtain 


T= $7 


5, (5.3) 


in order to have invariant Lagrangians. Toward this 
end we set the hitherto arbitrary angle @ equal to ¢ and 


find that on using (4.36) for S (5.3) is satisfied. 


6. BILINEAR COVARIANTS 


Let us now consider theories possessing space and 
time inversion transformations which satisfy (5.1) or 
(5.3) and disregard the fact that the operators may have 
come from doubled theories. 

By using the space inversion transformation matrix 
S we can now easily form bilinear covariants. Thus 
y'Sy is a regular scalar under the full homogeneous 
Lorentz group, and ¥'Sy,# is a 4-vecior of the second 
kind'* under the full homogeneous Lorentz group 

See M. S. Watanabe, Phys. Rev. 84, 1008 (1951) or J. M 
Jauch and F. Rohrlich, Theory of Photons and Electrons (Addison 
Wesley Publishing Company, Inc., Reading, 1955) for a definition 
of the four kinds of tensors. See also J. S. Lomont, “Applications 
of Finite Groups” (Academic Press, Inc., New York, 1959), p. 325 
no. 5. 
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Consequently, for the Lagrangian L we can take 
L=C’'[W'S(y"V,4+-m)y+complex conjugate], (6.1) 


where C’ is a real constant. As a current we have 


iv (W'S). (6.2) 


The Lagrangian (6.1) leads to the covariant commu- 
tation relations 


Cy (x),0(y) ]=—iC’ (6.3) 


(6.4) 


\(4*V .—m)A(x—y), 


where 
(6.5) 
The Hamiltonian 


( fasder-v4 mw 


then satisfies the usual requirement 
y={ Ry L. 


7. INTERACTION WITH THE 
ELECTROMAGNETIC FIELD 


Again we shall assume the existence of S and drop 
tildes. Let n,,.= —n,, be a set of matrices of the same 
dimension as y satisfying 


y £yeNar eure Brews 


Equation (7.6) toget 


leads to the additional 


For the ractin fiel we then take the 


Lagrangian L to 


can 


Y'S(yD*+ m+ gax”' Nur 
+complex conjugate, 
where 
D+= V+ 


igid”, (7.10) 


gi and gq, are real C’ is a real 
constant, and ¢* and x*’ are the, respectively, potential 
and field strength of the field. The 


resulting current is 


coupling constants, 
electromagnetic 


(7.11) 


AND H 


where 


The equation for y is 


8. CHARGE CONJUGATION 


Again we shall consider theories with a space inversion 
matrix and drop tildes. We shall there 
exists a unitary he charge conjugation 


matrix C, the 
matrix, such that 


. : 
} 
snow tnat 


] To prove 
(8.3) we no 
{ya*,A,.*} 


satisfying 


and hence 


If the s Y. : indoubled and 
ducible ther 


nence 


where \ 

go into the 1! I 
We shall now gin xplicitly for both the doubled 

and undoubled 


> must 


undoubled theory 
a unitary operator itisfying 8.5) is given by 


(8.9) 


Any other unitary operato h satisfies (8.6) is 
given by 


(8.10) 


where a is a 
fact [cc 
It is easil} n that 5 i atisfied 


by using the 
Also 
8.5a) 


To obtain (8.4) we eva! 


form of the 


ising the explicit 


oT (8.11) 


IOLLOWS. 


If we pi k a 
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In the doubled theory, every operator C which 
satisfies (8.1)-—(8.4) is of the form 


; 07 
coo(’ 1) 
I 0 
where a= (#/2)(2m+2n+1). 


On using (4.36) and (4.37) for S and the fact that 
D~ = (—1)?"***D we have for the doubled theory 


CSC = (—1)@rttth $*, (8.5b) 
In order for g2-terms in Eq. (7.12) to behave properly 
under charge conjugation we must require 


Ctny C= — My". (8.13) 


9. SINGLE SPIN EQUATIONS 


In this section we shall see how to select from the 
wave equations (2.1), corresponding to the represen- 
tation (2.13), (2.14), equations which can 


partic les of a single spin. Let us put 


describe 


s=m+}, 9.1) 


n=0, 
so the decomposition (2.23) becomes 


- ; 4, o@A, 14 A, 1 0- 

We shall assume that ® is in completely reduced form 
with the blocks in the order (9.3) from top to bottom. 
Since the subduced representation A,_,;'" of @& 
decomposes according to 


444° =A, 04,1, (9.4) 


we shall assume that the subduced representation of ® 
is completely reduced and that the blocks have the 
order A,, A,, A.—1, Asi. 

We shall now show that if the components of y 
transforming under A,_;,9 are put equal to zero that we 
have a single spin theory describing particles of spin s 
To do this we shall consider the spin of engergy eigen- 
functions in a rest state, so ~=u exp(ipex”), where 

[ the | 
| u," | 


mY 


e= +1. 


’ 


and 

iyot= ett, 
We shall now show that u,_,=0. For this we first note 
that Tyo, K ] =(), 


so that 


Ant™ Awl” 
J Ax»J” 


Aasl el) 
Asal el) 


where the \’s are constants, the J’s are unit matrices, 
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and the omitted elements are zero. Thus 


(Arie + Aroe,”) u, 

.| Aerts Agets,’ | u,’ 
4 | me 

Ass.—1 | ea 

Aggtt, 1 0 


ry ou (9.8) 


Consequently either u,_;=0 or Ag=0. If Ag=O0 then 
the set {yo,K,,} is reduced. Since [0,8 |_= + it foilows 
that + is reduced, and hence that the entire set {7,K,,)} 
is reduced. Since the set {y,,X,,.} is irreducible it 
follows that u,.,=0, and hence that s« describes 
particles of spin s. 

This scheme of setting some components of ¥ equal 
to zero is obviously covariant under proper, ortho- 
chronous, homogeneous Lorentz transformations. The 
covariance of the scheme under improper transfor- 
mations is not so obvious and requires proof. From 
(2.17), (3.3), and (3.4) we find that 

[7,C, |. =0 (9.9) 
Consequently JT must have the same block form as the 
K,,’s, and thus if the last (2s—1) elements of y are 
zero so are the last (2s—1) elements of Ty’. 

Since the only undoubled theory with a space 
inversion transformation is the Dirac theory, s=4, 
which has no zero components, we shall consider only 
doubled theories s>4. From (2.17), and (4.20) we find 


that 
0 


we find that 


S.C, }.=0. (9.10) 


Since 


(9.11) 


[A,C,]|.=0 


that A 


vi 
+ ; 
v2 
where the last 2s—1 components of both y and yz are 
zero, then y,’ and y¥,’ given by 


oS ae 
v-sv-("") 
vs 


have the same property. 

Finally the simple form of the charge conjugation 
operator (8.2) assures us that the last 2s— 1 components 
remain zero under charge conjugation. 


from which it follows 
structure as K,,. If 


has the same block 


10. SINGLE SPIN COVARIANT COMMUTATION RULES 


Let us consider a complete set of commuting ob- 
servables consisting of H=—iyo(y-¥+m), —iK-9¥, 
P=—i¥, and other Hermitian operators which can 
always be chosen so that they commute with the 
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operator iSyo. A simultaneous eigenstate of all these 
operators will be designated by 


¥ (x! p,e,o), (10.1) 


vhere p is the momentum, e is the sign of energy and ¢ 
collectively denotes all the other eigenvalues. We shall 
separate out the x-dependence in the usual way 


/ 


y\X) pe, u p,€,s ly 


(2x)! 
where u is a column vector. 
For many purposes one might be inclined to normalize 
u so that 
u'( p,e¢ u(p,e’,¢’) bee (10.3) 


ere 
| ing 


This 


However, this normalization is not covariant. It can 


normalization leads to 


x| pve Cv (x! p’,e’ Cx =5(p— p’)é (10.4) 


be shown that the following covariant normalization is 


poss ble for é 4 
(10.5) 


. of . e 
1 (p,e,C)y,u( pet ) =Alef Purr, 


where here 


p w(p e(p’+m’)', t=u'S, (10.5a 


, 


invariant function of the 
the values +1 or —1. 
function must be calculated in particular cases. 


We have also 


and A(e¢) is an arguments 
which can have only This 


in orthogonality relation 


f 


u'( peo) Syou(p, —e, ¢ 0, 


since Syo commutes with H. Hence 


1 p,é,é you pe’, ’ (10.6) 


Alef wp b.. Ser . 
which implies the completeness relation 
u( pe )U(p,ef) 
> y’. 10.7) 


and & 


Let u‘ (p,e,i 
functions (i.e., 


p,e,¢) be the single spin eigen- 

1 components are zero). 
Then if ¥"" (x) is a single spin field operator satisfying 
the equation (y“V,+m)y“ 
mutation rules are cov 


(x)=0, the following com- 


ifniant. 


, 


CD(x—y), (10.8) 


where 


D®™ (x) 


AND H. E. 


MOSES 


us define u as 


Let tions 
thogonal to uw‘. These are th 


which span the 


eigenfunc or- 
g eigenfunctions 
space. We also defin ina m 


. 


tion of D but use 


nner 
analogous to the defin 


of u., Then 


D (4 


instead 


10.10 


on using (10.7 
If in (10.9 
subset of the 
D(x) which 
covariant commut 
We can show tl 


any &s-dimension 


ted from (6.3). 
taken only over a 


when 


be split up in the 


where f 

u™ and ux“ 
operator D 
zero, we have 


fo ) 


Since D is a 
the causality « 


A set of mat 
desired relation 
single spin equ il 


Since the Ham 
H 
iV, iK-V 


complete orthogonal! et of f "s I hare 


and 
> | 
simult: 


iK-¥ 


ine- 


ously eigenvectors Thus 


ip* 


K- pu 


y¥ u exp 


and 


and w 
indices 
us put 


some 
ce let 


[te P,€,¢ ),Ms\ p,e 
(11.2 


Then equation 


‘ 


pXe(p,e¢ 


Since e(p,e,o) does not depend on e, the e can be 


dropped. In the Appendix an explicit form of e(p,f) is 
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presented which satisfies the following conditions: 
e*(p,f)-e(p,5)=1, (11.6) 
e(p,0)= p"'p, (11.7) 
e*(p,t)=e(p, —5), (11.8) 


e(—p, —¢)=—e(p,f). (11.9) 


Also it follows that 


e*(p.n) Xe(p,n)=ine(p,0), n=+1. (11.10) 


The eighth row of the wave equation says 
Ye We We Ar 
+ T+ =. 
Ox Oy od2 a 


Consequently, since p°= ew, 


u;(p,¢,¢) = (€/w) p-e(p,f). 
If we put 


(Vi,W2,¥s) =,  (%1,%2,%3)=U, (Yas,Wo) 
and 


vi=V, 


we find from the first three lines of the wave equation 
that 
OA 
+VV+iVX A. (11.13) 
al 
Consequently 
—mu(p,¢,5) = —iewe(p,f) + (ie/w) pp-e(p,f) — pXe(p,f) 
= —ie(w— ef p)e(p,t) + (ie/w) pp-e(p,f). 
Hence 
(ie/m) (w— ept)e(p-£) — (ie/ma) pp-e(p,s) | 
e(p,f) 
(¢/w)p-e(p,f) 
0 


u(Det)= | 


(11.14) 


Instead of normalizing u, we have normalized e. The 
explicit forms for e and w# are in the Appendix. 

In addition to the bilinear covariants discussed 
earlier, we can also form other bilinear covariants. Let 


b= ilVo—2iM-V, (11.15) 


let T be any 8-dimensional matrix which commutes 
with 3, 
(b,r'}=0, 


J=y'pory, 


Then from the relations 


[6,K]} =—2amxvyv, 


(11.16) 
and let 


B=—tyo. (11.17) 


(11.18) 
and 


[b,8],=—il¥—byoy+2MVo, (11.19) 


which hold only for the present case, we find that under 
the infinitesimal Lorentz transformation (2.3) 


8] = hu" BOCK pT Ly. (11.20) 
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Putting !'=/ we find that ¥'by is a scalar and putting 
l=, we find that ¥'8by,~ is a 4-vector. Under time 
reversal ¥'Sby — (y'Sby)*. Consequently Re(y'Sby) 


is a regular scalar. Thus we can put 
2C’L= (Sby)'(-y*V,.+-m)¥+ ( (7"*V + m)y) Boy. (11.21) 


This Lagrangian leads to the correct equation of motion 
if we cancel b from the Euler equations. The usual gauge 
invariance techniques for deriving currents leads to 


ip Reptpby wh. (11.22) 


This Lagrangian, however, is not satisfactory for 
introducing the electromagnetic interaction in the usual 
way because it leads to a second order equation. 

Incidently, in the doubled theory the current (11.22) 
is proportional to the current iy'Sy, where S is the 
space inversion operator. 

A special case of the undoubled theory corresponds 
to neutral vector meson theory, while a special case of 
the doubled theory corresponds to the charged vector 
meson theory.'*-™ 

To obtain the neutral vector meson theory from 
the undoubled equations we require A= (W4W5,ye) and 
V =y, to be real. Then we take [letting ¢= (¥i,y2,s) | 

E= Ret, (11.24) 


We shall now write the Dirac-like equations explicitly 
and separate real and imaginary parts. 
The first three equations are 


—mE=(dA/al)+VV, 


and H=—Imd. 


mH=9 XA. (11.25) 
The second three equations are 


—(dE/dt)+9xXH, 
0= (0H/a1) +9 E. 


—mA 


(11.26) 


The seventh equations yield 
—mV=9-E, 0=9-H. (11.27) 
Finally the eighth equation is the Lorentz condition: 


0=¥9-A+0V/dl. (11.28) 
On writing 


E - (FF F%) | H (FF F" F') (1 1 29) 


Eqs. (11.25) are equivalent to 


mF ,, V,A es V,A rt) (11.30) 


where A®°= V/V, 
The first of Eqs. (11.26) and (11.27) can be written 


VF, =mA,, (11.31) 
while (11.28) is 


V*A,=0. (11.32) 
From (11.30), (11.31), and (11.32) one obtains 


(V*V,.—m’)A,=0 (11.33) 
” We should like to thank Dr. M. S. Watanabe for suggesting 
this identification. 
* A special case of the theory could equally well be identified 
with the ordinary pseudovector meson theory. 
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as required. One could, of course, have obtained (11.33) 
directly from the Dirac type equation in the usual way 
by noting that all components of y must obey the 
Gordon-Klein equation. 

The remaining set of equations, namely the second 
set of (11.26) and (11.25) can be written as the set 


VP ect V FE ent Vek p=. (11.34) 


We shail now introduce the doubled theory in order 
to have a space inversion operator S as in the Appendix. 
In the doubled theory let Y be written 


(") 
} 

¥ y ’ 
where y¥; and yz are eight component column vectors 
which satisfy 


(11.35) 


(YVtmyi=0, (y*V,+m)y.=0, 


and where the last component of each column vector 
is required to be zero. In analogy to the undoubled 
theory let us write 


(11.36) 


tu; 2) 

= ed 
i 

0 


‘lvl: (11.37) 
LO 


To obtain the neutral vector meson theories we 


require solutions of (11.36) such that 
Ay A,=A, Vi=V2= V. 
where A and V are real. We can show 


te= t". (11.39) 


(11.38) 


Hence 


E (wet w,) 2, H= (teo— v1) ‘21. (11.40) 


In the case of the doubled neutral vector meson theory, 
we can show that the current 7,~#/*Sy,~=0. 

To obtain the charged vector meson field we must 
use the doubled theory as above. But now we require 


AND H. 


MOSES 


A and V of (11.38) to be complex. The vectors E and 
H are defined by (11.40) and satisfy the same equations 
in terms of A and V (11.25)—(11.34) as in the neutral 
theory. In contrast to the neutral theory 7,0, in 
general. 

We can now quantize the theory. For the charged 
meson field we have 


wt 
nia=c" frp || ( ) ue, +, Da(p, +, 0 
LN m 


m ; 
+ > ( *) u(p, +, ¢)a(p, 1) | expCinee 
f—4l 


@ 


wri 
+|( )« 
m 


Xu p, 


r)at(p, —,¢) | exp(-i =). (11.40) 
I Pp 


yn field 


while for the neutral mes« 


a(p,t |. cp(tpyx* 


xp(—ip,x*) ; (11.41) 


where 
[a(p,e,f),a 


[af p,<,f),a' 
La(p,f 


[a(p,f), 


(11.42) 


(11.43) 
(11.44) 


(11.45) 


— F 
€ rO(p— Pp), 


red (p—p’). 
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Pps— tt Pipa 
pL2(pitt+p:*) 


it (pi+pe\) 
* 2 ). 
(ppitit psp) 
* APPENDIX Il. LIST OF IMPROPER 





pL2(p2+p;*) }* 2 TRANSFORMATIONS 


lt 


for undoubled theory, 


- ) for doubled theory, 
temp /wp 
tem po wp 
temps wp 
C=—ite’*V—"@’DV* for undoubled theory. 
pi/P , 


p2/P C=exp[i(x/2)(2m+2n+1 () 4 
ps/P 


ep m for doubled theory. 
0 


where 


A=iV"Dy' V*, 


u\ p,¢,9) =i 








The operators D, py’ y,’, V, are defined in Sec. 3. 
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The duration of a collision is usually a rather ill-defined concept, 
depending on a more or less arbitrary choice of a collision distance 
If the collision lifetime is defined as the limit, as R-> «, of the 
difference between the time the particles spend within a distance R 
of each other and the time they would have spent there in the 
absence of the interaction, a well-defined quantity emerges which 
is finite as long as the interaction vanishes rapidly enough at 
large R. 

In quantum mechanics, using steady-state wave functions, the 
average time of residence in a region is the integrated density 
divided by the total flux in (or out), and the lifetime is defined 
as the difference between these residence times with and without 
interaction. Transformation properties require construction of 
the lifetime matrix, Q. If the wave functions ¥; are normalized 
to unit total flux in and out through a sphere at R- ~, the 
matrix elements are 


d wreck . 
Qi = lim lJ . wi*dr — R(0i 845+ pan Sia? tS ja* | ’ 
kR-* Ay 


INTRODUCTION 


T is surprising that the current mathematical 

apparatus of quantum mechanics does not include 
a simple representation for so eminently observable a 
quantity as the lifetime of metastable entities. Unlike 
other dynamical observables. for which corresponding 
operators are available, the lifetime is usually computed 
by various indirect devices—among these are Gamow’s 
complex energy eigenvalue, the combination of the 
Heisenberg relation with the width of an energy 
resonance, and special wave-packet representations. 
There seems to be a widespread misapprehension, which 
I hope in this note to allay, that it is impossible in 
principle to obtain a lifetime by a simple procedure 
from a steady-state solution of the time-independent 
Schrédinger equation for a single energy E. The lifetime 
matrix, Q, which can be derived in a simple way from 
steady-state wave functions, fills this theoretical 
lacuna, and illuminates a connection between lifetimes 
of metastable states and scattering theory. 

For the analysis of collision events, a well-developed 
tool is available in the scattering matrix, S. However, 
when the scattering event is not simple, but involves a 
metastable intermediate with a lifetime longer than 
some simple collision time (defined, for instance, by 
2a/%, where a is some collision distance and % the 
initial velocity), analysis in terms of the scattering 
matrix may become difficult in practice, though it 
remains unique in principle. Experimentally, it is 
possible to cover an entire gamut : from simple scattering 
collisions, through cases where the trajectory of a 


* Work supported by Stanford Research Institute through 
funds administered by the Divisional Research Committee of the 
Physical Sciences Division. 


where the average value is taken to eliminate oscillating terms at 
large R, Si is an element of the unitary scattering matrix, $, and 
2 is the velocity in the ith channel. Q is Hermitian; a diagonal 
element (,, is the average lifetime of a collision beginning in the 
ith channel. As a function of the energy Q is related to S$: Q 
= —ihS dS'/dE; Q and S contain the same information, from 
complementary points of view. When Q is diagonalized, its 
proper values, gy, are the lifetimes of metastable states if they 
are large compared to h/E; for a sharp resonance, the measured 
lifetime is the average of gi (Z) over a distribution in energy. The 
corresponding eigenfunctions, ¥,, are the proper functions to 
describe these metastable states. The causality principle appears 
directly from an inequality involving the integral expression for 
Qs or gu, and it is shown how some of its consequences for inelastic 
collisions can be deduced. 


transistory intermediate can be deduced, to the situation 
where the lifetime of a slowly decaying product is the 
principal thing observed. There is a certain comple- 
mentarity between observations of scattering at one 
end of this range and observations of lifetime at the 
other. It is gratifying to find this complementarity 
reproduced in a functional relationship between the 
matrices S and Q as functions of the energy E, which 
shows that they both contain the same essential 
information, though from very different points of view. 

The point of view that will be taken in deriving the 
matrix Q is that a lifetime, or delay-time, can be 
associated with every collision. Classically, if the 
interaction between two particles is known and the 
initial conditions of the collision (including the energy 
E, and the angular momentum L, in the center-of-mass 
system) are specified, it is possible to compute the time 
((R; E;,L;,---+) that the particles spend within any 
distance R of each other. To get a well-defined lifetime 
independent of R, we may take the limit as R-+ « 
after subtracting the time 4(R; 2;,l,,---) that the 
particles would have spent within R in the absence of 
the interaction. If the collision is inelastic, the time fo 
is the sum of two parts corresponding to an incoming 
trajectory with velocity », and angular momentum J), 
and an outgoing one with v2, L., each of them termi- 
nating at its point of closest approach to the center of 
mass. The collision lifetime is then defined as 


Qui(EryLa,- ~~) = lim [(R; EayLa,-+-) 


~~ hig(R; 04,11) = ig(R; ?2,12) 
m (((R; Ey,Li,- ++) —R(oy*+v9*)]. 


= li 
R--n 


(1) 
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This expression converges in general for interactions of 
shorter range than the Coulomb one. 

Quantally, if we use a steady-state wave function to 
describe the scattering, a lifetime might be related to 
the time spent, on the average, near a scattering center, 
as determined by dividing the number of particles in 
some central region by the rate at which they are 
flowing in or out. When the boundary of the scattering 
region is sharply delimited, this gives an unambiguous 
definition, and elementary cases have sometimes been 
analyzed in this way.! A much more satisfactory 
general procedure, however, is to consider only the 
excess number of particles near the center, after sub- 
tracting the number that would have been present in 
the absencé of the interaction; this excess will remain 
finite even if the integration is taken to infinity, 
provided the interaction vanishes rapidly enough at 
large distances. This excess, divided by the total flux 
in (or out) through a closed surface at large distance 
from the center of interaction, gives the lifetime we 
desire. (It will be remarked that the definition of the 
lifetime in terms of the ratio of particles trapped to 
flux in or out is reminiscent of the definition of the Q 
of an oscillating system in electromagnetic theory. It 
is this analogy which motivates the symbolism chosen.) 

When multiple solutions of the Schrédinger equation 
exist for a single energy E, transformation require- 
ments lead to the matrix Q, the diagonal elements, 
Qu, of which are the lifetimes associated with the 
particular solutions ¥,; defined by an incoming wave 
in the ith channel. 

What is apparently a very different definition of a 
delay-time associated with a collision has been deduced 
by Bohm,’ Eisenbud,’ and Wigner‘ from a wave-packet 
analysis. In the case of elastic scattering, which can be 
described by a simple phase-shift, 7, they show that a 
suitable definition of a delay-time involves the energy- 
derivative of the phase-shift, 


At=hdn/dE. (2) 


It is gratifying to be able to prove that the delay-time 
defined in this way and the lifetime Qi are in fact 
identical. This proof provides the clue to a general 
relationship between the scattering matrix S and the 
lifetime matrix Q 

It should occasion no surprise that the collision 
lifetimes Q,; as defined here may have negative values. 
These arise physically either from reflection of the 
incident particle before it penetrates into a central 
region, or from its acceleration and swift passage 
through a region of negative potential; in either case, 
the density of particles in the central region is lower 

! See, for instance, V. Rojansky, Elementary Quantum M echanics 
(Prentice-Hall, New York, 1938), p. 125; or G. Gamow, Z. 
Physik 51, 204 (1928). 

*D. Bohm, Quantum Theory (Prentice-Hall, New York, 1951), 
pp. 257-261. 

+L. Eisenbud, dissertation, Princeton, June, 1948 (unpublished). 

‘E. P. Wigner, Phys. Rev. 98, 145 (1955). 
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than it would be Without the interaction, and the 
collision is over sooner. If the interaction has a finite 
range, it is possible to establish a simple lower bound 
for Qi:, leading to an elementary proof of a theorem, 
established in a different way by Wigner,‘ related to the 
principle of causality. When the Qx’s are positive and 
large with respect to h/E, we have a criterion for the 
existence of metastable states; in this case, separate 
metastable states are best defined by diagonalizing the 
matrix Q, and the eigenvalues g, are the lifetimes of the 
separate states. 


LIFETIME FOR A ONE-DIMENSIONAL 
ELASTIC COLLISION 


To make this definition precise, consider a one- 
dimensional problem in the region 0<a2<, repre- 
sented by a Schrédinger equation with a potential 
function that vanishes at large x and becomes infinite 
at x=0. The wave function satisfying the equation for 
a positive energy E is ¥(x); at «=O, it must satisfy 
the condition ¥(0)=0. At large x, ¥ may be written in 
the asymptotic form, 


av (x)= A (eo **7— ee), 


(3) 


where k?=(2m/h*)E, and 7 is the phase shift, which 
vanishes when there is no interaction (_V=O for all 
x>0). The probability density is then p(x)=y*(x)y(x), 
while the average density in the absence of the potential 
is p(x) = (..W*.W) = limr..(1/L) Jo". .dx=2AA*. The 
integrated excess density in the central region is 


(4) 


R 
I(R) -f [y* (xb (x) — A Jax. 


If the potential vanishes rapidly enough at large «x, this 
integral remains finite as R—> , but it includes an 
oscillating term, — AA*k™ sin(2kR+-7). The oscillation 
can be eliminated by taking the average value of 7(R) 
as R increases. 

2R 


| 
f I(R’)dR’. 
Rvp 


(1)= lim — (5) 


R--x 


(J) is the excess number of particles in the central 
region. Its absolute magnitude depends on the normali- 
zation of ¥, but so does the magnitude of the inward or 
outward flux with which we wish to compare it. The 
inward flow, in particles per second, across a boundary 
at large x, is found by applying the flux operation to the 
incoming part of ¥ or .W, @= Ae**, and 


h db dt* 
F, -—(* -—- —) = — A*Ap. 


2mt dx dx 


(6) 


The outward flux F_ is similarly defined in terms of 
*e%= A*e'(*=+*), If we write 





LIFETIME MATRIX IN 


we can define the average delay-time as 


Q=(1)/F. (8) 


It is usually convenient to normalize the wave 
function to unit inward and outward flux. This can be 
done by replacing (3) by the form 


a = 0 ie te eine t= |. (9) 
Using Eq. (9), /=2/», and the lifetime is expressed 


simply by 
K 
Q= lim If wv—2/0)dr| , 
R--e ® 


dhe 


(10) 


[A slightly different formulation for the collision 
lifetime that might be considered in place of Eq. (10) is 


= f W¥—V*W)dx. (11) 


Q’ differs from Q by a term which is important at low 
energy, 
Q’—Q=—4hE™ sinn. (12) 


The identity between Q and the lifetime expressed by 
Eq. (2), which will be proven below, and convergence 
difficulties with Q’ in higher angular momentum 
states, suggest a preference for Q rather than Q’. | 


CONNECTION BETWEEN @ AND THE 
PHASE SHIFT 


Eisenbud,*? Bohm,? and Wigner* have pointed out 
that a simple wave-packet description of a collision 
implies a delay-time of the magnitude 


At=h(dn/dE). (2) 


It is worth while repeating the argument briefly in the 
form given by Wigner, before proving the identity 
between A/ and (Q in the one-dimensional case. 

To discuss the motion of a wave packet, a time- 
dependent wave function is needed, composed of a 
sum of terms behaving asymptotically as ,(x,/) 
= (x)e—*'. It suffices to take a packet composed of 
two such terms, with frequencies y+Av, wave numbers 
k+Ak, and phase-shift 7:Ay. The wave packet is then 
represented, in the asymptotic region of large x where 
«¥(x) has the form (9), by 


Vw.p. (2) = 20H ****"9 cos(zAk-+tAv) 


— e249) cos(xdk—tAv+An)}. (13) 


The first term in the brackets has a maximum when 
Xmax= —t(dv/dk)=—vt, and represents a particle 
moving inward at times !<0; the second term represents 
the particle moving outward at a later time, with 


Xmax= t—dy/dk. (14) 


Since 7=0 and dn/dk=0 when there is no interaction, 
Eq. (14) shows that the interaction has delayed the 


COLLISION THEORY 


particle by a time 
At=w"'dn/dk=hdn/dE. 
with Q. 


(15) 


This delay-time is identical From the 


Schrédinger equation, 
(H—E)y = (T+V—E)y=0, (16) 
and its first derivative with respect to E, 


(H — E) (4/dE)—y=0, (17) 


we find 


’ 


py dy 
y°T—-—Ty* 
GE OE 
i? -( ay wan 
-—{ fi —- — 
2m Ox Ox0E OE dx 


=y*y. (18) 


Since ¥* and 6f/8E vanish at x=0, integration from 
0 to R gives 


R he 
ff vvis--—(v 
0 2m 


ry wo 


~ (19) 
OxOE OE Ax] 


The right-hand side is to be evaluated at large R, 
where y=. can be represented by (9), so 


h? (dN d4* OW 
Se gilt 
k 


2m aE ox axdE 
dy 2 ht 

=h—-+--R—— sin(2kR+ n). (20) 
0E 0 2E 


Comparing with (10), and noting that 4$4E£~ 
Xsin(2kR+n) is just the term eliminated by the 
averaging of Eq. (5), we find, finally, 


R 
hdn/dE = f (Wy —2/0)dx 


+}hE sin(2kR+n)=Q. (21) 

Before proceeding, it is convenient here to point 
out a corollary that will be suggestive later. If we write 
S=e", we obtain the identity 


Q=hdn/dE= —ihS*dS/dE. (22) 


This expression is the proper one for generalization 
when § is the scattering matrix for inelastic collisions 
and Q the lifetime matrix. 


ELASTIC COLLISIONS IN SPACE 


In three-dimensional space, it is convenient to treat 
collisions with a well-defined angular momentum. If 
there are no inelastic collisions, one then obtains a 
separate lifetime, Qu, associated with each value of 
the angular momentum quantum number, I. It will be 
shown subsequently how these can be combined to give 
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the lifetime appropriate to some mixed quantum state 
which is not well-defined as to angular momentum. 

In the usual way, the wave function is written in 
spherical coordinates about the center of mass of the 
colliding system, ¥;(r,0,¢). At large r, where the scatter- 
ing interaction vanishes, this can be written as 


oWr(7,0,0) "? 1 oi(r) gi (9,0), (23) 


where the angular functions g;(@,¢) are orthogonal and 
normalized to unity over a sphere. The functions 
~oi(r) can be expressed in terms of complex radial 
eigenfunctions for the angular momentum quantum 


number /, (J; is not the Bessel function!) 
adi (r) =o LT (kr) — eT * (kr) |, (24) 
where 
d 
(kr)! [ (kr)~"Ty_1(kr) ], (25) 
d(kr) 


and 


Io(kr)=e€ 


These functions are normalized to unit inward and 
outward flux through the surface of a sphere at large r. 
For any /, at sufficiently large r the average density 
falls off as The simplest expression for the 
lifetime integral, analogous to Eq. (10), is therefore 


(2/vr?). 


(26) 


Irl<R 
Qu= lim If (Wi*i—2/o9*)dr | , 
R--« 


Ay 


where dr is a volume element. 
The lifetime, Qu, as thus defined, is equal to 
h(dn,/dE). From the Schrédinger equations for ¥* and 


aw /dk, 
i? Ow oy 
yy=—v(—vr-yv—_), 
2m OF OE 


ri<® h? (201 Oni" P1 
aed 
2m \ dF or OVO E rar 


h(dm,/dE)+ (2R/v)— (h/2E) 
Xsin(2kR++he)+G,/R, (28) 


(27) 


where G:/R is a remainder that vanishes with R-. 
Thus, 
Ou=h(dn,/dE) = —ihS*(dS,/dE), (29) 
where 
S,;=e™, 


‘ 


We are now in a position to extend the definition of 
the lifetime to a mixed state, T, which is not well- 
defined as to angular momentum. The wave function 
for this state, yr, may be expanded in terms of the 
orthogonal functions y;, 


vr= Lo ara; (30) 


SMITH 


to preserve the normalization of yr to unit flux, we 
must have 
— ariary (31) 


Lm | 


If we now define the lifetime for the 
equation like (26), 


we find 
Orr ory 


/7V 


ollision [ by an 


and substitute the expansion (30), 


or’ dr 


D1 @r@ri*Ou 


With inelastic coll 
not be 
lead us to introduce off-diagor 
Vi. 


isions, W e the wave functions may 
will 


| elements of the form 


orthogonal, this kind of transformation 


LOWER BOUND FOR Q 


Wigner has shown‘ how to establish a lower bound 
for the energy derivative of the phase shift. He gives a 
simple proof depe nding on a property of the derivative 
matrix, R. The integral expres ised here for On, and 
its identity with #(dy,/dE), lead to another, parti 
simple, demonstration of 
Wigner, we suppose tl 
radius, a. The wave function, 
only for x< a, so we can write Oy, ir 


ularly 


With 


) 


* 
Ou f vividr ( ) 


sec ond 


Ii(p), 


‘ 
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tion J, (kr 


The first integral is positive def 
can be expressed in terms of the fun 


SO 


dn 
n(- 7 Cn < 
dE 


When 
Wigner’s 


this is evaluated, identical with 
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Qo=h (dn 


Che integral 
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INELASTIC COLLISIONS 


When we come to inelastic collisions, the analysis 
in terms of the phase shift must give way to the more 
general scattering matrix, $, which is unitary if y is 
normalized asymptotically to unit flux in and out. 
(Often, S is symmetric as well, but we shall not need to 
depend on this.) If we denote the product wave function 
involving the internal coordinates of the colliding 
partners in the jth state by w;(s) and their internal 
energy by E;, we can describe the asymptotic behavior 
of the approach phase of a collision beginning in that 
state by 


b= 10541 (kyr) g;(0,6)w;(s), (36) 


where k?=2mh-*(E—E;), and the single label, j, 
represents a set of quantum numbers including the 
anguiar momentum of the collision. The complete wave 
function, y,, includes outgoing portions in a number of 
states, described by #,*, with amplitudes and phases 
given by the matrix S: 


j= Pj— Doe Sr *. 


The functions ¥; are then normalized so that the total 
inward and outward flux through a spherical surface 
at large R is unity; they are also flux-orthogonal, in the 
sense that the cross-terms in the total inward or outward 
flux matrix vanish, so that flux-normalization is retained 
under a unitary transformation. 

The lifetime matrix can now be defined by the 
(n+ 3) dimensional volume integral, 


Iri<R ,|SI<R 
Oy= lim If f Yaitdrdr,— Roy| , (38) 
R--«w 
Ay 


where Ro represents the average behavior of the 
integral at large R, beyond the range of interaction: 


Tr [S|<R 
o5= lim R f f eV WAT. 


= vf byt Dd. Suede 1S 4°. 


(37) 


(39) 


If the collision includes the possibility of a reaction with 
exchange of partners, A+B— C+D, the same expres- 
sion holds, but the integral in (38) includes portions 
in the channels corresponding to A+ B, with coordinates 
r and s, and portions in channels corresponding to 
C+D, with coordinates r’ and s’. These coordinates 
must then be normalized in such a way as to be con- 
nected by an orthogonal transformation.*® 

The integral formulation of Q,; is not limited to any 
specific asymptotic form of the wave functions, and 
only slight modification is required if the normalization 
to unit flux is abandoned. In that case, the right-hand 
side of (38) must be multiplied by (F;:/';,;)-', where 
F ,, is the total flux of the incoming or outgoing part 


* See, for instance, G. Breit, Handbuch der Physik, edited by S 
Fliigge (Springer-Verlag, Berlin, 1959), Vol. 41, Part 1, p. 41. 
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of y, through an (m—2)-dimensional surface as R— ~, 
and the integral expression must be used for oy in 
Eq. (39). 

The relationship between Q and the scattering 
matrix, S$, can now be established. It suffices to discuss 
a two-dimensional case, with x20 the collision co- 
ordinate and y the coordinate of internal motion; 
generalization to other cases is straightforward. The 
asymptotic form of the wave functions at large x is 
given by (37) with 

b= vj te *i%w,(y). (40) 


where the w,’s are orthogonal and normalized to unity. 
By an application of the earlier argument involving 
Green’s theorem and the Schrédinger equations for 
y, and dy,*/dE, it is easy to see that 


R o 
[ff vnriya 
0 « 


h® p*pay;* day; ey 
-—f Ee ve | dy. 
2m OE ax OxOE ler 


—@ 


(41) 


The right-hand side of (41), evaluated at large R, 
becomes 
Ro i +-ih Fe Six(dSj*/dE)— (ih/ 2m) (07S; Pe? 
— 2077S ye*1® )4+-Gy/R. (42) 
Averaging over the oscillating terms as R-> ©, we 


find 


Oy=ih Don Sin(dSjn*/GE). (43) 


. Using matrix notation and the fact that § is unitary 


(SSt=1), we see that 


Q= ihSdS'/dE = — ih(dS/dE)St=Q', (44) 


showing that Q is Hermitian. In view of the conjugate 
relation between time and energy, we can identify 
the time operator t= —ihd/dE, and write (44) in the 
illuminating form’ 


Q= —StSt= (tS)St. (45) 


Formally, it is possible to invert (44) and compute 
S from Q as a function of EZ; the boundary condition 
is obtained from the facts that S— 1 and Q-—> 0 as 
E— @.§ then satisfies the integral equation 


(46) 


i xz 
$<] --f O(E)S(E’ME’, 


which leads to an iterative expression for § in terms 


of Q. 


LIFETIME MATRIX AND THE DELAY 
TIME MATRIX 


In his thesis,*? Eisenbud extended the wave-packet 
analysis of collision delay-times to inelastic collisions, 


7I am indebted to Dr. B. A. Lippmann for this observation. 





354 


defining what may be called the delay-time matrix At. 
A typical element of it, At,;, is the delay in the appear- 
ance of the peak outgoing signal in the jth channel, after 
the injection of a pulse in the ith. By a wave-packet 
analysis like that of Eq. (13), it can be shown that 


Al,;= Re [ —ih(S,;)"dS;,/dE | 


rhis involves the imaginary part of the logarithmic 
derivative of a single element of S, whereas Q, by 
Eq. (44), involves what is in a sense a logarithmic 
derivative of the matrix S as a whole (since St=S 

The average delay experienced by a particle injected 
in the ith channel is easily computed using the wave- 
packet model.: Since the particle has a probability 
|.S,;|? of emerging in the jth channel, it is delayed 
on the average 


(Al;.. w= 5 SiZ*S Ati 


Re[—ia>, S *dS dE | 0; . (48) 
where the last equality depe nds on (44) and the fact 
that Q;; is real. The particle description by wave- 
packets thus leads to the same average delay as our 
previous steady-state model. 


TRANSFORMATION PROPERTIES AND 
THE EIGENVALUES OF Q 


Q, like S, contains nonzero elements only when the 
corresponding transition is permitted by the dynamical 
conservation laws. The conservation of total angular 
momentum, for instance, means that Q commutes with 
the matrix L*. Likewise, if the interaction is such as to 
conserve some symmetry of the system, the nonzero 
off-diagonal elements of Q connect only states with 
the same symmetry, and Q may be said to commute 
with the symmetry operator. 

A diagonal element of Q, say V;;, is to be interpreted 
as the average delay time in a collision described by 
the wave function y;. The off-diagonal elements are 
required if a transformation is made from the functions 
¥; to another description, say, 


Xj= bop Aye. 


J — 


(49) 


In that case, if A is a unitary matrix normalization is 
preserved, and Q transforms to 


R=AQAl, 


(50) 


and the diagonal elements of R are the collision-lifetimes 
of the X;. 
In the transformation (49), the asymptotic form of 


the wave function X; becomes 


-> >. Ty%,'*, 
where 

2 1 Py, 
and 


T=ASA". 


SMITH 


egral formulation 


gv 1s replaced by 


Under such a transformation, 
for Q, (38), is invariant 
o’=AeAt. On the other 

(44) between Q and Si 


depende nt on the energ' 


R= ih! T(dTt/dE)+TA* 


connection 


A particularly important transformation is the one 
that diagonalizes Q To the elge nvalues of Q, G iis 
correspond a set of eigenfunctions V,. It is an obvious 


step to identify the g,;, when large, 


{ e exponential 
lecay time long-li j tactahle ctate bask . 
decay times ol long-lived metastabie states, which art 
described by the wave functions V,. From this point of 


view, other methods of computing such lifetimes may be 


considered as Ways q his 
whe re Qii has 

1on of energy, or to one 

where Jii' E) may be a slow vary ing function. 

di igonalize QUE ; 


; 


packets to give a more 


des¢ ription is equa 


a sharp resonance aS a 


The eigenfunctions, V , whicl 
may be used to construct 
detailed des« ripti n of any ision or decay 
A general time-depend 
written in the form 


proc ess. 


function ¥(r,t) can be 


If tl 


states WV; with short 


is represents 


ultimately the wave 
vation will be composed pr 
lived term Wo, which will ereafter 
proper lifetime g 
The transformation B that diagonalizes Q is itself a 


function of the energy, ited to the transform 


nd q is rel 
of S by an equation like (52). But if the Hamiltonian is 


real (neglecting spins and magnetic fields), the wave 
functions V,; that diagonalize Q can be 
and they are symmetri heir i 


parts 


, , 
taken as real, 
g and outgoing 


Vv; sa , 


If B is knowt, S is f 


(54) 
ed by 
S= — BiB*, 


and the transform of @ is the real m 
elements 


atrix 9= BoB! with 


pg=Re [Xin Bintn Bry] 56) 


In this case, T=—1 simply, and Eq. (52) reduces to 


q= Re (BtB' . 


(57) 
CAUSALITY RELATIONS FOR INELASTIC 
COLLISIONS 
The 


inelastic 


causality relation (3 n be generalized to 


hx 


genfunctions V; and 


collisions 





LIFETIME 


the diagonalizing transformation B. Again, it will be 
interaction vanishes outside the 


assumed that the 
distance a. With the definitions 


ri<e plsi<o 
Mu= f f VW ,*dr,dr,, 
and 


N jn =8je(h/mo}) f C1,*(p)Is(e)—1 Mp 
k 


je 
nx 


+305 SinSen* (hh, mo’) f (/,* (p)In(p)—1 dp 
kno 
eR 
1,**(p)dp 
kya 


+5.8(h/mo) f 


kya 


— lim | Sa(h/mee 
R--ao 

kjR 

1?(p)do] , (60) 


n 
the proper lifetimes ¢;; become 
gis= M 4:—apic+ (BNB') ;:, 
and when i+ j, 
M «= a(BoB?) ,,— (BNB‘) ,,. 


(62) 


A lower bound for each q;; follows from the fact that 
M ,; is positive definite. Similar inequalities applying 
to the diagonal elements of Q can be obtained from the 
integral (38), and others result from (61) and (62). As 
a result, a set of inequalities involving the elements of 
S and dS/dE can be established. 


PROPER LIFETIME AND OBSERVABLE 
DECAY LIFETIME 


Up to now I have asserted that the proper lifetimes 
obtained by diagonalizing the matrix Q are to be 
identified with the exponential decay half-lives of 
metastable systems. This can be tested by a comparison 
with the well established formulas for a single sharp 
long-lived resonance in a simple quantum mechanical 
system. 

If the resonance is centered at Ey and the half-width 
of the level is’, the phase shift ia given by 


n= 25=26°+2 tan“{I'/(Eo—E)], (63) 


Q(E)=hdn/dE=*T[(Eo—E)+I27}". (64) 


The half-life for decay is known to be 
r=h/27, (65 
and it is seen that the value of Q at the resonance is 


twice this, 

O( Eo) =h/T =2r. (66) 
However, the lifetime that is observed in a decaying 
system cannot be characterized by the exact energy Eo, 
because the decaying state itself is not so well defined. 
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The line shape formula gives the probability of finding 
the state with any given energy E near Ep; it is 
P(E) = /x[(£o— E)*+I*]. (67) 


Clearly, we may expect observation of the decay to 
give an average value of the lifetime, 


(68) 


Q -f P(E)O(E)dE. 
0 


When this is evaluated, our expectation is confirmed: 
O=h/20 =r. 


Equation (68) can be taken as a general expression 
for the expectation value of Q in a measurement of the 
decay lifetime. It applies not only to a sharply defined 
resonant state, but also to regions where the spectrum 
QO(E) may be fairly smooth, and P(£) may be deter- 
mined by the conditions under which the metastable 
particles were formed. 

It must not be thought that Q(£) is experimentally 
meaningless for energies more sharply defined than 
SE=21. Finer detail can be measured experimentally 
by a steady scattering experiment lasting much longer 
than r. The decay experiment is only one way of 
measuring the collision lifetime. 


(69) 


DISCUSSION 


The lifetime matrix whose properties have just been 
deduced provides the possibility of classifying collisions 
in terms of the ratio of their lifetimes, Q,,, to the 
quantity (#/2E) which represents a_ specifically 
quantum resonance effect [see, for instance, Eqs. (34) 
and (35)]. Rapid with 2E0,/aK—1, 
correspond to simple repulsion or to swift passage across 
a potential well; when the interaction has a finite 
range, an inequality like (34) sets a natural lower bound 
for this quantity. When |220;,/h| <1, we are in the 
domain of quantal resonance effects. (Of course, there 
are often additional quantum effects in the central 
region of strong interaction.) When 2E£0,;/A>1, it 
becomes meaningful to discuss the event in terms of 
metastable states of the compound particle, and it will 
often be convenient to classify these states in terms of 
the eigenfunctions VY, which diagonalize Q, with the 
corresponding proper lifetimes, i. 

Outside the domain of peculiarly quantal effects, the 
lifetime Q;; will be expected to approach a classical 
limit as £ becomes large. This limit will be just the 
classical collision lifetime defined by Eq. (1). 

In defining Q, we have thus far confined ourselves 
to short-range interactions. The Coulomb interaction, 
particularly, demands separate treatment. In this case, 
the classical lifetime, Ou, has a logarithmic divergence 
as R— o, and this will be expected to persist in the 
quantum-mechanical treatment. Nevertheless, it is 
possible to define a meaningful relative lifetime in the 


collisions, 





356 


case of a Coulomb collision distorted by an additional 
short-range interaction, by comparing the distorted 
collision with a pure Coulomb collision. 

In both nuclear theory and chemical kinetics, the 
concept of a metastable compound particle as an 
intermediate in collision processes has been very 
fruitful. The lifetime matrix is particularly adapted to 
the discussion of such states. In nuclear reactions, it is 
well-known that the compound states exhibit sharp 
resonances at low energies, described by Bohr’s com- 
pound nucleus theory, whereas at higher energies the 
cross sections vary more smoothly with energy. It is 
usual to describe this in terms of the overlapping of 
many neighboring broad resonances, but it 


permissible to describe this region in terms of one or 


is also 


more of the metastable states described by the wave 
functions V, that di 
and their 


igonalize the lifetime matrix. These 


un ions, associate ife imes Qii, are 
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of the time-independent Schrédinger equation, they 
are well-defined at each energy E. 

In terms of the wave functions V,, a typical collision 
follows: If the initial kinetic 
energy and angular momentum of the collision as well 
internal states of the colliding particles ar 


can be described as 
as the 
well-defined, the 
function y, with an asymptotic form like Eq. (37). 
This wave function can also be analyzed in terms of 


collision is des« ribed by a wave 


Yr= > 5 ayy. (70) 
If all the V, except one, say V;, have very short proper 
lifetimes, gix and gee, the collision will be observed to 


have a probability P,’= >- ise @,ia,,* of leading to a 
simple scattering event, and a probability P), 


of yielding a metastable compound particle with a 


24," 
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An easier derivation of Chew-Mandelstam’s effective-range formula for pion-pion scattering is given using 
the conventional Feynman method with the interaction Hamiltonian 17, =42r\¢* in an approximation where 
only the chain diagrams are included. Furthermore, we have calculated a correction term to this formula due 
to the cross-diagram, both for S waves as well as for P waves. The method has been applied to pion-kaon 


scattering. 


I) INTRODUCTION 


ECENTLY, Chew and Mandelstam! investigated 

the pion-pion scattering problem by using the 
Mandelstam representation.2 They obtained simul- 
taneous integral equations for the pion-pion scattering 
amplitudes corresponding to the various angular 
momentum and isotopic spin states. However, their 
equations turn out to be quite complicated and conse- 
quently in order to solve them they made several 
approximations; in particular, they neglected the 
cross-diagram (see the next section, Fig. 2) in the 
two-meson approximation. In this way, they obtained 
effective-range formulae for the S-wave phase-shifts 
corresponding to pion-pion scattering. On the other 
hand, the calculation of the P-wave phase-shifts seems 
to be rather difficult with this method. 

We propose in this note to do the following: first, we 
shall show that we can derive exactly the same formulas 
in a much simpler manner by using the conventional 
covariant calculation of chain-diagrams (see the next 
section, Fig. 1). Furthermore, we shall calculate the 
correction due to the ladder diagram (cross-diagram 
as a perturbation. We shall also derive the correspond- 
ing formulas for the P-wave phase-shifts. These 
calculations indicate that the cross diagrams are too 
important to be neglected; consequently, the previous 
calculations by Chew and Mandelstam 
suffice. 

The same method is applied to pion-kaon scattering, 
although in this case there is an ambiguity in the 
definition of the coupling constant; calculation is given 
in Sec. 3. 


may not 


(2) PION-PION SCATTERING 


Let us consider the S-matrix element for pion-pion 
scattering, where two incoming pions with four mo- 
menta p and g and isospins a and 8, respectively, are 
scattered into a final state with four momenta p’ and 
q’ and isospins a’ and 9’, respectively. 


f * Assisted in part by the U. S. Atomic Energy Commission 

t Now at Universita’ di Napoli, Italy. 

1G. F. Chew and S. Mandelstam, University of California 
Radiation Laboratory Report UCRL-8723 (unpublished) 

2S. Mandelstam, Phys. Rev. 112, 1344 (1958). 


Let us define the G’s by 
S (Pass —> Pa” Ga’") 
(2i/9)5 (p+-q—p’—q')(1/w*)Gap.are’, (1) 
Gat a's’ = (a8 | Po! a'8")Go 
+ (a8! P;! a’B’}S:+ (aB| Ps) a’B’)G2, (2) 
where w is the energy of either pion in the bary-centric 
system and 
(a8 | Po| a's’) 
(a8! P; a’B’) 
(aB P, a’p’) 


15, 8S ap, 
b (Saa'dp3' —Sap'Spa’), (3) 
} (Bua ’Ope’ +585 pa’ — Fb apba’p’) 


are the projection operators for the isotopic spin states 
I=0, 1 and 2, respectively. Then G, is simply connected 
with the phase-shift 6,“ by the formula 


y+1\! « 
¢=(—) £ a+» 
v lO 


Xexp(id;) sind,“ Pi(cos8), (4) 
where 
(S) 
is the square of the magnitude of the pion-momentum 
in the bary-centric system and we have put the pion 
mass equal to unity. 
Now, the pion-pion interaction Hamiltonian is given 
by 


Hi = 4X (ba ba)’. (6) 


First, let us consider a sum only of chain-diagrams (Fig. 
1). These diagrams only contribute to the S waves. We 
shall show shortly that this approximation gives exactly 
the same result obtained by Chew and Mandelstam.' 

In our approximation, Gas.«’s defined by Eq. (1) 
satisfies the following algebraic equation: 
—){ 5.95.09 +b ap’B pa’ t+ Saa’Dpp’ } 
+ (A/ 9) I {bag ap + bap’ Opa +b aa'bpg'’} 

X Gar a's’, (7) 


Fic. 1, Chain diagrams. 
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where 


i 
1=(2) f forrevaiprsa—o- 
r 


| 1 
p Fhe iy? q 2+ 44 


Actually, J is logarithmically divergent and we must 
subtract the divergence according to the usual pro- 
cedure. We this subtraction according to the 
prescription given by Chew and Mandelstam.' Namely, 
we subtract from J the value of J at the point 


(p+) (p—p'?=—4. (9) 


It may be worthwhile to point out that this subtraction 
of divergences from the diagrams in Fig. (1) does not 
by itself give the desired form —4é5\¢*. This is due to 
the fact that we have not included the cross-diagrams.’ 
However, this does not lead to any difficulties, since 


do 


(p—q')’ 


according to the renormalization procedure,‘ we may 
consistently drop all divergences in every diagram under 
consideration provided we use the physical masses. 
If we were to consider all diagrams, this renormalization 
subtraction is equivalent to a counter term —47d\¢*. If 
we now consider the approximation of picking up only 
the chain diagrams of Fig. (1) we may simply drop the 
divergences in these diagrams; and this is precisely 


what is done here. Using Eqs. (2) and (3), we can solve 
Eq. (7) to obtain the formula: 


2\ 1 j 
| v2 ( ) 
r| v2 v+1 
am 
In y t +0) -af ), (10) 
y+1 


ag 


ar 


where 


(11) 


ae 


In view of Eq. (4) and noting that we have only 


waves here, we get: 


( v 
v+1 


3 The author owes this rer 


> lark to Professor Cc 
‘A. Salam, Phys. Rev. 82 


217 (1951). 


OKUBO 


This is exactly tl 
Mandelstam.' 
Now, we will calculate the contribution from the 
cross-diagram (ladder-graph), which are pictured in 
Fig. (2). This graph contains a contribution to the 
P-wave phase-shifts. Evaluation of these diagrams is 
obtained most simply by changing ge? —p’ and 
Ba’ (or ge —q and 828’) in the Gases of Fig. 1 
already given. However, the partial wave expansions 
} 


e same result obtained by Chew and 


are quite compli ited so that we calculate them by 


perturbation theory. The formula (12) now becomes: 


y 5 
- cots s“ 


ae 


v2 tan~- 
v2 


(13) 


where 


and K (yr) is giver 


1 1 
K(v) fa 
(4 2 


For small values v, K behaves as 


~1-+ hy +O 
As we can see from E 
from the cross-diagram 
large for the ] 2? state 
not so large for the J () «ft 


13) and (14), the correction 
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(about 50°% correction) but 
ibout 20% correction). 
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rge corrections, especially for 


ate 


resonance’ in the S state will be: 
bec ause of ] 
y ] + 


the J=2 st: irable to investigate the cross- 


diagrams more ca perturbation theory 
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obtain the corre- 
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where 
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and M(v) is given by 


ne _ aC 9(1— 34 
{ v(1—<) 


2v+1 
———— In*{4/v+ (v+1)*] 
2 


v(v-+1)}) 
leet ny info (v1). (14’) 
y 


For small v, M(v) behaves as 
(v)o~1—4r+ O(r*). 


Unfortunately, this value of a; at zero-kinetic energy 
v=0 is too small by a factor 50, compared to the value 
used by Rodberg® to give a good fit of the double pion 
production data. However, we must bear in mind the 
possibility of a P-wave resonance’ and the resulting 
enhancement of the P-wave amplitude. To find a 
resonance it would be necessary to calculate the cross- 
diagrams nonperturbatively so that we can make no 
statement. On the other hand, a P-wave resonance, 
if any, may not be so favorable as far as the explanation 
of the second resonance of pion-nucleon scattering is 
concerned,® since it will not give a dominant /=} 
state compared to the J=} state. On the basis of 
Peierls’ model,’ Schnitzer and Goebel® investigated the 
possible explanation of this second resonance. If we 
take S-wave pion-pion scattering to be dominant, the 
I=} state for two pions and one nucleon system is 
automatically favored on kinematical grounds. How- 
ever, it is rather difficult to explain a sharp rise of the 
double pion production cross section by means of this 
model. One possible way out of the difficulty is to 
assume an S-wave resonance® in the two-pion state 
with J=0, although this seems somewhat unlikely.’ 


(3) PION-KAON SCATTERING 


The same technique given in the previous section 
can be applied equally well for pion-kaon scattering. 
However, the main ambiguity here is that we do not 
have a convenient unique subtraction prescription such 
as Eq. (9), due to the lack of exchange symmetry 
between pion and kaon. 

Now consider the scattering of a pion with momentum 
p and isospin a by a kaon with momentum gq into a 
corresponding final state with momenta p’ and q’ and 


* L. S. Rodberg, Phys. Rev. Letters 3, 58 (1959). 

*The author owes this remark to Mr. Schnitzer and Dr. 
Sakita. 

7R. F. Peierls, Phys. Rev. 111, 1373 (1958). 

* H. Schnitzer and C. J. Goebel (private communication). 


PION 


KAON SCATTERING 


with pion-isospin 8. Defining the G’s by 


i P 1 
( b(p+q—P~ —q )—Ges 
ar Fw 


(ai P;'B Gs, (16) 


S( Pat > ps’ 4 q’ 


(15’) 


C3= (al Py B)SGi4 


where w and E are the energies of pion and kaon in the 
bary-centric system, respectively, and 


a\ P, p 


kr Ts, 
— (17) 


(al P3\B b.8- brats, 


are the projection operators into the total isospic spin 
I=} and J=} at the pion-kaon system, respectively. 
Then, G; is connected with the phase-shifts 5; by 


(v+1)§+ (v+m?)! 


E (21+1) exp(id,) 


le@ 


Xsind,“- P:(cosé), (18) 
where 
w=(v+1)!, E=(v+m*)\, 


(19) 


and m is the rest mass of the kaon. Now, the pion-kaon 
interaction is given by 


H,= 44’ (baba) (Our). (20) 


The procedure is almost the same as in the previous 
section and so we do not give any details. In the chain- 
approximation, in which we sum up the diagrams given 
in Fig. 3, we obtain the following formula for the S-wave 
phase-shift. 
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where a’ is the subtraction parameter; we subtract the 
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diagrams for pion-kaon scattering. 
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However, in general, there is no unique reasonable 
choi e for a’. B in Eq (21) is defined by 


pion-pion scattering case 
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and we chose 6*>0. 

It should be noted that the formula Eq. (21) is the 
same for both isotopic spin J=4 and J= 4. This equiv- 
alence of phase shifts for the / and / 
always true independent of any approximation, as long 
as we use only the interaction Eq. (20). We may also 
add the pion-pion interaction term Eq. (6) without 
changing this conclusion. This follows because both 
interactions Eq. (20) and Eq. (6) do not contain the 
isotopic spin matrices Ta. 


3 states is 


Now let us proceed to the cross-diagrams. In this 
case, we have two types of diagrams: Figs. 4(a) and 
Fig. 4(b). Actually, the calculation of Fig. 4(b) is 
rather complicated. However, since the kaon is heavy 
compared to the pion, Fig. 4(b) is unfavorable, com- 
pared to Fig. 4(a). Moreover, we may hope that the 
pion-pion interaction is much stronger than the pion- 
kaon and accordingly, we neglect the 
contribution from Fig. 4(b). Then, the correction to the 
formula Eq. (21) from Fig. 4(a) is obtained by adding 
to the right-hand side of Eq. (21) the term 
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interac tion, 
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where \ is the renormalized pion-pion interaction 
constant defined in the previous section (Eq. (6) ], 
K(v) is given by Eq. (16) of the previous section, and 


defined by 
6 In{_ (20+-1)/ (26 |] if @=4—1/7' 


20 tan—'(1/20) if #@=(1/7*)—} 


OKUBO 


In the above, 7’ is tl ibtraction parameter defined 
by Eq. (22 


Similarly, for the P w ve find 


{ 26) 


ind in this case, also, 
for both the J 


where M(v) is giver 
the phase shifts a 


I 3 states 


+ and 


4) CONCLUDING REMARKS 
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